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The purpose of this paper is to give some applications of a fundamental 
notion introduced by Lefschetz in Analysis Situs—the notion of relative cycle. 
There is no branch in Topology in which this notion has not shown itself as 
one of the most fruitful. I believe, in particular, that relative cycles govern 
the whole theory of local invariants of point-sets and especially the theory of 
ramification of curves, surfaces and continua of higher dimensions. I intend to 
give here the first definitions and the first elementary theorems which might 
serve as an introduction to a general theory of local invariants based entirely 
on relative cycles. Some relations (concerning the one dimensional case) 
between this theory and the theory of Urysohn and Menger are given in §4.* A 
short exposition of the main results of this Memoir is given in my Notes “Sur 
les propriétés locales des ensembles fermés”’ and ‘‘Les groupes de Betti en un point” 
published in the Comptes rendus hebdomadaires des séances de l’Académie des 
Sciences, t. 198, January, 1934, 227-229, 315-317. 

This Memoir is closely related to my papers: 

1) “Untersuchungen iiber Gestalt und Lage abgeschlossener Mengen belie- 
biger Dimension,” these Annals, (2), 30 (1929), 101-187 (referred to as ‘“‘Ges- 
talt und Lage’); 

2) “Dimensionstheorie, ” Math. Annalen 106 (1932), 161-238 (‘‘Dimensions- 
theorie’’) 

3) “Uber die Urysohnschen Konstanten,’’ Fund. Math. 20 (1933), 140-151 
(“Urysohnsche Konstanten’’). 
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*An attempt to generalize the Urysohn-Mengery definition to the two dimensional 
case has been recently made by Mrs. Réozariska. 

t (Added in proof November 10, 1934.) There appeared a memoir of Cech “Sur les 
nombres de Betti locaux” (these Annals, vol. 35, (1934), p. 678) which has some points 
of contact with the present paper. In particular, Cech gives the definition of what I call 
Betti numbers around a point and proves the Duality Theorem of section 2. 
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1. The Betti numbers around a point 


1. Let F C R" be a closed bounded point-set immersed in Euclidean space R" 
of n dimensions. We consider an arbitrary point a of F. Let U(a, «) denote 
the e-neighborhood of the point a in the space R” i.e. the interior of the sphere 
with the centre a and the radius e (e being any positive number). 

We choose, now, two positive numbers ¢« and o, e = a, and denote by gq}, 
the maximal number of s-dimensional (absolute) cycles situated in U(a, c) — F 
and independent with respect to homologies in U(a, e) — F. Any rational 
numbers! are allowed as coefficients in cycles as well as in homologies. 

When o decreases, q},, either decreases or remains constant so that there exists 

lim q¢,¢ = Qe: 
a0 


When e decreases, g? cannot decrease. There exists, therefore, a finite or 

infinite limit 
g(a, R” — F) =limg:. 
e—0 

The number gq = q*(a, R” — F) will be called the s-dimensional Betti number 
of R" — F around the point a. 

Remark. In the case s = 0 we consider in R” — F only cycles with a van- 
ishing sum of coefficients. Cf. Alexander, Trans. Amer. Math. Soc., 23 (1922), 
233-349. 


2. A little reflection makes it clear how natural this definition is; g°(R" — F) 
gives us in particular the number of domains into which F decomposes the space 
in the neighborhood of its point a. 

Now the problem is to give to the number q*(a, R" — F) a characterization, 
which is independent of any consideration of R" — F, so that in other words, 
we have q*(R" — F) as a local invariant of the set F itself. It is for this pur- 
pose that we need the Lefschetz relative cycles! 

Let us consider again two arbitrary positive numbers « and o < ¢«. The 
number of r-dimensional cycles on F'- U(a, €) modulo [F — U(a, e)] independent 
with respect to homologies in F'- U(a, e) modulo [F — U(a, c)] will be called p?,, 
for every non-negative r. From o > o’ it follows at once that p{,, 2 pi.4s; 
therefore 





lim pi,, = De 
o—0 


exists. Ife > ¢’, then p? S pi,. 





1In other words, we have the field of rational numbers as Koeffizentenbereich. Con- 
cerning this general notion see Urysohnsche Konstanten. The field of rational numbers 
was introduced as a Koeffizentenbereich by Lefschetz in his fundamental paper ‘‘Closed 
point-sets on a manifold,’’ these Annals, 1929, 232-254. 
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To prove this assertion let us consider an integer number k which is by defini- 
tion equal to p{, if the last number is finite, and which is arbitrarily large if p’ 
is infinite. We have only to show that for an arbitrarily chosen e’ < ¢« and 
o < ¢’ there are at least k cycles on F'-U(a, e’) mod [F — U(a, e’)] independent 
mod [F — U(a,c)]. Now there are at least k cycles Z;, Zz, --- ,Z,on F-U(a,e) 
mod [F — U(a, e)] independent mod [F — U(a, a)]. If we take from each 
of these cycles its part lying on U(a, «’), we get cycles Z; = Z,-U(a, €), 
Z, = Z,-U(a,e’), --- , Z, = Zy-U(a,e’) mod [F — U(a, e’)] and these are 
independent mod [F — U(a,a)]. In fact, if 








> tZ, ~0 mod [F — U(a,«)], 


then 
MtZ = Vt(Z,-— 2) + VU Z,~ Le(Z-— 2) mod [F — Ula, o)], 


which means 
> tZ~0 mod [F — U(a, «)], 


because >> t(Z; — Z;) is on F — U(a, e’) C F — U(a, o) and therefore is 
~ 0 mod [F — U(a, o)]. 


From what we have just proved, follows the existence of a finite or infinite 
limit: 
lim p? = p’(a, F). 
e—0 


This limit will be called the r-dimensional Betti number of F around the point a. 
Remark. There are two cases to be distinguished if p’(a, 7) = «©. In the 
first case p{ is finite for an arbitrarily small e, but lim pi = ~. In this case 


e—0 
we write p’(a, F) = w, and say that p’(a, F) is increasingly infinite. In the 
second case there exists a certain e for which p7] = ~; as e decreases, p’ still 
remains infinite and we use the notation p’(a, F) = «. We then say that 
p’(a, *) is actually infinite. 


3. Exampues. I. For all interior points of a straight line segment we have 
p\(a) = 1, while for the end-points the corresponding number is equal to zero. 
In the same way the one-dimensional local Betti number is equal to 1 around 
every point of a circumference. 

II. Around every point of a closed surface (in the classical sense) the first Betti 
number is equal to zero, while the second is equal to 1. 

If F is a square, then around.a boundary point both the first and the second 
local Betti numbers vanish; around an interior point the first number vanishes, 
while the second is equal to 1. 

III. Let F be a double cone, a its vertex. Then p'(a, F) = 1, p?(F) = 2. 

IV. Let F be the point set formed by two squares having a straight line seg- 
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ment s as their intersection. For an interior point a of s we have p*(a, F) = 3, 
pia, F) = 9. 

In all these examples p°(a, F’) is equal to 0. 

V. If F consists of a point a and the circumferences having a for their common 
centre and the numbers 1, 3, 4, --- for their radii, then p°(a, F) = p\(a, F) = ~. 

VI. Let F consist of all the points x = 0, —1 S y S 1 and the points 
0 <x XS 1/z, y = sin 1/z in the (2, y)-plane. For every point a of F situated 
on the y-axis p'(a, F) is infinite. 

Remark. We have chosen the field of all rational numbers as the field of 
coefficients (KXoeffizientenbereich). We need scarcely say that every other 
Abelian group would lead to analogous definitions. One has only to define 
properly the notion of linear independence (with respect to homology and to the 
chosen field of coefficients). We can in particular speak about the Betti num- 
bers modulo 2 around a point. 


2. The duality formula 


1. We shall now give the proof of the following 

Dvuauiry THEOREM. p’(a, F) = g™*"(a, R" — F) for every point a of the 
closed set F C R. 

Proor: We write Z(e, o) for an r-dimensional cycle of F-U(a,e) mod 
[F — U(a, 6], which does not bound mod [F — U(a, «)]; moreover we denote 
by z(c, €) an absolute (n — r — 1)-dimensional cycle lying in U(a, o) — F and 
not homologous to zero in U(a, «) — F. Then the duality theorem follows after 
an elementary matrix consideration from two lemmas: 

Lemma 1. For each Z(e, oc) there exists one z(o, €) linked? with Z(e, a). 

Lemma 2. For each 2(o, €) there exists a Z(e, o) linked with z(o, «). 


2. In order to prove Lemma 1 we can proceed as follows. First letr <n —1 
and 
Z(€, o) = (21, 22, +9 oy *** ) 


where z; is, as usual, a combinatorial (polyhedral) ¢,-cycle mod [F — U(a, e)] 
and lim e, = 0; let cz be a certain ¢,-complex, lim ¢, = 0, bounded by the 
boundary 2; of z, and lying on S"-! = U(a, e) — U(a,e). Then zx — cy = %x 
is an e,-cycle in F’’ = F-U(a, ©) + [U(a, &) — U(a, o)], lim «, = 0 and it is 
easy to see that 


A 


Z= (21, 22, +++ , Ze, «++ ) 


is an absolute cycle on F’”’. 





2 We say, that Z(e, «) and a(c, «) are linked (in U(a, e)) if the intersection number of 
Z(e, «) and any complex lying in U(a, e) and bounded by a(e, e) is different from zero. 
See Lefschetz ‘‘Closed point-sets on a manifold,’’ Annals of Math. (2) 1929, 232-254 and 
Dimensionstheorie, especially §2. 
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The only thing to be proved is the “convergence”’ of Z: we must show in fact that 
for every ¢ there exists a certain n such that for k > n the homology 2, ~ 2, holds in F” 


~ 2 

with respect to the field of rational numbers as the coefficients-field. Now from the con- 
“ ‘vr . . 

vergence of Z(e, «) it follows that «, -complexes Cy, exist with 


Can = (2% — Zeyn) + Qua, Qin C S71 
(we use C for the boundary of C). Cx,, being an absolute cycle, we have 
Qin = —(3 — Zeyn)’ = —(ex — ceyr)’ 


The complex cx — cern + Qi,n is therefore a cycle on S"-! and it bounds there a certain 
(r + 1)-dimensional complex U;,,»: 


Uin = ck — Ceyn + Quen 
This leads us to 


(Cyn — Us,n)’ = 2% — 2eyn + Qen — Qan — Ce + Crsn = (2% — Ce) — (Zen — Ceya). 
Cx, — Ux.» being an ¢,’-complex in F”, we arrive at exactly what we want to prove. 


Z does not bound in F’’, Let us suppose, in fact, that there exist ¢,-com- 
plexes C; in F’’ with C;, = 2;. We put C;, = C;-U(a, o) and have: 


é, = Cy — (Cy — Cy)’ = & — (Cy — Cy)’ 
= en + (&% — ex) — (Cy — Cy)’ = z (mod [F — U(a, o)]) 


which contradicts the definition of z,. 

We take now any cycle z lying in R" — F'”’ and linked with Z; the existence 
of such a cycle follows, for instance, from the 1. Verschlingungssatz given in 
Dimensionstheorie (p. 184). This cycle z has a positive distance from 
U(a, e) — U(a, c) and can be decomposed into the sum of two cycles: z = 2 + 2, 
one of them say 2, lying in U(a, o), the other belonging to R" — U(a, 6). The 
cycle 2 is, of course, linked with Z and also with Z, which proves Lemma 1 in 
caseer << n — 1. 





3. The only difficulty which arises in case r = n — 1 is that now z is a zero- 
dimensional cycle. The decomposition z = 4 + 2 holds in this case also, but 
it may happen, that the sum of the coefficients in 2 is different from zero; zero- 
dimensional cycles of this kind are not allowed in the present treatment. 

To save the situation let us consider the sequence 


, 
Z! = (21, 22, ++ Ze, +++) 


of successive (barycentric) subdivisions of the sphere S"-! as an (n — 1)-dimen- 
sional cycle of the point-set F’’.. We shall first prove that the homology 


(1) & TO, by 2k (on F’’) 
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cannot hold with lim «¢, = 0. With the opposite hypothesis we have in fact 
n-dimensional ¢,-complexes ¢; C F’’ with 


An 4,7 mt s 4 
C, = 2, — et, = %& —G — by 2z, 


which gives us after the decomposition ¢; = cz; + c, with c, C F.U(a, o), 
t + y 
c, C U(a, e) — Ua, a) 


. a ./ / i 
ee = Ge —é, =a — (G + he, + é). 





Since (c, + t, 2; + c,) belongs to U(a, «) — U(a, c), the last relation means 
that z, bounds in F mod [F — U(a, a)] the e,-complex c?, which is again a con- 
tradiction. 

The homology (1) being impossible, we can always find a cycle 2 linking Z, 
but not Z’ and which is the boundary of a (one-dimensional) complex C; this 
implies that 2 has a vanishing sum of coefficients. We have then C = C; + C2, 
where C; lies in U(a, ¢) — F; the boundary of C; is a zero-dimensional complex 
with a vanishing sum of coefficients which links Z(e, c). 

Lemma 1 is now completely proved. 

4. For the proof of Lemma 2, it is sufficient to apply the remark concerning 
relative cycles which I gave in my above mentioned “‘Dimensionstheorie”’ under 
the name of “5. Verschlingungssatz” (p. 191). It follows from that remark that 
there exists a cycle mod [F — U(a, e)], say Z, which links the given 2(o, e). 
Since z(c, €) is within U(a, c), the relative cycle Z cannot bound mod [F — U(a, «)], 
it is therefore a Z(e, a), q.e.d. 

After the Lemmas are proved, we have only to apply the argument used in 
Gestalt und Lage, pp. 164-167. 

This leads us, first of all, to the notions of an r-dimenstonal basis of F around 
a with respect to o and ¢« and to an analogous basis of R" — F. The first of 
these bases will be denoted by 8¢,(a, F), the second by 8) .(a, R" — F), s 
being in our case equal ton — r — 1. They are defined as follows. 

A set of cycles Z(e, o), finite or enumerable, is called a 87, (a, F), if the two 
following conditions are fulfilled: 

1. Given any r-dimensional cycle mod [F — U(a, e)] and any positive num- 
ber 6, this cycle is 6-homologous mod [F — U(a, a)] to a certain (finite) linear 
combination of the cycles of the given set. 

2. A (finite) linear combination of cycles of the given set bounds on F mod 
[F — U(a, o)] only if the coefficients of members of this combination vanish. 

In an analogous way a set of cycles z(c, ¢) is called a 8} .(a, R" — F) if the 
following conditions hold: 

1’. Any s-dimensional (absolute) cycle on U(a, «) — F, is homologous on 
U(a, «) — F to a (finite) linear combination of the given cycles. 

2’. A (finite) linear combination of cycles of the given set bound on U(a, e) — F 
only if all the coefficients involved vanish. 

Using exactly the same procedure as in my paper cited above we prove that 








-— 
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B! , (a, F) and B".’-* (a, R" — F) can always be chosen in such a manner that 
each element of the one basis is linked with one and only one element of the other, 
the linking coefficient being equal to 1. (We say in this case that the two bases 
are linked.) After that, it follows by an elementary algebraic argument that 


tities R" — F) = Pe, o (a, F), 


which includes our duality formula. 

Remark. All this holds also modulo m with the only modification that if m 
is not a prime, the linking coefficients may be different from 1. 

Corotuary I. The Betti numbers of R" — F around the different points of F 
are invariant with respect to topological transformations of F. 

In other words: if F and F’ are homeomorphic point-sets in R” and if a and 
a’ correspond to each other in a homeomorphism between F and F’, then 
g(a, Rn — F) = g(a’, R" — F’) for every s.4 In particular for r = 0 we get: If 
F decomposes the space around the point a in k components, then F’ has the same 
property around the point a’. 

Corotuary’ II. Let E* be an r-dimensional cell (i.e. the topological image of an 
r-dimensional simplex) immersed in the n-dimensional space R". Then 


qr (a, Rr se E*) = 1, 


if ats an interior point of E'; otherwise gq’ (a, R7 — FE") = 0. IfsAn—r—-1 
and ais an arbitrary point of E* then g(a, R” — E’) = 0. 

SKETCH OF THE PROOF. Using our duality formula we can first veplecs q by 
the corresponding p. Furthermore by the standard process of small deforma- 
tions, we reduce every Z(e, a) to a cycle whose elements z;, are sub-complexes 
of successive subdivisions of E’. After this transformation to the combinatorial 
case, the proof presents no difficulty at all. 


3. Local Connectedness 


1. There are various ways to introduce local connectedness in n dimensions. 
We shall consider here the definition given in 1928 in my paper Gestalt und Lage.® 
According to this definition F is called locally connected at its point a with respect 
to the dimensionality r and the field of coefficients 3, if to each « > O belongs a 
¢ > 0 such that an arbitrary r-dimensional (absolute) cycle (belonging to the 
field of coefficients $) on the o-neighborhood of a (on F) bounds within the 
e-neighborhood of the same point. 

In this section we shall consider only the set of all rational numbers as the 





‘If F’ CR” then g*(a, R® — F) = qs'(a’, R” — F’) withs’ =s +n’ —n. 

* This corollary gives the answer to a question proposed to me by Hopf in his letter of 
December 15th, 1928. 

* P. 181, footnote *, As pointed out loc. cit., the same definition was independently 
given by Alexander, who, however, never published it (so far as I know). Another defini- 
tion (which is materially different from ours) is given by Lefschetz, Topology. 
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field of coefficients. As a matter of fact, the following considerations hold also 
modulo m, m being an arbitrary integer = 2. 


2. Our purpose is to show what happens if / is not locally connected (with 
respect to a fixed r) at its point a. We shall see that there is a complete analogy 
between our present case and the subject matter of the previous section. 

We denote for a moment by Z[c, e] an r-dimensional absolute cycle on F - U (a, ) 
which does not bound on F.U(a,«). In an analogous way let z[e, o] be an 
(n — r — 1)-dimensional cycle on U(a, ¢) — F mod [R” — U(a, €)] which does 
not bound on Rk” — F mod Rk” — U(a,c). We prove now: 

Lemma 1. There exists for each Z{o, €], a z\e, o| linked with it.? 

Lemma 2. There exists for each z\e, o], a Zo, «| linked with tt. 

Proor oF Lemma 1. As Zio, e] does not bound on F’. U(a, e), there exists on 
kn — F.U(a, ©) an (n — r — 1)-dimensional absolute cycle z’ linked with Z[c, ¢]. 
The part z of z’ lying in U(a, e) is a cycle mod [R” — U(a, e)| linking the given’ 
Z|c, «| and therefore not bounding mod [R" — U(a, a)]; thus it forms the desired 
z(e, a). 

Proor or Lemma 2. We put F’ = F.U(a, «) and choose a positive number 
6 which is so small that the given z[e, o] is on U(a, €) — U(F’, 6). Then we 
define such a number 6’ that every cycle on U(F’, 6’) is homologous within 
U(F’, 6) toa cycle on F’. The existence of such a 6’ follows from well known 
results due to Lefschetz.’ 

Now we consider z[e, o]- U(a, o) as a relative cycle on the closed set F’’ = 
U(a, c) — U(F’, 6’). Using the same argument as in the proof of Lemma 1 of 
the previous section, we find an absolute cycle z’ on 


U(a, 0) — FC U(F’,8’)-U(a, «) 











linked with z[e, o]. By definition of 5’ there exists an absolute cycle z on 
F’.U(a, ¢) homologous to z’ within U(F’, 6), and therefore also linked with 
z(e, a). The cycle z is a cycle Z[c, €] as we wished to have it. 


3. We are now lead to introduce the numbers 


a (a, F) = limlim zZ,,, (a, Rn — F) = lim lim «z,,, 


€ o € o 


where 7; , is the maximum number of Z|c, «| independent with respect to homol- 





ogies on F’-U(a, e), and x?,, the maximum number of z[e, o] (s = n — r — 1) 
independent with respect to homologies on R” — F mod [R" — U(a, o)}. 





7 It follows from the previous section, that in case Z[c, e] does not bound on F-U(a, «) 
mod [F — U(a, c)] we can suppose that 2[e, o] is an absolute cycle. 
8 Lefschetz, Annals of Math. (2) 29 (1928), 232-254. 
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We have then the duality formula 
x(a, F) = x(a, R® — F), 
In fact we may state more definitely: 

TuHEeorEeM. Let F be any closed set immersed in R", a a point of F, r an integer, 
0<r<n-—1. Then, two cases only are possible: either F is locally connected 
at the point a (with respect to r) and 

a(a, F) = x**—""(a, R” — F) = 0 
or 
a'(a, F) = x(a, R® — F) = ~. 
Proor. We have only to show that if pj, is finite, then for a sufficiently 


small o} every cycle on F-U(a, o,) bounds on F-U(a, €). This follows from 
Lemma 3. Let r{,.(a, F) be finite. Then there exists a o; > 0 such that an 


—_—_——- 


arbitrary r-dimensional cycle on F -U(a, o1) is homologous on F.U(a, €) to a cycle 
on F.U(a, a’), for every a’ < a3. 

Proor oF Lemma 3. As 7j,, can only decrease when o decreases, o; can be 
chosen in such a manner that for every o’ < a 





por = Tour =p. 

Let 21, --+ , 2p be a basis of the Z[o,, «], and z’, --- , 2, an analogous basis of 
the Z[c’, e]; if there is an element—say z,;—of the first basis which is independent 
(with respect to homologies on F’- U(a, ¢)) from the elements of the second basis, 
we should obtain a system of p + 1 cycles 2, 2;, «+= , 2, on F.U(a, o;), inde- 
pendent on F’. U(a, e), which is obviously impossible. 

Thus our theorem is proved. 


4. Exampues. 1. F isthecurvey = sin1/z with the segment —1 S y S 1 of 
the y-axis (§1, Nr. 3 ex. VI). If ais a point (0, y) with -1<y<1 
p(a, F) = w(a, F) = 0, while 7°(a, F) = p\(a, F) = ~. 
2. F consists of the point a = (0, 0) of the (zy)-plane and of all points of the 
circumferences 
(x — 3/2")? + y? = 1/4", n=21,2,---, 
p°(a, F) = w(a, F) = 0; pi(a, F) = wa, F) = . 
3. F consists of the points (0, 0, z), 0 < z S 1 of the (zyz)-space and of all 
points of the same space which satisfy the relations: 
03281, (x — 3/2")? + y? = 1/4", n=1,2,--- 
If a is a point (0, 0, z) with 0 < z < 1, then 
p(a, F) = ra, F) = 0 
p\(a, F) = 0; (a, F) = © 
pa, F) = ~; m(a, F) = 0. 
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4. The one-dimensional case 


1. Lemma 1. Let F be an r-dimensional closed potint-set of the n-dimensional 
space R, Every s-dimensional cycle, s < n — r — 1, situated in R" — F is in 
Rk" — F homologous to an algebraic sum of cycles whose diameters are less than an 
arbitrary positive number. 

Proor. The given s-dimensional cycle z C Rk” — F bounds a certain complex 
C. Wecan obviously suppose that the simplexes of C are less than the arbitrary 
small positive number e. Let us choose the positive number o so small that the 
diameters of the simplexes of C are still less than e — o. Applying the o-mod- 
ification process’ to the simplexes of C of dimensionalities S$ n — r — 1 we can 
replace C by a complex C’ still bounded by z and whose (n — r — 1)-dimensional 
elements (which may not be simplexes) have no points in common with F. 
According to our choice of o, the (n — r)-dimensional elements of C’ can still 
be supposed to be less than e. After this z is homologous in Rk" — F to the sum 
of the boundaries of those (s + 1)-dimensional elements of C’ which have points 
in common with F. Lemma 1 is therefore proved. 

Lemma 2. [f there is on the one-dimensional continuum K, an infinity of sub- 
continua K,, Ke, --- , Ki, --- no two of which have points in common and 
whose diameters are greater than a fixed positive number d, then K has, around 
certain of its points a, an actually infinite one-dimensional Betti number p\(a, K). 

Remark. In this section we always understand by a Betti number of F 
around a the one-dimensional Betti number p'(a, F). 

By the Menger immersion theorem, K can be supposed to be a continuum of 
R’. Thus we need only to prove that for certain points a of K we must have 
g(a, R? — K) = «©. Weshall arrive at a contradiction of the hypothesis, that 
for every point a of K the number q'(a, R* — K) is finite or increasingly infinite. 

By a well known convergence theorem’ we can suppose that the sequence 
K,, Ke, --- converges to a continuum K, on K. If p and gq are two arbitrary 
points of K, then points p; and qg; can be chosen on K; so that lim p; = p, 
lim g: = g. We can finally suppose that all of the p; are included in U(p, o), 
all of the qg; in U(q, a), where 3¢ is less than the distance between p and gq. 
There exists among the components of K; — (U(p, «) + U(q, c)) at least one, 
say K{, which has points on the boundaries of U(p, ¢) and U(q, a); then K; 


contains a one-dimensional cycle Z; mod [U(p, «) + U(q, )): 





Z (3 GG 
Z; =— oe. eee -_ het ); 





where 2‘*) is a one-dimensional ¢,-cycle, lim «, = 0, mod [U(p, «) + U(q, )]; 
this is, as a matter of fact, a finite sequence of points of K; joining a point a; 
lying on the boundary of U(p, co) with a point 6; lying on the boundary of 
U(q, c). Among the components of K, — (U(p, «) + U(q, c)) there is also at 





® Dimensionstheorie, p. 204. 
10 See e.g. Hausdorff, Mengenlehre, p. 150, VI. 
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least one, say K,, which has a point a, on the boundary of [ "(p, o) and a point 
b, on the boundary of U(q, c). We can choose the cycle 





Les oe se", a”, a s”, = ) mod [U(p, a) + U(q, a)| 


so that all z\° have the same end-points a, and b,. If we finally join a, with 


ax, b, with b, by straight-line segments (lying respectively in U(p, o) and 
U(q, «)\, we get absolute cycles 
? inet (26%), Zi) libs 2(8) oo F 

where 2(°) = a, a; + 2') +.:b, — z@. These cycles are obviously independent in 
K + U(p, «) + U(q, c); they are also independent in K + U(p, o’) + U(q, 0’), 
where o’ is sufficiently small but greater than «. We can therefore find cycles 
z:in R®? — (K + U(p,o’) + U(q,o’)) linking the corresponding Z;, and accord- 
ingly independent in R? — (K + U(p, c) + U(q, «)). 

It follows now from the supposed finiteness of qg'(a, R? — K) that there exists 
for every point a of K a positive number o, such that there is only a finite 
number of one-dimensional cycles on l(a, oa) which could be independent 
in R? — (K + U(p, c) + U(q, c)). We shall consider only points a of 
K — (U(p, «) + U(q, c)) and apply the Borel-Lebesgue theorem; we get in this 
way a finite number of points a;, a2, --- , a, such that 


K — (U(p, «) + U(q, «)) CE U(ai, o4;). 














We choose now the positive number 6 in such a way that every cycle not bound- 
ing in R? — (K + U(p, o’) + U(q, o’)) lies in a certain U(a;, o4;) if it has a 
diameter less than 6. 

By Lemma 1 at the beginning of this section we can suppose that the cycles 
z; (linked with the Z;) being less than 6 are therefore lying each in a certain 
U(aj, oa;). Thus among these cycles there can be only a finite number of inde- 
pendent ones in R? ~— [K + U(p, «) + U(q, c)], which contradicts the defini- 
tion of z;. Lemma 2 is therefore proved. 





2. It follows at once from what we have proved that a one-dimensional con- 
tinuum is necessarily locally connected, if it has around no point an actually 
infinite Betti number. Such a continuum is therefore a tree im kleinen.™ 

It can be easily shown that a tree im kleinen is a continuous curve of finite 
connection (as defined in the memoir of the author “Uber kombinatorische 
Eigenschaften allgemeiner Kurven, Math. Ann. 96 (1926), pp. 512-554, espe- 





11 A tree is, according to Mazurkiewicz, a locally connected continuum which has no 
simple closed curve as sub-continuum; it follows from this that every tree is one-dimen- 
sional. A tree im kleinen is a continuum, every point of which has a neighborhood whose 
closure is a tree. See Menger, Uber regulire Baumkurven, Math. Ann. 96 (1926), pp. 
572-582. 
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cially Chapter V). In fact if K is a continuous curve of infinite connection, 
then an infinite sequence of simple closed curves Ji, J2, ---, Ji, --- can be found 
on K such that there are points on J;.,; which do not belong to Ji, --- , Jz for 
every k. Therefore we have on K an infinite sequence of points 


G1, Ao, +++ , Aky «+ 


where a; belong to J; but not to Jz. If a is a limit-point of this sequence, 
then every neighborhood U (a) of a must have poiuts in common with an infinity 
of closed curves, all of which are different from each other in U(a). This 
situation is impossible if U(a) is a tree. 

Thus we have: 

THEOREM. The one-dimensional continua which have around each point a 
finite or increasingly infinite Betti number are identical with the continuous curves 
of finite connection (trees im kleinen). The Urysohn-Menger ramification index 
ind,K of such a curve K in its point is given by the relation 





ind.K = pi(a, K) + 1. 


(This relation follows at once from the general structure theorems given in my 
above mentioned paper, Chapter V.) 

The theory which I developed in ‘“‘Kombinatorische Eigenschaften allgemeiner 
Kurven”’ gives complete information about the structure of continuous curves 
of finite connection; it follows from that theory especially, that these curves 
are identical with the continua K which for every e > 0 can be transformed 
into a connected one-dimensional complex lying on K by an e-deformation of K 
in itself.!2 We can therefore consider the problem of characterization of curves 
which have no points with actually infinite Betti number around them, as being 
completely solved. 

3. Immediate consequences of the above theorem are: 

Corotuary I. In order that a one-dimensional continuum be a simple closed 
curve, it ts necessary and sufficient that it has the Betti number 1 around each of 
its points. 

Corouuary II. Jn order that a one-dimensional continuum K be a simple 
closed curve, it is necessary and sufficient that its one-dimensional Betti number has 
the same finite value around all the points of K. This value is then equal to 1. 

Using the duality theorem of §2 we have 

Corouuary III. A one-dimensional continuum K lying in the n-dimensional 
space R” is a simple closed curve if and only if q’~*(a, Rn — K) has the same finite 
value for all points a of K. This value is then equal to 1. 

It is known™ that a closed set F C R” has the Brouwer-Urysohn-Menger dimen- 
sionality r if and only if the following two properties hold: 





12 See my paper ‘Uber endlich-hoch zusammenhiingende stetige Kurven,” Fund. Math. 
13 (1928), pp. 34-41. 


12a Dimensionstheorie, §4. 
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1. There exists a point a of F and an e > 0 such that in every neighborhood 
U(a, o) of a there lies an (n — r — 1)-dimensional absolute cycle (with integer 
coefficients) without common points with F which does not bound any com- 
plex (with integer coefficients) lying in U(a, e) — F; 

2. If s <n» —r-—1 then to everya C F and e > 0 there belongs a o > 0 
such that all cycles (with integer coefficients) bound in U(a, «) — F if they lie 
in U(a, o) — F. 

We can now say: 

A continuum K C R* is a simple closed curve if and only if the following two 
properties hold: 

1. q’?(a, Rn — K) = 1. 

2. If s< n — 2 then to every aC F ande > 0 belongs ao > 0 such that an 
s-dimensional cycle bounds in U(a, e) — F if it lies in U(a, o) — F. 

Remark. The condition g"*(a, R” — K) = 1 can be again replaced by the 
weaker condition: g"?(a, R” — K) takes in all points a the same finite value. 

This gives us a complete characterization of simple closed curves immersed in 
the n-dimensional space R” by properties of the complementary domain to these 
curves in that space. 

We have moreover in the special case n = 2 the following 

THEOREM OF ZARANKIEWICZ. A plane continuum is a simple closed curve if 
and only if it locally decomposes the plane in the same finite number of components. 

It can be easily shown by examples that of the two numbers p'(a, F) and 
ind.f (the last being the Urysohn-Menger index of ramification) the one can 
be infinite, while the other is finite, even in the case when F is a plane curve. 

Let F consist of the point a = (0; 0) and of the points of the circumferences 
having the intervals (3; 1), (4; 3), (4; 4), --- , (@", 3"), --- as their diameters. 
Then pi(a, F) = ~, ind,F = 1. 

As a second example we take the point-set F consisting of the segment 
0<281,y = 0 of the z-axis and of all segments x = ¢, —1 S y S 1, where 
€ belongs to the Cantor perfect set on [0,1]. If ais any point of the form (&; 1) 
or (£; —1) then p'(a, F) = 0, ind,F = G; if a is of the form (£;y), -1 <y <1, 
then p'(a, F) = 1, ind,F = c. 

By a slight modification of these examples we can exhibit curves F with 
pi(a, F) = o, ind.’ = k and those with p'(a, F) = k, ind.’ = k, where k is 
any natural number. It follows, however, from the theorem of the present 
section that if ind.F > 2 for all points of the one-dimensional F there must be 
points a on F with p\(a, F) = «©. On the other hand we do not know whether 
the inequality 


1 + pi(a, F) ¥ ind.F 


ean hold for an individual point a of the curve F in case both p'(a, F) and 
ind.F are finite (or one of them increasingly-infinite). 

One sees in the same way that there are necessarily points with p\(a, F) = ~ 
of for every point a, p'(a, F) > 1. 
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We conclude this section with the remark that on every one-dimensional closed 
set F the points a with p'(a, F) = 1 form an everywhere dense subset of F—a result 
which certainly can be replaced by a stronger one. 


5. Accessibility 


1. The point a of the closed set F C R” is called an accessible point of F if to 
every component G of Rk" — F having the point a on its boundary corresponds 
a continuum K such that ais the only common point of K and F and K —aC@G. 
It is easy to see that in this case to every point b of G corresponds a simple 
Jordan arc ba all of whose points, except a, belong to G. 

This notion of accessibility fails to be an invariant with respect to topological 
transformations of F. In fact, let us define F as the sum of the segments S;, 
k = 0,1, --- ,in the zy-plane where S;, k > 0, is the segment x = 1/k, 
0S y S land Sis the segment x = 0,0 Sy $1. Thenall points of F are 
accessible. If on the other hand F’ consists of the same segment So, the above 
segments Se, and the segments S.,,, defined by x = —1/2k+1,0S y <1, 
then F and F’ are homeomorphic although all the points (z, y),z = 0,0 < y <1, 
are inaccessible points of F’. 

One has therefore to replace the above definition of accessibility by another 
one which is invariant and seems to correspond at least as well as the previous 
one to the intuitive idea of accessibility. We shall say (with Whyburn)" that 
F C R* is regularly accessible in its point a tf to every « > 0 corresponds aa > 0 
such that each point of U(a, «) — F can be joined to a by a continuum 


KCa+[U(a, 6) — FI. 


As a matter of fact it is again easy to see that the continuum K can be always 
supposed to be a simple Jordan are. 

We do not intend to give here a complete discussion of the relations between 
the two definitions of accessibility although such discussion presents some 
interest especially for definite classes of closed sets, for instance for the closed 
curves in the plane or the closed surfaces in space.'* However, we wish to 
emphasize that in any case the new definition is the stronger one: if F is regularly 
accessible in a then a is always an accessible point of F. 

2. THnorEM I. In order that F C R” be regularly accessible in its point a it is 
necessary and sufficient that to every « > 0 belongs a o > 0 such that an arbitrary 
zero-dimensional cycle z (with a vanishing sum of coefficients) on U(a, «) — F 
bounds on a continuum K C U(a, €) having with F at most the point a in common. 

Proor. The condition is necesscry. Every zero-dimensional cycle 2° with a 
vanishing sum of coefficients can be represented in the form t'(b; — c;), where 
b and ¢ are zero-dimensional cells i.e. points, we can suppose that 2° = b — ec. 
The point-set FY being regularly accessible in a, we can construct the Jordan 





13G. T. Whyburn, Proceed. Nat. Acad. of Sciences, 13 (1927), 650-657. 
14 As defined in Gesialt und Lage, p. 176. 
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ares ba and ac lying in U(a, e) and having with F only the point a in common. 


After this we can put K = ba + ac. 
The condition is sufficient. We denote by o, the number o corresponding to 
the « given in our condition. Furthermore let us put ¢) = o, and 


_ 1 
€ke41 = Minimum (so On }- 


We take in U(a, e,) an arbitrary point c,, k = 0,1, 2, --- , and join for every 

k the points c, and cx; by a continuum Ky, x4; lying in U(a, e.,;) — F and 

having with F at most the point a in common. In any case a + >> i=% Ky, eas 

is a continuum joining a with cp and having with F only the point a in common. 
Theorem I is therefore completely proved. 


3. This theorem gives us the means of generalizing the notion of regular 
accessibility to the case of any number of dimensions. This is why Theorem I 
is important. 

DeriniTion. The closed set F C R* is called s-accessible in its point a if to 
every € > 0 belongs a o > O such that an arbitrary s-dimensional cycle z on 
U(a, «) — F bounds on a closed set 6 C U(a, €), having with F at most the point a 
in common. 

Remark. From Theorem I the 0-accessibility is the same as the regular 
accessibility in Whyburn’s sense. 

As an immediate consequence of this definition and of the known theorems 
of the general theory of dimensionality (as given by the author) we have: 

If the dimension" of F is less than r, then F is (n — r — 1)-accessible in each 
of its points. 

4. Our main purpose now is to prove the invariance of the property of s-acces- 
sibility with respect to topological transformations of F. We begin with the 
following 

Lemma. A necessary and sufficient condition in order that F be s-accessible in 
its point a is that for every ¢ there is a o, such that to every s-dimensional cycle 
z C U(a, o.) — F and to every o < «a, there belongs a cycle z’ C U(a, a) — F which 
is homologous to z in U(a, e) — F. 

PRooF OF THE Lemma. The condition is sufficient. We have to find a closed 
set 6 C U(a, e) having with F at most the point a in common and such that 
the s-dimensional cycle z C U(a, o.) — F bounds on ®. Obviously we can 
suppose that z does not bound in U(a, e) — F. We put «1 = €, €) = Oe, 2 = 2 
and denote by 4; the smallest of the numbers }*+! and o.,; we denote further- 
more by 23; a cycle lying in U(a, ex4:) — F and homologous to 2, in 





* Dimensionstheorie, ‘‘Allgemeiner Rechtfertigungssatz’’ on p. 208. 
6 The word ‘‘dimension”’ can be understood here in the Brouwer-Urysohn-Menger sense 
as well as in the sense ‘“‘modulo zero” (dimension with respect to the field of rational 


numbers) given in my above mentioned paper. 
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U(a, ex) — F,k = 0,1, 2, --- , by Cxy: a complex bounded by 2, — 2x4: in 
U(a, err). Then a + > i=0 Cis is a closed set & C U(a, e) which has only 
the point a in common with F. The cycle z bounds on ®. 

The condition is necessary. If F is s-accessible in a, and @ C a + [U(a, e) — F] 
is a closed set on which the given cycle z C U(a, o.) — F bounds, then there 
exists a sequence 


CB. sxe By s+ 


of complexes on ®, where C; is an e-complex bounded by a subdivision of z and 
lim ¢, = 0. Then let C; be the complex built up of all simplexes of C;, which 
are within U(a, oc), o being an arbitrary small positive number less than o,. If 
k is sufficiently large, then the simplexes of C;, — Cj, are small enough to have 
no point in common with F. Therefore 


z~C, in U(a,©) — F, 


which completes our proof. 


5. DeriniTion. We say that F has no r-dimensional condensation in its point a 
if to each « > O there belongs a o. > 0 such that an arbitrary r-dimensional cycle 
mod [F — U(a, «)] not bounding on F mod [F — U(a, o,)] does not bound mod 
[F — U(a, o)| for every o < «. 

Using our previous terminology we can say: F has no r-dimensional conden- 
sation in a, if to each e belongs a o, such that every Z(e, o.) is a Z(e, o) for 
every o < a,. 

Remark. An analogous definition holds for every field of coefficients. 

THeorEM IJ. Letr = 0 and s 2 0 be two integers such thatr + s = n — 1. 
A necessary and sufficient condition that F be s-accessible in a is that F has no 
r-dimensional condensation in that point. 

Proor. I. The condition is necessary. Let F be s-accessible ina. We have 
to show that there is no r-dimensional condensation in that point. According 
to the preceding lemma there exists for every € a o. such that to every s-dimen- 
sional cycle z C U(a, o.) — F and to every o < o, there belongs a cycle 2’ C 
U(a, c) — F homologous to z on U(a, «) — F. Let us fix this o, and choose 
any Z(e,o.). Az C U(a,o,.) — F linked with the given Z(e, o.) can be found. 
Then the corresponding z’ is also linked with Z(e, o.) in such a way that this 
Z(e, o-) turns out to be a Z(e, a). 

The condition is sufficient. In other words: If F is not s-accessible in the 
point a, then a is a point of r-dimensional condensation of F. By the lemma, 
we have only to prove the following assertion: 

e being chosen, let us suppose that to an arbitrary 6 < ¢« there belongs an 
s-dimensional cycle z on U(a, 6) which is not homologous on U(a, e) — F to 
any cycle situated in U(a, 20) — F, the positive number o = o(6) being suitably 
chosen. Then there exists a Z(e, 6) on F — U(a, o/2). 





In order to prove this, let us put F’ = F-U(a, e) — U(a,o/2). First of all z 
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does not bound on U(a, «) — F’, because otherwise we would have ac C 
U(a, ¢-) — F’ with é = z and if we denote by ce the part of c lying on U(a, 0) — F’ 


c = & + (¢ — &) 
(1) (c — @)’ = z— 2 (where 2 = &). 


As c — @ is on (U(a, e) — U(a, o/2)) — F’ C U(a, e) — F, it would follow 
from (1) that 
z~ zon U(a,e) — F, 


which contradicts our supposition. 

We now put F’’ = F’ + S, where S is the boundary of U(a, «), thus an 
(n — 1)-dimensional sphere. The cycle z cannot bound on R" — F’’, because 
a complex C bounded by z on Rk” — F’’ could be decomposed into the sum of 
two complexes C; and C, the first of them lying in the interior, the second in 
the exterior of the sphere S. As the boundary z of C lies in the interior of S, 
we must have z = C; which contradicts what was just proved. 

Thus z, as a non-bounding cycle of R" — F’’, is linked with an 7r-dimensional 
cycle Z of F’’. Taking the part of Z within U(a, ¢) (i.e. on F’) we get a cycle 
on F’ mod [F — U(a, e)] linked with z and therefore not bounding on F [mod 
F— U(a, 6); this is obviously a Z(e, 5) lying on F’ and thus on F — U(a, o/2) 
q.e.d. 


6. Let us take 


5 < o(5)/2, b2 < o(61)/2, +++ , dxa1 < o(6x)/2, ---. 


There is on U(a, 5,) — F an s-dimensional cycle z; linked with a certain Z(e, 5x), 
say Z;, on F.U(a, «) — U(a, 6x41). Therefore 2,4; cannot link Z;. It follows 
from this, that the z; are independent in U(a, e) — F. Let us consider, in fact, 
a homology 


(2) zi +--- +4,2:;,~ 0 on U(a, e) — F. 


and denote the linking coefficient v(z:, Z;) by wij. Obviously we can suppose that 
all coefficients in (2) are different from zero. It follows from (2) that 


ty Uiniy + +++ + bs Uigir = 0 


which is impossible because w;;, is different from 0 while all wi: = 0, A > 1. 
In an analogous way we prove that no homology 


(3) 4Zi,+--- +4,Z;,~0 on F mod [F — U(a, 6x)] 


can hold if all 7, > k and the ¢; are different from 0. It would follow in fact 
from (2) that 
ty Uisiz + ial + ts Uisis = 0, 


which is impossible because u;,;, = 0 for h < sand ui,i, ~ 0. 
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Thus we have proved: 

THeoreEM III. If ais a point of r-dimensional condensation of F, then ane > 0 
and a sequence of r-dimensional cycles on F mod |F — U(a, e)], say Z1, Z2, +++ , 
Z;, «++ can be chosen in such a way that 

1. To each o > 0 belongs ak, such that the Z;, with k > k, are independent with 
respect to homologies on F mod |F — U(a, o)}. 

2. To each k belongs a a;, such that Z;, is on F — U(a, ox). 

Corotuary I. If p’(a, F) is finite or increasingly infinite, F has no r-dimen- 
sional condensation at the point a. 

Corotuary II. A topological polyhedron” immersed in a Euclidean space 
R* is accessible (with respect to any number of dimensions) in each of its points. 

If F’ is a closed subset of the r-dimensional closed set F then obviously 
p’(a, F’) S p'(a, F). Therefore: 

Corotuary II. If the r-dimensional Betti number around every point a of the 
r-dimensional closed set F is finite or increasingly infinite, then an arbitrary closed 
subset F’ of F is (n — r — 1)-accessible in each of its points. 

We have as a special case: 

Corotuary III. Jf F C R* is homeomorphic to a subset of an r-dimensional 
polyhedron, then F is (n — r — 1)-accessible in each of its points. 

This contains as a special case a theorem proved by Mazurkiewicz!* which 
affirms that a closed set F C R" which is homeomorphic to a subset of R*— is 
accessible (in R”) in each of its points. 

7. As the last but, perhaps, most important corollary of Theorem III we 
mention the following 

INVARIANCE THEOREM. Let F and F’ be two homeomorphic closed compact sets 
situated respectively in R" and R”’. Let F be s-accessible in its pointa. If a 
homeomorphism between F and F’ puts the point a’ in correspondence with the 
point a, then F’ is (s + n’ — n)-accessible at the point a’. 

Remark I. It is easy to see that if F has no r-dimensional condensation at 
the point a, then to every « > 0 belongs a o, > O such that an arbitrarily 
chosen 87 ,,(a, F’) is at the same time a 87, (a, F) for every o < o. 

Remark IT. We have pointed out that the notion of r-dimensional conden- 
sation can be introduced with respect to any field of coefficients. The same is 
true for the notion of s-dimensional accessibility; as the definitions remain 
literally the same it is useless to repeat them here. Now the question arises 
whether Theorem III with all its corollaries hold for an arbitrary field of coeffi- 
cients. We cannot give at the present time a definite answer to this question 





17 A topological polyhedron is by definition a topological image of an Euclidean poly- 
hedron, while the latter is defined as a pointset (of a certain Euclidean space) which can 
be decomposed into simplexes in such a way that these simplexes form a complex in the 
ordinary sense of combinatorial Analysis Situs. As a matter of fact, I say “‘polyhedron’”’ 
instead of ‘“‘complex’’ in all cases in which the corresponding figure is considered as a 
point-set (and not as a finite or infinite system of simplexes). 

18 Fund. Math. 13 (1929), pp. 146-150. 
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in its general case, although the affirmative answer seems to us very probable. 
The proof of Theorem III depends, in fact, on the duality theorem for the 
corresponding field of coefficients. We have no duality theorem for an abso- 
lutely general field, and that is why we have no complete answer to the above 
question. However modulo m that is in the case of a finite cyclic group chosen 
as the field of coefficients—all previous arguments hold without any modification; 
thus Theorem III and its consequences also hold. 


8. Remark III (application to the one-dimensional case). By an argument 
analogous to that of Section 4, it could be shown without difficulty that a curve, 
(in the Urysohn-Menger sense) having in no point a one-dimensional condensa- 
tion, is necessarily locally connected. From the results of my paper ‘‘Kombi- 
natorische Eigenschaften allgemeiner Kurven” (referred to in section 4) we have 
then the following 

THEOREM IV. A closed curve situated in R" which is (n — 2)-accessible in 
each of its points is necessarily a simple closed curve" (i.e. a topological image of 
a circumference). 

We get in this way an exact generalization of the Schoenflies converse of the 
Jordan-curve-theorem. 


6. The Betti groups in end through a point 


1. The Betti number around a point gives us only the first and very incom- 
plete information about the local structure of a closed set. For a deeper 
investigation a localization of the Betti groups is needed. A little reflection 
shows the difficulties which arise when we wish to have Betti groups around a 
point corresponding to the above Betti number; it even seems to the author 
that such a definition cannot be found in a natural way for the general case, and 
he hopes that the developments of this paragraph will make the origin of this 
pessimism clear. In any case, what follows, will lead us to the definition of 
Betti groups in (and through) a given point which corresponds to Betti numbers 
in (and through) that point, in general different from the Betti numbers around 
the point. 


2. We shall now consider cycles and homologies corresponding to an arbitrary 
abelian group $ as a field of coefficients.” 





General closed curves are defined in my paper ‘‘Kombinatorische Eigenschaften 
etc.”’ as well as in Gestalt und Lage, p. 176. As a matter of fact, they are one-dimensional 
continua F C R* characterized by the following two properties: 

1. There is a (n — 2)-dimensional cycle on R" — F which fails to bound on R* — F; 

2. If F’ is a true subset of F, then every (n — 2)-dimensional cycle on R" — F’ bounds 
on R* — F’, 

*0 The notion of a field of coefficients was first introduced in full generality in Urysohn- 
sche Konstanten. See also P. Alexandroff, Einfachste Grundbegriffe der Topologie, Berlin, 
Springer, 1932, footnote (23) on page 24, where references will be found to Veblen and 
Alexander, who first introduced the group of order two as the field of coefficients. 
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The most important among the different fields of coefficients are the fol- 
lowing ones: 

1) The field modulo m, i.e. the cyclic group of order m (Veblen and Alexander 
for m = 2, Alexander in the general case). 

2) The field %, i.e. the field of all rational numbers (Lefschetz) ; 

3) The field 91, ie. the group of rational numbers reduced modulo 1; the 
same field can also be defined as the group of rotations of a circle, the angle of 


rotation being of the form ae where p < q are arbitrary integers (Pontrja- 


gin and Hopf). 
4) The field G, i.e. the group of all integer numbers (Poincaré). 


3. A relative cycle z (belonging to a given field $}) on the closed set F is called 
a cycle through the point a of F, if there exists a neighborhood U(a) of a such 
that z is a cycle mod [F — U(a)]. The r-dimensional cycles (belonging to the 
field $) through a obviously form a group, say 37(F, 3). Wesay now, that the 
cycle z through a is homologous to zero in a if there exists a neighborhood V (a) 
of a such that z bounds mod [F — V(a)] (with respect to $); the r-dimensional 
cycles through a which are homologous to zero in a form a sub-group 9; (F, 3%) 
of the group 37(F, 3). The factor-group 


BaF, 3) = Bal, 3) — GSil¥, 3) 


will be called the r-dimensional Betti group of F in the point a with respect to the 
field of coefficients $. If ¥ = MR then the rank of the group B7(F, MN) is the 
r-dimensional Betti number p;(F) of F in a. 


4. The cycle Z through a is called declinable from a if it can be transformed 
into a cycle which bounds in a by addition of an absolute cycle lying in an 
arbitrary small neighborhood of a. The cycles through a which are declinable 
from a obviously form a group, say D7 (F, 3), which contains the group 9; (F, 3) 
as a sub-group: 


3a(F, 3) D DF, 3) D Half, 9). 
The factor-group 
Bi(F, 3) = Bi(F, 3) — DIF, 3) 


is called the r-dimensional Betti group of F through a with respect to 3. The 
rank p7(F) of the group $7(F, 9) is called the r-dimensional Betti number of F 
through a. 

The definition of a declinable cycle can be given ir another form. In fact 
we have: 
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TurorEM I. A cycle Z through a is declinable from a if and only if to every 
neighborhood U (a) there corresponds a decomposition 


Z=C’+C” 


with the following properties: 

1) C’ Cc Ua); 

2) C”’ has a positive distance from a; 

3) C’ bounds on U(a) — a (that is, on the closed set U(a) — V(a), where V(a) 
is a sufficiently small neighborhood of a). 

Proor. If such a decomposition exists, and C; is the whole complex on 
U(a) — V(a) bounded by C’, then C; — C’ is an absolute cycle on U(a) and 
Z+(C; — C’) = C”’ + C, lies entirely outside a certain neighborhood W(a) 
and therefore bounds mod (F — a). Thus the condition is sufficient. 

Now let Z be a cycle declinable from a. We take an arbitrary neighborhood 
U(a) of a such that Z, in any case, is a cycle mod [F — U(a)]. There is on 
U(a) an absolute cycle z such that Z + z bounds mod (F — a). That means 
that by a convenient choice of a whole complex C and of a neighborhood 
V(a) C U(a) we can satisfy the homology-relation 


C=Z4+2+Q, 
Q being a whole complex on fF — V(a). Hence it follows that 
(C-U) =Z-U+2+QU+4q, 


q being a whole complex on U — U. Now, (C-U)' and z being absolute cycles, 
we have 


(Z-U) = —(Q-U+4q).. 


As Q-U + q lies outside of V(a), the last relation means that (Z-U)° bounds 
on U(a) — a. Thus, if we put C’ = Z-.U(a), C’’ = Z — C’, we get a decom- 
position of the desired kind. 





*1 An (absolute or relative) cycle on F is, as we know, an infinite sequence of combina- 

torial cycles (absolute or relative) 
Z= (41, B2, °°" y Sky +++) 

whose vertices belong to F while the diameters of their simplexes converge to zero with 
1/k. We suppose, moreover, that the cycles 2; converge in the sense that to every ¢ belongs 
an, such that for k > n, the homologies 2, ry Gn, hold (i.e. that 2, — zn, bounds a com- 
plex whose vertices belong to F and whose simplexes are less than ¢ in diameter). zs 

By a decomposition Z = C’ + C” is meant a sequence of decompositions 2; = c; + ¢,, 
22 = C, +C,,°+:, Ze = cy + cx. A sequence 


C = (c;, C2, *+* 5 Chy °** Dy 
where the c; are complexes with vertices on F and with simplexes whose diameters con- 
verge to zero with 1/k, could be called a whole complex on F; they are often used in any 
homology-theory. The closure of the set of all the vertices of the c, involved is denoted 
by C. 
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Coroutuary. The cycles Z through a which are declinable from a can be charac- 
terized by the following property: For every sufficiently small neighborhood U(a) 
the absolute cycle (Z-U(a))’ bounds on U(a) — a. 

It just has been proved that this condition is a necessary one. Its sufficiency 
is rather obvious, because if C; = (Z-U(a))’, C: C U(a) — a, then we put 
z= C, — Z-U(a), which gives us a cycle Z + z lying outside of a certain 
neighborhood of a. 


5. If Z is a cycle through a (say mod [F — U(a)]) which, being declinable 
from a, does not bound in a, and therefore does not bound mod [F — V(a)], 
the cycles z lying in arbitrarily small neighborhoods of a, which can be chosen 
according to the definition of a declinable cycle, fail to bound on V(a) (because 
otherwise Z = (Z + z) — z would bound mod (F — a)). Thus we have 

THeorEM II. [f F is locally connected with respect to the number of dimensions 
r and to the field of coefficients $, then the groups Di(F, 3) and HI(F, Y) and 
therefore the groups B*(F, $) and B7(F, 3) are identical. 

It is just as easy to prove 

THeoreM III. Jf F has no r-dimensional condensation in the point a, with 
respect to %, the groups Di(F, 3) and Hi(F, S) and therefore BU(F, 3) and 
B?(F, 3) are identical. 

Proor. Let Z be adeclinable cycle through a, say a cycle mod [F — U(a, e)]. 
We shall prove that Z ~ 0 mod [F — U(a, a,.)], o. being chosen according to 
the definition of Section 5, No. 5. It is sufficient to show, that for every posi- 
tive number 7, 


(1) Zy>0 mod [F — U(a, o.)]. 


Now, the number 7 < o, being chosen, we have a cycle z C U(a, n) such that 
Z + z bounds mod [F — V(a)], the neighborhood V(a) being chosen in a suita- 
ble manner. F having no r-dimensional condensation, we have 


Z+2~0 mod [F — U(a, o,)] ; 
thus, the diameter of z being less than 7, 
Z>0 mod [F — U(a, «.)], 
q.e.d. 

Remark. As §7(F, R) C Di(F, RN), obviously pi(F) = pi(F). On the 
other hand, let pj(F) = p, p being a positive integer. Then there exist on F 
at least p elements 21, --- , 2, of 33(F, 2) whose classes (with respect to 97 (F, R)) 
are independent elements of Bj(F, 8). We can suppose that the z; are all cycles 
mod[F — U(a, e)], « being conveniently chosen. For every positive number 
5 < «, the z; are independent mod [F — U(a, 4)]. Thus p’(a, F) = p. We 
have therefore: 

THEOREM IV. For every point a of F, we have 


p(a, F) = pi(F) 2 pi(F). 





( 














‘ 
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If F has no r-dimensional condensation in the point a, every Z(e, 0), where 
o < o,, is a cycle through a not bounding in a; thus we have: 
Corotuary. If F has no r-dimensional condensation in its point a, then 


p'(a, F) = pi(F) = pF). 


6. We now give some examples which make clear the intuitive meaning of the 
previous definitions, at least in their elementary cases. 

1. Let F consist of the points (x, y), 0 < x S 1/z, y = sin 1/z of the 
(x, y)-plane and of the segment « = 0, —1 S y S$ 1 of the same plane. We 
have for the point a = (0, 1) 


pi(a, F) = &, pa(F) = pa(F) = 0. 
If a = (0, y) with —1 < y < 1, then 
pi(a, F) = », Pa(F) = pa(F) = 1. 


2. F consists of the segments x = 1/n, —1 S y S 1, and of the segment 
xz=0,-l1syZ1. Fora = (0, +1) 


p\(a, F) = p(F) = pa(F) = 9, 
fora = (0, y), -l<y <1, 
pia, F) = », pa(F) = pa(F) = 1, 
fora = (1/n, y), -1 < y <1, 
pia, F) = p.(F) = pa(F) = 1. 


3. F consists of all segments z = §, —1 S y S 1, where é is any number 
belonging to the Cantor perfect set. For every point of F whose ordinate is 
different from +1 we have 


p\(a, F) = a, p.(F) = p,(F) = 1, 
while for the points a = (p, +1) of F 
pia, F) = p,(F) = pa(F) = 0. 


4. F consists of all segments which join the center a of a circumference with 
the points of a discontinuous perfect set situated on the circumference. Then 


pi(a, F) = pa(F) = pa(F) = @. 


5. F consists of the circumferences x? + y? = 1/n®, n = 1, 2,3, --- , and of 
their common center a = (0,0). Then 


p(a, F) = p\(a, F) = ~; pi(F) = pi(F) = 0. 
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6. F consists of the point a = (0, 0) and of the circumferences 
(x — 3/2")? + y? = 1/4", n= I1,2,3,---; 
pi(a, F) = pa(F) = ~, Ba(F) = 0. 
7. F consists of the circumferences 
1/2) + yt = 1/4" 


(all of which are tangent to each other in their sole common point a = (0, 0)). 
Then 


pi(a, F) = p.(F) = p,(F) = &. 


Remark. This example shows that a continuum without condensation in a 
(with respect to any r and $) can fail to be locally connected with respect to a 
certain r. 

8. F consists of n rectilinear segments having a common end-point a (and no 
other point which belongs to more than one segment). Then 


pra, F) = p,(F) = p,(F) = n — 1. 


9. F consists of the circumferences x? + y’ = 1/n?, n = 1, 2, 3, --- , their 
common center a = (0, 0), and of k segments ah;, abe, --- , ab;, lying in the same 
plane (xy) and having no point in common except a. Then 

p\(a, F) = p,(F) = ©, p,(F) = 0. 


10. Now the plane (xy) may be considered as the plane (xy) of a three space 
(xyz). We shall modify the previous example only in one point. Suppose now 


that the segments abi, abo, --- , ab, lie in the space and have with the plane 
(xy) (and each other) only the point ain common. Then 
pi(a, F) = pa(F) = &; Bo(F) =k —1. 


Analogous examples can be constructed in more dimensions. 


7. If F has no r-dimensional condensation in the point a, the structure of the 
r-dimensional Betti group of F in that point is particularly simple. Let us 
denote by 37,,. the group of all v-dimensional cycles of F mod [F — U(a, e)] with 
respect to 3. The sub-group of 37. consisting of those cycles which bound mod 
iF — U(a, o.)] should be denoted by 7,, and the factor group 37, — 2. 
by B7,,. Since to every cycle mod [F — U(a, e)]|—say z—corresponds a uniquely 





defined cycle mod [F — U(a, e’)], for every e’ < ¢, namely z-U(a, e’), there is a 
homomorphic mapping of Bj, into Bj... From the condition that F has no 
r-dimensional condensation in a, it follows, that this mapping is an 7somorphism 
between Bj , and a certain sub-group of Bj... We can therefore consider Bj. , 
as a sub-group of Bj... Now, if in an ordered set of groups, say @,, we always 


have @,, C G, when t’ < t’’, then their union G@ (i.e. their sum in set theoretical 





gap. 
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sense) is obviously a group: if x’ and x”’ are two elements of this union, then 2’ 
belongs to G, and x’’ to G,; e.g. let t’’ > t’; as x’ and x”’ both belong to G,, 
the element x’ + x” of G is well defined. In this way the union of all the groups 
Bi , is defined as a group, and it is very easy to see that this group is isomorphic 
to the group B;(F, 3). 


8. We shall now introduce the notion of the Betti groups of R" — F at the 
point a of F, this notion being useful if F has no r-dimensional condensation in 
that point. 

We understand by an s-dimensional cycle of Rn — F at the point aC Fa 
sequence 


2 = (21, 22, eee » &ky +++) 


of s-dimensional absolute cycles on R" — F, such that to every o > 0 there 
corresponds a k(c) with the property that all z; with k > k(c) are on U(a,c) — F 
and are homologous to each other on U(a, «) — F. 

The cycles z* obviously form a group 33(R" — F), when we put 


, ’ ’ 
ze 2!) = (21 + 21, 22 + 22, +++ eet ey, °e- ) 
—g? = (—2, —Z2, +++ 5 —Zky eee ) 


We say, furthermore, that z* bounds (at the point a) if all z;, with k sufficiently 
large, bound on U(a, e) — F, for every « > 0. 

The bounding z* obviously forms a sub-group 63(R" — F, %) of the group 
3i(k" — F). The factor group 


By(R" soap? F, 3) = 3Bo(R" ve F, ®) = 93(R" ~— F, 3) 


is by definition the s-dimensional Betti-group of R" — F at the point a. The 
definition holds for every field of coefficients $; for ¥ = MR we get the Betti 
number p;(R" — F) as the rank of B3(R" — F, NR). 

If F has no r-dimensicnal condensation in a and $ is one of the coefficient- 
fields R or G,, then to every Z(e, c), ¢ < o., belongs a Z(a, e) linked with this 
Z(e,c). As this 2(c, €) is homologous to a z(a’, €) for every o’ < o, we have a 
z* linked with the given Z(e, ¢). On the other hand, if a non-bounding 2* = 
(21, Z2, +++ , 2x, «++ ) is given, there exists an e such that no one of the z, corre- 
sponding to a sufficiently large k bounds on U(a, e) — F. Taking a 2, on 
U(a, o.) — F, we find a corresponding Z(e, o.) linked with that z, and therefore 
with all but a finite number of the z;. We say then that Z(e, o.), which is a 
cycle through a, links the given z*. Thus we get: 

SECOND DUALITY THEOREM. Let F have no r-dimensional condensation in its 
point a. To each r-dimensional cycle on F through a which does not bound in a, 
corresponds a linking cycle of RX — F ata. To each (n — r — 1)-dimensional 
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cycle of Rn — F ata not bounding at a belongs a linking cycle on F through a. 
That is 


pa (R" — F) = p;(F) 


(and therefore p’(a, F) = pi(F) = pe" '(R* — F) = p™ (a, R" — F)). - 
This theorem holds for R and G,, as fields of coefficients. ; 
Remark. As a matter of fact the recent results of Pontrjagin concerning 

the duality between the group of the integer numbers and the group of the real 

numbers reduced modulo 1 hold in our local case also. 


9. The methods used in this paragraph can be applied to other questions. 
I shall give here two examples. 4 

1) We consider the absolute cycles on F; they form a group which we call d 
3'(F, $); in this group are contained the sub-group D; ,(F, 3) of the cycles 
which are declinable from a as well as the sub-group 9; , (F, 3) of cycles 
bounding ina. Thus we get the groups f 


Bz, r(F, 3) = BF, 3) — G2, r(F, 9), 
Bi (F, ) = BF, 3) oa Dz, r(F, 3) 


If F has no r-dimensional condensation in a the last two groups are identical. x 
They lead to the corresponding Betti numbers. If r = n — 1, F C R’, the : 
Betti number p”; gives us the number of components of R" — F containing the 
point a on their boundary. Thus this number turns out to be an invariant (with 
respect to topological transformations of F) at least in case F has no (n — 1)- 
dimensional condensation at the point a. 

2) The second application concerns the Brouwer—‘‘Unbewalltheit”’ (“uniform 
local connectedness” of a domain in R,). Let us consider an F C R” having 
the following property at the point a: to each e belongs a o such that every 
r-dimensional cycle z” on F mod [F — U(a, e)] which does not bound mod 
[F — U(a, a)] satisfies for every 7 > 0 the homology 


2> Z, mod [F = U(a, e)], 


Z being an absolute cycle on F, depending on 7 and (if 7 is sufficiently small) 
obviously not bounding on F. We say, if this property holds, that every 
r-dimensional cycle on F around a allows a continuation. 

Now let us suppose that ¥ = R (or ¥ = G,,). Then it follows from the du- 
ality theorem of Section 2 that the continuation property we just introduced is 
equivalent to the following one concerning the complementary space: 

To every ¢ belongs a o such that every (n — r — 1)-dimensional cycle lying 
in U(a, c) — F does not bound on R* — F if it fails to bound on U(a, e) — F. 
For a 2(c, €) necessarily links a Z(e, ¢), a non-bounding (absolute) cycle on F, 
if the continuation property holds. Let us assume on the other hand that no 
z(c, €) bounds on R” — F; then every 2(c, €) would link an absolute cycle 
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Z(e, o) so that we could find a Bf, consisting of absolute cycles only. This 
means (by the definition of Bf,,) that whatever » may be chosen, each Z(e, 0), 
say 2, satisfies an homology 


zy Z, mod [F — U(a, a)] 


where Z is a finite linear combination of the elements of 8! ,, and hence an 
absolute cycle. 

This gives us, for r = n — 1: The continuation property (applied to the 
(n — 1)-dimensional cycles) is equivalent to the following property of the 
complementary space: to each ¢ corresponds a o such that two points of R* 
whose distance from a is less than o and which belong to the same component 
of Rn — F, can always be joined within U(a, e) by a polygonal line not meeting 
F, If F is the common boundary of components of Rk" — F, this property is 
nothing else than the property of uniform local connectedness of all these com- 
ponents. Thus we have the following result: 

THEOREM V. Let F bethe common boundary of all domains in which the space is 
decomposed by F; the property of uniform local connectedness of these domains is 
invariant with respect to topological transformations of F. This property is equiva- 
lent indeed to the property that each (n — 1)-dimensional cycle on F around any 
point of F allows a continuation. 


7. Applications to the theory of dimensionality 


1. The point a is called a nuclear point of F with respect to 3%, if there exists 
a subset F’ of F such that the group B’(F’, 3) is different from zero, r being the 
dimensionality” of F with respect to %. 

As the Brouwer-Urysohn-Menger dimensionality of F is identical with its 
dimensionality with respect to 9: (where §; is the additive group of all rational 
numbers reduced modulo one)" the nuclear points corresponding to the Brouwer 
dimensionality are those with respect to 91 as field of coefficients. 

THEOREM I. Every closed point-set contains nuclear points with respect to any 
field of coefficients. If Ay(F) = rand N(F) is the set of all nuclear points of F, 
then N(F) necessarily contains r-dimensional* closed sets while there is no 
r-dimensional closed subset of F — N(F). 

A nuclear point of F being a fortiori a nuclear point of every F; > F, our 
theorem follows at once from 

TueorEM I’, Let Ag(F) = r. Then F contains an r-dimensional F’ such 
that in all points of F’, except those of a nowhere dense subset F'’’ of F’, the group 
Bi(F’, &) is different from zero. If ¥ = Ni (that is, in the case of the Brouwer 
dimensionality), F’’ can be supposed to be at most (r — 1)-dimensional. 





* See ‘‘Dimensionstheorie”’ and ‘‘Urysohnsche Konstanten.”’ 

a As proved by Hopf, Pontrjagin and the author in a paper to appear in ‘“‘Compositio 
Mathematica.” 

*3 r-dimensional of course, with respect to 3. 
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Proor oF THE THEOREM I’, As Ag(/) = 7, there is on F an (r — 1)-dimen- 
sional absolute cycle 


Zt" = (21, Ze, +++ Sky °° ) 


with respect to $, which bounds on F but at the same time does not bound on 
a certain subset &’’; for this set &’’ we can take the minimal closed subset! of 
F containing the cycle Z’—'. 

Now let &’ be a minimal subset of F containing ®’’ and such that Z7 
bounds on it. I say that the group B7(’, 3%) is different from zero at every 
point a of 6’ — &’’. In order to prove this we consider the following cycle mod 
©” on ®’, 

a= (c1, C2, “<* si, ?<* ); 


rl 


where c; is an ¢,-complex (lim e, = 0) on &’ bounded by z;-*. We have only 
to show that if U(a) is a sufficiently small neighborhood of a (with respect to 
6’), no decomposition Z* = C’ + C”’ exists with C’ C U(a), aC ®’ — C”, 
C’ ~ 0 on U(a) — a. Now, suppose that such a decomposition exists for a 
suitably chosen U(a) C #®’ — ’’, We ean then find a_ neighborhood 
V(a) C U(a), V(a) C &’ — C"’, anda Cy C U(a) — V(a) with Cy = C"’. 
Then 


Cala laf —¢, 
(Cc, + hat — a 
As Cy and C”’ are both on &’ — V(a), the cycle Z*— bounds on F’ — V(a) 


which contradicts the definition of F’. We now put F’ = &’ — @”. The set 
F"’ = F’.&"”’ is obviously nowhere dense on Ff’. As F’ and ®’ are locally iden- 
tical in the neighborhood of any point a C ®’ — &’’, the group B7(F’, 3) is dif- 
ferent from zero. Inthe case of Brouwer dimensionality, ®’’, and therefore F’’, 
can be supposed (r — 1)-dimensional.”* 

As an easy corollary to this theorem we have the following local characteriza- 
tion of dimensionality: 

THeoreM II. The Brouwer dimensionality of F is the largest number r having 
the following property: There exists on F a point a such that the r-dimensional Betti 
group of F in a with respect to M, is different from zero. 

Proor. We have to show that if dim / = r, then in no point a of F the 
group B:(F, 9%), s > ris different from zero, while in some points a of F the 
group B/(F, 91) does not vanish. 





*4 See Gestalt und Lage, p. 181-182. 

% “‘Minimaler Homologietriger’’—see Gestalt und Lage, pp. 181-182. Such an F’ 
always exists because if Z*—! bounds on Fi, F2, --+ , Fx, +++ , Fx D Fay, then Z*— bounds 
on the intersection F, of all these Fx. 

26 As follows from Dimensionstheorie, Nr. 66, p. 213. 
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The first assertion follows from the fact that an s-dimensional cycle absolute 
or relative, belonging to any field of coefficients bounds on F, if the Brouwer 
dimensionality of F is less than s.*’ 

In order to show that in a certain point a of F the group B/(F, R;) does not 
vanish, we first remember that there exists, according to theorem I’ a certain 
r-dimensional cycle through a C F’ C F, say Z’, which is not declinable from a 
on F’ and therefore does not bound on F’ ina. This means that there exists a 
neighborhood U(a) (with respect to F) such that Z" is a cycle on F’ mod 
[F’ — U(a)], and thus a fortiori a cycle on F mod [F — U(a)] which does not 
bound on F’ — V(a) for any V(a) C U(a). I say that Z’ fails to -bound on F 
mod [F — V(a)]. Let us suppose, in fact, that there exists a C’+! bounded by Z* 
on F mod [F — V(a)]. Let Z’ be the complete boundary of C’+!; we have in 
Z’ an absolute r-dimensional cycle which certainly does not bound on 
F’ + (F — U(a)), because otherwise Z" would bound on F’ mod [F’ — V(a)]. 
As Z’, being thus an essential (‘“‘wesentlich’’) r-dimensional cycle, bounds by 
definition on Ff, the dimensionality of F must be at least equal tor + 1. This 
contradiction shows that Z’ really does not bound on Fin a, so that the 
r-dimensional Betti group of F in a (with respect to 91) turns out to be differ- 
ent from zero. 

Moreover, from the remark made at the beginning of the proof we have: 

THEOREM IIy. The Brouwer dimensionality of F is the largest number r having 
the following property. There is a point a on F and an Abelian group & such that 
the r-dimensional Betti group of F in a with respect to & as the field of coefficients 
is different from zero. 

In the same way as we proved Theorem II, we get the characterization of 
dimensionality modulo m: 

THeoreM II’. Let & be the field of all rational numbers, or the field modulo m. 
The dimensionality of F with respect to & is the largest number r having the prop- 
erty that there exists a point a of F in which the group Bi(F, &) ts different from 
zero. 

Remark. It follows from Theorem I that the Brouwer dimensionality of F 
is the greatest number r such that there exists a subset F’ of F, and a point a 
of F’ in which the group Bi (F1, #1) or the group Bi (F, 3) for any 3) is different 
from zero. An analogous modification also holds for Theorem II’. We finally 
point out, that the dimensionality of F with respect to R is the largest number r 
having the property, that there exists a point m of F such that F has a non-vanishing 
r-dimensional Betti number around that point. Once more we can replace here 
the Betti number around a point by the Betti number in a point. 

Unfortunately we cannot, at the present time, prove Theorem II’ for an 
arbitrary field of coefficients (although there is every reason to suppose that it is 
true without any exception). This is because we use duality relations in order 
to prove that on an r-dimensional set every (r + 1)-dimensional relative cycle 





* This is an immediate consequence of the deformation theorem proved in Gestalt und 
Lage, p. 120. 
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must bound (“Dimensionstheorie”’ No. 48, p. 199), and the generalization of 
these relations to the case of an arbitrary field of coefficients is still an unsolved 
problem. 


2. TueorEM III. Let F be an n-dimensional point-set in R". The nuclear 
points of F are identical with the interior points of F with respect to R". 

This theorem belongs entirely to the well known category of elementary 
“Invariance-theorems.” It is sufficient to sketch the proof. 

First let a be an interior point of Ff, T” an n-dimensional simplex lying in F 
and containing a in its interior. By the well known method of ¢-displacements 
we can reduce every n-dimensional cycle on F through a and every homology 
in a of such a cycle to a combinatorial cycle and a combinatorial homology on 
a certain subdivision of T”. The latter cycles and homologies are taken mod 
(T" — t"), where ¢” is a simplex similar to 7”, containing a in its interior and 
lying entirely in the interior of JT”. It follows from this at once that: 

1. T” (considered as a cycle through a, mod (F — T")) does not bound in a; 

2. Every n-cycle through a is homologous mod (F — ¢”) to a cycle of the 
form u t", u being an element of the corresponding field of coefficients %; 

3. There is no n-dimensional condensation in a; 

4. The n-dimensional Betti groups of F in and through a are both isomorphic 
with the group $. The point a is therefore a nuclear point of F. 

Now, let a be a nuclear point of F. Then there exists an « and an n-cycle 
z” on F mod [F — U(a, €)] which does not bound mod [F — U(a, «)]. By an 
arbitrary small displacement we then get an n-dimensional polyhedral cycle z’ 
mod [Rk — U(a, e)] which in any case is different from 0 and therefore fills up 
the whole U(a, ¢); thus F is everywhere dense on U(a, e) and being closed con- 
tains U(a, e); a is therefore an interior point of F, q.e.d. 


3. There are in the literature different attempts to give an adequate definition 
for the intuitive notion of “nuclear” and “shell” points of a closed point set.” 

As a matter of fact, the definition I gave in my ‘‘Dimensionstheorie”’ (loc. cit.) 
and the present one both lead to the same properties expressed by Theorems I 
and III. These same properties hold also for the definition of Borsuk. On 
the other hand, the theorems that Borsuk proved for his definition do not 
differ from those of the present paper. It would be very interesting to know 
whether the definition of nuclear points given by Borsuk is equivalent to that 
of the present paper. 


* For instance: Baer and Levi, Rinder topologischer Raume, Berichte d. Siachsisch. 
Akad. d. Wiss. 82 (1930), pp. 171-189; 

Alexandroff, Gestalt u. Lage, p. 185 and Dimensionstheorie, Nr. 68, p. 214; 

Borsuk, Ergebnisse eines mathematischen Kolloquiums, 1932, 49** Colloquium. 

29 Borsuk proves moreover that for a locally connected curve (in the sense of Ury- 
sohn and Menger) the nuclear points (in his sense) are identical with the points whose 
Urysohn-Menger ramification index is greater than 1. It is an easy matter to show that 
the same property also holds for our definition of nuclear points. 
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I see a considerable advantage in my present definition of nuclear points 
(when compared with my old definition as well as with that of Borsuk) in 
that it deals with the notion of local Betti group only. Thus we see that various 
structure characters of closed sets: dimensionality, nuclear and “shell’’-points, 
condensation, ramification, accessibility, have their origin in the same few ele- 
mentary notions. This enables us to make a much more systematic study of 
the topology of closed sets than is possible by set-theoretical methods alone. 
The fact that cycles and homologies form the only apparatus of such a study, 
guarantees its elementary character. 

The definition® given in my ‘“Dimensionstheorie” rests also upon cycles and 
homologies but it is more or less a definition ad hoc, which does not make clear 
the connexions between the nuclear points and various fundamental notions 
of the modern topology of closed sets. This is why I abandoned the older 
definition for the present one. The latter allows us, by the way, to introduce 
the notion of a “nuclear set” in the same manner as in Dimensionstheorie, and to 
prove a theorem completely analogous to, but stronger than the ‘“4‘" Haupt- 
satz’”’ of Dimensionstheorie. 


4, The nuclear points as defined in No. 1 of this section could be called nuclear 
points in the strong sense. We get nuclear points in the weak sense if we replace 
in the definition of No. 1 the group B!(F, 3) by the group BZ(F, 3). Asa 
nuclear point in the strong sense is a nuclear point in the weak sense, Theorem 
I is a fortiori true for the nuclear points in the weak sense. Theorem II holds 
true also for the nuclear points in the weak sense. Two elementary examples 
make the situation clear: 

1. F is the curve y-sin 1/zx with the segment (—1, 1) of the y-axis (example VI 
of Section 1); a is the point (0; 1). Then a is a nuclear point in the sense of 
Dimensionstheorie; however a is not a nuclear point even in the weak sense. 

2. F is the point-set of example 2 of Section 3, No.3. The point a of this set 
is a nuclear point in the weak sense; it is neither a nuclear point in the strong 
sense, nor a nuclear point in the sense of Dimensionstheorve. 

To conclude these remarks, we mention a numerical invariant which seems 
worth further investigation: It is the upper bound of all numbers p;(F’), F’ 
being any r-dimensional subset of the r-dimensional /'; this number (finite or 
infinite) could be called the order of connectivity of F at the point a. 





0 I say there that a is a direct nuclear point of the r-dimensional set F if the boundary 
B of every sufficiently small neighborhood U(a) of a (with respect to F) contains (r — 1)- 
dimensional cycles which bound on U(a) + B but fail to bound on B. A point a is called 
a nuclear point of F if there is an r-dimensional sub-set F’ of F, to which a belongs as a 
direct nuclear point. 

It would be easy to show that every nuclear point in the sense of the present paper is a 
nuclear point in the sense of ‘‘Dimensionstheorie,’”’ while the converse is in general not true. 











32 PAUL ALEXANDROFF 


8. Some remarks and unsolved problems 


1. Let dim F = r. We suppose that F has no r’-dimensional condensation, 
for any r’ S rand let the field of coefficients be $3. Under such conditions we 
say that F has in the point a no condensation at all. We suppose that this is 
really the case with the point a. We then say, furthermore, that F has no 
(r — 1)-dimensional torsion in the point a with respect to 3, if the group 
B2(F, %), (which is in our case isomorphic with the group B7(F, %)), is the 
direct sum of p’(a, F) sub-groups, each of them isomorphic with the group &%. 
Points a of F in which there is neither condensation nor torsion for any $ and 
r, are called regular points of F. The homology characters of F-in a regular 
point are entirely governed by the Betti numbers of F in (or, what is in this 
case the same, around) that point. A regular point is a nuclear point, if the 
r-dimensional Betti number of F is positive in this point, and is a shell point 
otherwise. The regular point a is a point of r’-dimensional ramification, 
0 <r’ <7, if the r’-dimensional Betti number of F is positive in a; the point a 
is a point of r-dimensional ramification, if p"(a, F) > 1 (we remember that r = 
dim F). If F has no ramification in the point a for any r’ > 0, the point a is 
an ordinary point. 

A closed bounded point-set F (in other words: a compact metric space of 
finite dimensionality), all points of which are regular points, is called a regular*! 
point-set. A regular set, whose points are all ordinary points, is what I call a 
compact (in general, bounded) topological manifold.” If all points of a topological 
manifold are nuclear points, then the manifold is called closed. Thus an r-dimen- 
sional closed topological manifold is a point-set F having neither condensation nor 
torsion in any point and whose local Betti numbers are those of an interior point 
of an r-simplezx. 


2. An outstanding problem which seems to me of great importance is to show 
that the Lefschetz intersection theory (including the Duality-theorem) holds 
for topological manifolds in the sense here given (Problem I). I do not think 
that this problem contains any difficulty of principle: I suppose, indeed, that the 
proof will go roughly speaking along the same lines as Lefschetz’ proof for his 
manifolds. Be that as it may, there is no doubt that the solution of the problem 
of general topological manifolds was given by Lefschetz (loc. cit.).°* If I 
suggest here a new definition, it is only because I think that it gives us a way 
to include the notion of manifold in the system of elementary notions, as con- 





31 This seems to be a natural generalization to the r-dimensional case of the curves of 
finite connexion, which I studied in the last chapter of my ‘‘Kombinatorische Eigenschaften 
allgemeiner Kurven,’’ Math. Ann. 96 (1926), pp. 512-555. 

2 | suggest calling the topological manifolds in the sense of Hopf (Math. Ann. 100 (1928), 
pp. 579-608) locally-Euclidian topological manifolds (or simply Hopf-manifolds), and the 
generalized manifolds introduced by Lefschetz—the Lefschetz manifolds (Amer. Journ. 
of Math. 45 (1933)), 469-504. 

328 See also a Memoir of Cech (These Annals (2), 34 (1933)). 
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densation, Betti groups in a point, and so on, which seem to present a general 
topological interest independent of any definition of a manifold. As a matter 
of fact, it would be very interesting to know, whether the Lefschetz definition 
is equivalent to the one just given here (Problem IT). 

Another unsolved problem is the following one: 

ProsBieM III. Does there exist, for each point a of an r-dimensional closed 
topological manifold, a neighborhood U(a) such that the Betti groups of U(a) mod 
[U(a) — U(a)] are the same as the corresponding groups of an r-dimensional sim- 
plex modulo its boundary? 


3. I wish to point out that the definition of manifolds given above (as well 
as the whole theory of local invariants given in the present paper) can be 
generalized without any difficulty to the case of locally compact spaces, which 
would give us a definition of open manifolds. On the other hand, one can 
generalize this theory to the case of a bicompact space with the Abzihlbarkeits- 
axiom I of Hausdorff (i.e. to spaces in which every point has a countable 
system of neighborhoods). Concerning the manifolds, it would seem advisable, 
however, to show, before undertaking a generalization to the case of arbitrary 
bicompact spaces, that there really exist non-metrizable bicompact spaces satis- 
fying one or the other manifold definition; there is otherwise a danger of building 
up an extensive theory without a real object! To give an example: it follows 
from the recent manifold definition by Cech, that a manifold in his sense is a 
locally bicompact space with the Abzihlbarkeitsaxiom I of Hausdorff, because 
this axiom follows from the Axiom A» of Cech,®* as I proved in my paper “Uber 
die Metrisation der im Kleinen kompakten topologischen Riéume” (Math. 
Ann. 92 (1924), p. 296, Satz I; see also Alexandroff and Urysohn, Mémoire 
sur les espaces topologiques compacts, Verhand. Akad. Amsterdam, Deel 
XIV (1929), No. 1, p. 65, Theorem III). Of course, a bicompact space with 
the Abzihlbarkeitsaxiom I may not be metrizable (see the just mentioned 
“Mémoire,” p. 76, example A;), but I do not know, whether under the other 
conditions of Mr. Cech the second Abzihlbarkeitsaxiom of Hausdorff (the 
“separability” and thus the possibility to introduce a metric) follows from the 
first. I do not even know the answer on the following questions: 

ProsLteM IV. Does there exist a connected and locally connected in all dimen- 
sions non-metrizable bicompact space, which satisfies the first ‘“Abzdhlbarkeitsaxiom”’ 
of Hausdorff? 

ProsteM IV’. Does there exist a (closed) manifold in the sense of Cech which 
is not metrizable; does there exist a manifold in the sense of Cech which is not a 
Lefschetz manifold? 


4. It is easy to see that the r-dimensional Betti group of a polyhedron in a 
point a is isomorphic with the r-dimensional Betti group of the star of the point 





** These Annals (2) 34 (1933), p. 625. 
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a (in any simplicial subdivision of the polyhedron) modulo the boundary of the 
star, thus to the (r — 1)-dimensional (absolute) Betti group of that boundary. 
A polyhedron ts therefore a regular point-set if and only if the torsion coefficients of 
the boundaries of its stars (in any simplicial subdivision) vanish. It follows from 
this, that a polyhedron, which is a topological manifold in our sense is necessarily 
a manifold in the sense of Alexander-van Kampen-Pontrjagin.** As the con- 
verse is obviously also true (every A-manifold being a topological manifold in 
our sense) we see that the Alexander-van Kampen-Pontrjagin manifolds are 
nothing else but polyhedral topological manifolds. 


5. There are many problems concerning regular point sets and connected 
notions. For instance 

ProsieM V. What is the distribution of points of different indices® on a regular 
point-set? Isaregular point-set all of whose points have the same index necessarily 
a closed manifold? Can a point-set without condensation contain points with an 
actually infinite Betti number around them? 

ProsieM VI. What relations are there between the absence of condensation (in 
all dimensions) and the local connectedness (also in all dimensions)? 

ProsieM VII. What kind of point-sets form the various types of points on F 
(the condensation points, the points with torsion, the nuclear points, the points 
with a given index on a regular point-set and soon)? What is the Baire-Lebesgue 
class of these sets, their dimensionality and so on? 

ProsieM VIII. To prove Theorem II’ of section 7 for every field of coefficients. 
This problem seems to involve an exposition of the Theory of dimensionality 
(with respect to any field of coefficients) in which intrinsic properties of F 
would be proved by intrinsic means (that is without use of the properties of 
the complementary space). 

ProstemM IX. By what kind of approximating complexes (‘‘projective spec- 
trum” in the sense of Gestalt und Lage, p. 107) are the topological manzfolds 
characterized? The same problem for regular point-sets. 


6. Theorem II of section 7 states that if there exists a field of coefficients 3 
and a point a such that B;(F, 3) is different from zero, then we can always 
take 9 for such a field of coefficients. ‘The question now arises: 7s there a field of 
coefficients Xo, such that from the existence of —say r-dimensional-condensation of F 
in a given point a with respect to any field of coefficients, follows the analogous 
phenomenon with respect to Xo (at the point a or at an other point)? This ques- 
tion is intimately connected with the following one: 

ProsLeM X. Does there exist a field of coefficients So having the following prop- 
erty: for any closed point set F and the Abelian group &, the Betti group B'(F, 3) 
(of F with respect to 3) can be expressed by means of B'(F, So) (and the group 3 
itself)? 





34 See for instance Pontrjagin, Math. Ann. 105 (1931), p. 181; Pontrjagin calls them 
h-manifolds (which means ‘‘Homology’’-manifolds). 
% The index of a regular point is the system of all Betti numbers around it. 
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If we confine ourselves to the case of polyhedra, then (as follows from unpub- 
lished results of Hopf), the group of integer numbers as well as the group 9; 
can be taken for the “universal” field of coefficients 3». 

An analogous question can be proposed for the local Betti groups (in and 
through a point). 

There are some reasons to suppose that the Pontrjagin field of coefficients, 
namely the group of all real numbers reduced modulo 1 is such a universal 
field (for all closed sets), but this hypothesis is still unproved. 


Moscow, U.S. S. R. 
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SINGLE OPERATION 


By MorGcan Warp 


(Received October 20, 1934) 


1°. Consider a system S consisting of a set of elements a, b, c, --- over which 
an equality relation and a binary operation multiplication have been defined 
satisfying the following four conditions. 

P1 To every pair of elements a, b of S there corresponds an element c of S unique 
to within equal elements. We write c = ab. 

P2 Ifa=a' andb = db’ then ab = ab’ = a'b = a0'b’. 

P3 a(bc) = (ab)c for all a, b, cin S. 

P4 ab = ba for alla, bin S. 

Recently A. H. Clifford’ and others have considered the following -problem: 
to determine what additional conditions it is necessary to impose on S in order 
that each integral element in it may be uniquely resolved into a product of 
powers of irreducible elements (up to unit factors) as in the case when S is 
the set of positive integers and the operation ordinary multiplication.’ 

I propose to show here that we can discard the requirement of unicity in the 
resolution into prime factors and still retain many of the essential features of 
common arithmetic. The set of conditions which I shall develop will assign 
to each integral element a certain canonical decomposition into prime factors 
to which it is equivalent. If we know this canonical decomposition, we know 
all divisors of the element and the canonical decomposition of each divisor. 
Any two elements of the system will have a least common multiple, and if they 
have any common divisors, a greatest common divisor. On the other hand, we 
cannot obtain the canonical decomposition of a product from a knowledge of 
the canonical decompositions of its factors, nor need irreducible elements be 
primes.’ 

We shall show that our system includes as special instances the arithmetics 
previously discussed by J. Koenig,‘ Clifford,! Fritz Klein® and others. 


2°. We must first lay down a few definitions. a is said to divide b either if 





1 Bulletin Am. Math. Soc. 40 (1934), pp. 326-330. We shall refer to this paper as 
Clifford. 

2 We refer to this case hereafter as common arithmetic. 

3 An element of S is called a prime if it cannot divide the product of two elements of S 
without dividing at least one factor. 

4 Algebraischen Gréssen, Leipzig (1903), Chapters 1, 4. 

5 Math. Annalen 106 (1932), pp. 114-130; Math. Zeitschr. 37 (1933), pp. 39-60. 
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a = b or if there exists an element c such that ac = b. We write then a| b. 
We observe that 

(1) Ifa;|bi @ = 1,---,k), then a; --- ay, |b) ++ dy. 

(1) is untrue if multiplication is not commutative. 

If a| b and b | a, a and b are said to be associate, written a — b. Non-asso- 
ciate elements are said to be distinct. If a|z for every z in S, a is called a 
unit. Non-units are called integral elements. A divisor of an element is called 
proper if it is neither a unit nor an associate. Units have no proper divisors. 
An integral element with no proper divisors is called an irreducible. An element 
with only one distinct irreducible divisor is called a power of that divisor. 
The number of distinct proper divisors of a power increased by unity is called 
its multiplicity. We write p™ for a power of the irreducible p of finite multi- 
plicity n. Thus p© ~ p. 

An element a of S is called indecomposable if in every decomposition of a 
into a product of two or more factors, one of the factors is associate to a. An 
irreducible is necessarily indecomposable. To avoid trivialities, we shall assume 
P5_ S contains at least one integral element. 

We shall call-a system which satisfies the five postulates P 1 — P 5a band.‘ 


3°. The next four postulates complete our definition of S. 

P6 Every element of S has only a finite number of distinct divisors. 

P7 Two powers of the same irreducible are either equivalent or else one divides 
the other. 

P8 If an element of S is divisible by two distinct irreducibles, it is decomposable. 
P9 If an element of S is divisible by a number of other elements each of which is 
a power of a different distinct irreducible, then it is divisible by their product. 

We shall call any system satisfying all nine of our postulates an abstract 
arithmetic. The simplest such systems are common arithmetic with our opera- 
tion interpreted either as addition, multiplication or the operation of finding 
a least common multiple of two or more integers. 

All of our postulates save P 5 and P 9 are used by Fritz Klein in defining his 
“B-Menge.’”? But P 9 is also true in a B-Menge since multiplication there is 
idempotent. Therefore every B-Menge containing integral elements is an abstract 
arithmetic. 

J. Koenig’ and A. H. Clifford define a power of p of multiplicity n as p-p --- p 
to n factors. But since factorization is unique in both systems, a power of p 
in their sense will be a power of p in our sense, and P7 and P 9 will be both 
satisfied in each system. P6 is a postulate in Koenig’s system, and P 8 is 
satisfied because Koenig’s system is a semi-group. In Clifford’s system P 6 
is replaced by the weaker “‘Teilerketten” condition, but it is true by virtue 





° This convenient term was suggested by Dr. A. H. Clifford. 

7 Math. Zeitschr., place cited, especially pp. 47-54. 

8’ J. Koenig’s system is identical with F. Klein’s ‘‘A-Menge.”” (Math. Zeitschr., volume 
cited, pp. 42-47.) 
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of the unique factorization. P 8 obviously holds since no indecomposables save 
units appear in Clifford’s system. Hence: A band satisfying the Clifford con- 
ditions for unique decomposition® is an abstract arithmetic. A commutative semi- 
group’ in which P 6 holds and in which all irreducibles are primes is an abstract 
arithmetic. 


4°. It follows from P 5 and P 6 that S contains at least one irreducible, and 
that every integral element has at least one irreducible divisor. Furthermore, 
‘every power is of finite multiplicity, and from P 7 it readily follows that the m 
distinct divisors of p’” are equivalent to p™, p®, --- , p(™. Furthermore, 
p™ | p™ when and only when n S m. 

Consider now any integral element a of S. If a is a power, it is uniquely 
representable in the form a ~ p™. In the contrary case, we deduce from P 8, 
P 6 and P7 that a decomposition of a exists of the form 


(2) an pi? py? --- pie” 
where pi, P2, --: , px are distinct irreducibles. 

In discussing such decompositions, it is convenient to allow powers to have 
the superscript zero, with the understanding that such a power is to be omitted 


from the decomposition." Thus, for example, a — p? pS? p pv 


Pp p>? pS? pi is to be taken merely as another way of writing a — p\? pS? 4 
HAD gt 2) 
Ps Pa. 

With this understanding, let p:, po, --- , p, now stand for all the distinct 
irreducibles of S which divide a. These are finite in number by P 6. Suppose 


that a has in all s distinct decompositions of the form (2), 


a 


(A) 


(8) aap? per «phe mp? pier. ph ar «om pO? ph «.. 


p (Aa) 
when the superscripts a, 6, --- , are now positive integers or zero. The 
number s of such sets is finite by P 6, since p™ and p™ are distinct if n ¥ m. 
Let wi = max (aj, Bi, --- , A), (i =1,---,k). 
Then p\“® | a. Hence by P 9, pi? .-- p¥® |a. But pie? | pW, 
(¢ = 1,---,k). Therefore, by (1), 


P 


a a@ ( 
ps 1) ps © a0 pi”) | py” py” er pit® . 
Hence 


(4) an py” py”... pit”. 





® Clifford, p. 328, Theorem 1. 

10 This system is merely a band with the additional condition that ab = ac when and 
only when b = c. 

11 Tf S contains units, we would define p™ as an associate to a unit. The simplification 
resulting from adjoining a unit or an identity element to the abstract system is lost in the 
applications to ring theory where the ring need contain no units, and the additive proper- 
ties of the adjoined elements must be considered. 
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Thus the decomposition (4) appears among the set (3). We shall eall it the 
canonical decomposition of a. 


5°. Ifbe qi”) gy’? .-- , q\2, it is clear that necessary and sufficient condi- 
tions that b| a are that every q be a p and that the multiplicity of each g™ 
be less than or equal to the multiplicity of the corresponding p. Hence the 


divisors of a are given by the set of elements pi" pS -.- pi", 
(n; = 0, 1, tth > Mid = 1, eee » @). 
Given two integral elements c and d, let s1, 82, --- , 8m be the distinct irre- 


ducible elements dividing either or both of them. With the convention adopted 
in section 4°, we may write their canonical decompositions in the form 


() a Se rm (81) |) (Sm) 


cus , dus," --- 8, 


Then if 6; = max (y;, 6;), ¢; = min (y;, 6,;), (¢ = 1, --- , k) it is clear that 


[e, dj 3") ae gfom) , (c,d) sf? rae slim) 
are the least common multiple and greatest common divisor of ¢ and d in the 
sense of common arithmetic. Moreover c ~ [s{7, s§, --- , s&7™. 


If we assume that S contains a unit, so that c and d will always have a com- 
mon divisor, it is easily verified that the operations [z, y] and (2x, y) just defined 
satisfy Klein’s postulates for a “Sternverband.’’” Hence even if we do not 
have unique decomposition with respect to multiplication, we always have 
unique decomposition with respect to the least common multiple operation. 


THE INSTITUTE FOR ADVANCED Stupy, 
PRINCETON, N. J. 





” Annalen paper already cited. 
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1. Introduction. Most attempts to develop a greatest common divisor 
process for algebraic fields have been by a generalization of the algorithm of 
Euclid.t. Even in the quadratic case only 15 fields are known having Euclid 
algorithms based on the principle of decreasing norms.? A few other fields have 
been treated by special devices. The vast majority of quadratic fields of class 
number unity, to say nothing of higher fields, have no known greatest common 
divisor process patterned after Euclid’s algorithm. 

A method for determining the greatest common ideal divisor of two ideals 
in an algebraic field by the use of integral matrices is known.’ It is the purpose 
of the present paper to demonstrate the practicability of this method, and to 
show that it leads to a greatest common divisor of two or more numbers when- 
ever this exists, even when the class number of the field is not unity. The 
computational limitations of the method are determined by the possibility of 
solving a certain diophantine equation. For a quadratic field this is a binary 
quadratic, and the theory is complete. For fields of higher degree the method 
is only tentative. 

It seems doubtful that there are many problems now solved by means of a 
Euclid algorithm which cannot be as easily treated by means of any greatest 
common divisor process. Certainly in the theory of matrices this seems to 


be true.4 


2. Quadratic fields. The integral numbers of §(+/m) are given by x + y@ 
where 6? = m if m = 2, 3 (mod 4) (Case I), and 6 = 6 + m’,4m’ = m—1 
if m = 1 (mod 4) (Case II). We define for the respective cases® 


Be 


* Presented to the American Mathematical Society April 6, 1934. 
1R. Dedekind, Werke, Vol. 2, p. 373. 

H. Hasse, J. reine angew. Math. 159 (1928), pp. 3-12. 

W. Krull, Math. Ann. 105 (1931), pp. 1-14. 

J. Wedderburn, J. reine angew. Math. 167 (1932), pp. 129-141. 
20. Perron, Math. Ann. 107 (1932), pp. 489-495. 
3C, C. MacDuffee, Bull. Amer. Math. Soc. 37 (1931), pp. 841-853. 
4 Bull. Amer. Math. Soc. 39 (1933), pp. 564-584. 
5 Annals of Math. II, 29 (1928), p. 200. 
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The integral numbers & = z + y@ of § are isomorphic with the matrices 
If 
gu giz 
S(é) = | |. 
J21 g22 
then 
wr = gu + 928, — We = gor + G22 8 


constitute a minimal basis® for the principal ideal {€}. 
If & and & are two integral numbers of §, the matrices S(é), S(é2) have a 
greatest common right divisor 


= 
D= 

dey doe 
which is easily calculated.’ Then the numbers 


m= du + dA, n2 = do + do A 


are a minimal basis® for the greatest common ideal divisor of {£} and {£:}. 

Now D is the left associate of some matrix S(6) if and only if 6 is a greatest 
common divisor of £; and &. If § is of class number unity, this matrix S (6) 
always exists unless §; = & = 0. If § contains more than one class, it may 
or may not exist. There are as many determinations of 6 as there are units in §. 

We wish to determine all unimodular matrices U such that UD is the S-matrix 
of some number 6 of §. A matrix is an S-matrix if and only if it is commutative 
with T.2 Thus we wish all unimodular matrices U such that 


UDr = TUD, UDTD' = ru. 
But DrD' = T has integral elements, since D corresponds to an ideal. Then 
UT = TU. 
If U* denotes the adjoint of U, then 
(1) UAT = TU“, 


and U* determines U. 





6 Trans. Amer. Math. Soc. 31 (1929), p. 77. ; 

7A. Chatelet, Groupes abéliens finis, Paris 1924. For an exposition, see Ergeb. Math. 
II—5 (1933), p. 35. 

§ Math. Ann. 105 (1931), p. 663. 

* Trans. Amer. Math. Soc. 31 (1929), p. 78 and p. 87. 

1° Trans. Amer. Math. Soc. 31 (1929), p. 76. 
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All matrices B such that 
(2) BY = TB 
form a minor class of ideal matrices, and hence are all of the form 
vB, + wBe 


where B,; and Bz are fixed." In fact, Bi: and B, may be chosen in the form 


Pu Pre 0 de 
P21 = Pre G21 22 
where pi and ga: are positive and minimal. Hence B is determined by its first 


column. This means that the four equations for the elements b;; of B arising 
from (2) are equivalent to but two equations of the form 


3) bio = Andy + a2 bar, 
bee = obi + G22 bai 

where by; and ba are arbitrary. The a’s are rational but not necessarily integral. 

The determination of B; and B;, is a tentative process, but it requires only a 
finite number of trials, and in practice proves to be quite simple. If d is the 
least common denominator of the a’s, only positive integral values of by, be: S d 
need be tried. A pair of values making bj;2, bo. integers and by as small as 
possible but positive determines B;. The smallest positive bo, with bu = 0, 
which makes by2, be. integers determines Be. 

The next step is to determine those matrices U“ which are of the form 


vB, a wB, 


and are unimodular. This leads to the theory of quadratic forms, and the 
complete solution can be obtained.” 

For every U* so found, we find U and UD = S(6). From this, a greatest 
common divisor 6 of & and & is evident. 

For example, let it be required to find the greatest common divisors of 


& = 68 + 5V33, & = 31+ v7 33 
in the field ¥(+/33). A basis for this field is 1, 9 = 3(1 + +/33), so 
& = 63 + 108, f = 30 + 20. 


0 1 63 10 30 2 , 
r= | ’ S(é) = ’ S(&) = i 
8 1 80 73 16 32 





11 Trans. Amer. Math. Soc. 31 (1929), p. 85. Since § is a field, its discriminant | Crsi | ~ 0 1 
See Trans. Amer. Math. Soc. 33 (1931), p. 427. 
122 E.g., see L. E. Dickson, Introduction to the theory of numbers, Chicago 1929. 
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We find that 


vols i 


isag.c.r. d. of S(é&) and S(&). Then 


T = Drp' = - =F 
232 —15 


has integral elements, as predicted. 
Equations (3) become 


bis = 2b — Jha, 
bee = 29bn — 42d. 


From this we find our basis matrices to be 


1 2 0 -l 
B, = ; B, = ; 
0 29 8 —15 


A solution of the diophantine equation 


(4) | vB, + wB,| = 29v? — 3low + 8w? = +1. 
isv = —l,w = —2Z. 
Thus 
—1 0 1 0O 
u“ = —B, — 2B, = ’ U= ’ 
—16 1 16 —1 


1 2 1 0 0 1 
uo =| |-| ]+2l |-sa+2. 
16 3 0 1 8 1 


Hence 6 = 1 + 206 = 24 1/33 is a greatest common divisor of & and £, and 
since the fundamental unit of the field is 23 + 4+/33, every g. c. d. is of the 
form 





By using undetermined coefficients it is easy to write 
1+ 26 = (-3 — 26) + (9 + 5O)E. 
3. Cubic fields. With obvious modifications the theory carries over to 
cubic and higher fields. The practical limitation is set by our ability to solve 


the diophantine equation corresponding to (4). For fields of order higher than 
the quadratic, no general methods for solution are known. If one is satisfied 
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with a single greatest common divisor, this can often be found by guessing a 
solution of the diophantine equation. 

Let us consider the cubic field §(@) where @ + 606 + 8 = 0. This field is 
of class number 3, and has a basis e: = 1, eg = 0, ¢s = 36.8% We shall attempt 
to find a greatest common divisor of 


i mn ty — Bae + ee, bs ae Dis 4 Bh ve. 
We find 
0 1 0 0 0 1 
neste) al ¢ 0 2], oe —-3 Of, 
—4 -3 0 0 -2 -3 
—-10 -2 14 12 11 -1 
S(é) =| —56 —52 —4 |, S(&) =| 4 15 22 
8 —22 —52 —44 -—31 15 
It is a simple matter to find a greatest common right divisor 
—10 0 0O 
D=| 4 1 O 
—2 0 -1 
of S(&) and S(é). Then 
—4 -10 0 —2 0 10 
T,=DY,D'=| 2 4 -2 T;=Dr;D'=| 0 -3 —4 
0 1 0 1 2 —-l 
Equations 
Br, = T.B, Br; = T;B 
lead to a system of 18 equations which have the general solution 
be = 2bu — 3bs1, bis = bu + gba, 
bes = 2bo1 + bai, bes = —$bu — ber + $bs1, 
bs. = — bu — $be1 + fds, bss = — {ba . 


For bi: = 1, be: = 0, bs: = 1, all the b’s are integers, so we get B;. For by = 0, 
bo; = 4, bs: = 4, we get Bo. For bu = bo: = 0, bs: = 4, we get Bs. Thus 


1 -—2 1 0 -—10 10 0 —10 0 
B,=|0 1 Oj, Bo=|4 7 —2], B=|0 4 2|. 
1 0 0 4 -—1 -l 4 1 0 





13 T,, W. Reid, Tafel der Klassenanzahlen fiir kubische Zahlkérper, Géttingen 1899, p. 68. 
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Unless the ideal (£), 2) is principal, the numbers £& and £, will have no greatest 
common divisor. In that case the diophantine equation 


| 7B, + xeB. + r3Bs3 | = +1 


will have no solution. In this case it happens that B,; is unimodular, so 
(21, Z2, 3) = (1, 0, 0) is a solution, and 


0 0 --!l 
U = BY = 0 —1 0 m 


—1 -2 1 | 
Then 
2 0 1 
UD =| —4 -1 0O | = S(2e+ 6). 
0 -2 -1 


Thus 2e; + e3 = 2 + 3 @ is a greatest common divisor of & and £2, and may 
be written 


2, a. 3 = (—33e, +. Jeo + 5e3) £1 + (—10e; —_ 22 a 14€3) £9 . 


All other greatest common divisors can be found as soon as a fundamental 
system of units for this field is obtained. 


THE OnI0 STaTE UNIVERSITY. 
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The problem before us has its origin in the theory of finite continuous groups 
of transformations. The usual method of classification depends on the existence 
or non-existence of invariant subgroups of different types so that we know— 
thanks to the work of Killing, Cartan and Weyl—all about simple and semi- 
simple groups on the one hand and integrable or solvable groups on the other. 
If the group does not belong to either of these classes we know very little about 
the different types except in the case of groups of comparatively small order. 

In the following pages I propose to give an outline of a method of classifica- 
tion which does not depend so much on the order of the group as it does on its 
genus. Unfortunately the method does not apply or only partially applies in a 
good many cases. However it may be possible to further refine it so as to ex- 
clude at least some of the exceptional cases. 

Another remark; the first part of what follows applies to finite linear algebras 
in general and I have already applied it to some simple cases of linear asso- 
ciative algebras. Recently Wedderburn gave the 25 distinct types of Boolean 
linear associative algebras of 2 elements among which there are just two of 
genus zero. Jt is these two that our method gives at once even if the algebra 
were of n elements. 

In the present paper I consider only Lie algebras of n elements and genus less 
than n — 2. 


1. Nullity and Genus of a Group. Let Xi, X.2 --- X, be the symbols of 
an infinitesimal Lie group of order n. Then we know that the commutators are 
linear combinations with constant coefficients of the symbols; these constants— 
the structure constants of the group—are numbers of the underlying number 
field which we assume to be the field of complex numbers, although this restric- 
tion may not be necessary. ‘ 

Using the customary notation and summation convention we have 


(1.1) [X;, X;] = oe X;, (ci, = — c5;) ° 
If we change the basis of our group to X; given by 

X, = aiX,, la? | #0 
then 


[X,, XJ _ a; X;, 


r] 
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where 

(1.2) Ci; a; = Cinaiay. 

That is, the structure constants of a group are the components of a mixed anti- 
symmetric tensor. 

We now consider the following construction. Suppose we select a set of 
p(2 = p S n) linear combinations of the symbols of our group and form the 
p(p — 1)/2 commutators. Among them we shall in general find a number 
which are independent of the ones with which we started and of each other. 
Say there are p; such symbols. Again we form all possible commutators of the 
p + pi symbols and get an additional set of p, new symbols and repeat this 
process indefinitely. One of two things must happen: at the end of at most 
n — p steps we shall either get all symbols of the group or a subset of them 
which will be the symbols of a proper subgroup. If the structure of the group 
be such that it is possible to find a set of p symbols whose successive commu- 
tators generate the group but impossible to find less than p such symbols we 
say the nullity of the algebra is p. In other words 

DeFINITION. The nullity of a group is the least number of independent symbols 
whose successive commutators generate the group. Obviously this definition applies 
to a perfectly general linear algebra except that in this case the nullity may be 
assmallas 1. For a Lie algebra the nullity may be one only in the trivial case 
of a one parameter group. 

It may be pointed out that Sylvester’s law of nullity for matrices holds for 
algebras if by “‘product”’ we understand the direct product; in fact this is the 
reason for the name. To prove it suppose G, of nullity p is the direct product 
of G,, and Gy». of nullities p; and po respectively. Let Xi; --- X,,; and Yi --- Vue 
be the symbols of the two groups and let X; --- Xp, and Y; --- Vp» be the 
symbols that generate G,, and Gy». Then obviously Xi, --- , Xp, Y1, --- 5 Vpe 
will generate G, but it may so happen that aX, + b2Y,, a =1,---, 1; 
A=1,---,po3o =1,---,p’ < pwill also generate it. On the other hand 
if G, could be generated by less than pi or pz symbols so could G,, or Gp. which 
is impossible since [X, Y] = 0. Hence we have 
[1.1] The nullity of the direct product of two groups is not greater than the sum 
of the nullities of the factors and not less than the nullity of either factor. 
As in the case of matrices it is usually more convenient to deal with the rank of 
a matrix, so in the case of a group we shall deal with its genus, given by 

DeFiniTion. The genus of a group is the difference between its order and its 
nullity. 

We now consider the following problem: Given a group G, of genus r; what 


must be the form of its structure? Let Xi, --- , X, be the basis of G,; if the 
genus is to be r it must be true that if we choose n — r — 1 symbols 
X, = aiX,, awi,.--,2-r-—1 


the matrix || a3 || being of rank n — r — 1, and form the successive commutators 
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of X, we must get at most n—-1 independent symbols no matter how the 


matrix || ai || is chosen. 
To express these conditions symbolically we use the following notation 


[X,, Xi] = Xj = 054 X; 
(1.3) [[X,, X;], X] = X jx, = Che Chi = Che. X; 





r 


a r 
he aa Cietmg--- ee 


Obviously c};,,;,, ... are the components of a tensor for a change of basis. We 
also let 


pie ? "a ee 
(1.4) Cn6,78.:- = oe 43,438, 0'3 oe 


Our problem then is to find the form of the structure constants c}, in order that 
the matrix 


n =n =n nr Cc 
ay o2* App —1 Cre C13 *+* Cag °° CaBiy ene 


shall be of rank n — 1 at most. This means that if we form all n rowed deter- 
minants in the above matrix each of them must vanish for all values of ; 
n(n — r — 1) variables ai. This will give us a number of tensor equations that 4 
the tensor c}, must satisfy and the most general solution of these equations— i 
if any solution exists—is the required structure. It will then have to be verified 
that the genus is really r and not some smaller number since if the genus is 
r — h, all of the above conditions are still satisfied. 

Obviously this method is too laborious even in the cases where n and r are 
comparatively small. We therefore look at the problem from a different point 
of view. Let the range 1, 2, --- , be divided into two complementary ranges 
consisting of n — r — 1 and r + 1 indices. Let a, 8, --- run over the first 
range and o, r --- over the second. Then 


X as = Cos xX, + Cag X, 1 
X a8, 7 = Cap,y Xe + Cap,y Xo : 
, = Cag.) ---4 ae  Cap.y,--- Xe* 

If the genus is to be r, the symbols cig, ,, ... ,, must depend on at most r of them, 


that is, the matrix of r + 1 rows and (n — r — 1)**+® columns whose elements 
are Cis, ,...y, Must be of rank r at most. Hence 


r—h 
o aa (\) c 
CaByy--+1% = u Pa 8, yy ++ 74, 8) 


by 
3 
bt 





Feet einai) 
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and hence, in particular, 


Cas = Das * Sr) oo ne 
This must be true no matter how the range 1, --- , n is divided; therefore 
(1.5) Che = p>? . Six) a x j, k : 


Since c', is a tensor—a is not a tensor index—we see that p‘) may be taken to 


be a set of r — k skew-symmetric tensors and s/,) a set of contravariant vec- 
tors. In order to obtain the remaining part of the structure, that is, the form 
of ci, when 7 = j or k we prove the following. 

Lemma. If 7}, is a tensor whose components for 7 ¥ j, k vanish in every 
coordinate system, then 

i 1 i i 
(1.6) jk = aa i {65(n Thy = Tin) + di (nT%, _ Ti. ;)} : 
Although it is only necessary for (1.6) that T}, = T}, = 0 in every coordinate 
system, we assume 75, = Oif 7 ¥ j, k and apply an arbitrary non-singular trans- 
formation to our tensor; we then have 
$y Usura, =0 for all values of u? . 
Differentiating this set of equations with respect to u;, we obtain 
pylus uZ(—ae wa) + ded; uza, + uF 7 dp aq] = 0 


and letting ui = 63 we get 


(1.7) T’,5) = Ti,5% + 75,55 | h, l arbitrary i ¥ j,k. 
From this it follows that 
(1.8) Ti, = Ti.) + Ti, dh i not summed. 
Hence Ti,.=Tih; Th=Tit+ Ti: i,j, k not summed and +. 
From the above we have 
Ti, —_ T ik - Tox ee tik = Titik =e Th 
h k 
- Tix — Tin (k not summed) 
n—1 
or 
nTi, + Ti; = The- 
Similarly 
Ti, +> nTi, = Tin. 
Hence 


rh h h h 
j _ Ty — Tin, {am Een — Tes 
ee Ft oy ne , 
ik ee wal : n?— 1 
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and when these are substituted into (1.8) we get (1.6). If the tensor is skew 
symmetric (1.6) reduce to 


i 1 i i 

7 i (5; The — 9} Th;) ; 
Th; being a covariant vector, we denote it by (n — 1)u;. Hence 7}, in this 
case is of the form 
Returning to our group, we found in. (1.5) that c}, — p? -8/,) is a tensor whose 


components for 7 ¥ j, k vanish in eve: coordinate system; hence according to 
our lemma we must have 


(1.10) ce}, = a) sf) + Siu, — diu,, A=1,---,r—h. 


So far we have used only the fact that n — r — 1 elements will not generate 
the group. Suppose h > 0 and we choose any n — r — 1 + h elements 
ai X; = X.a=1;---,n—-r—1+h. Then 


[X., Xz] = alas (p> .s, Xi + X jUx _ X,U;) 
Pr p8, Xi + Xoatig — Xpitia 
= 0 (mod X,,; s*X;) . 


Similarly [s,X:i, Xa] = [s,Xi, siX;] = 0 (mod X.; s,X;i). Hence no 
n — r — 1 + helements will generate the group and the genus is less than r. 
We can therefore conclude that if a group G, is of genus r its structure must be 


(1.11) ci, = p>, Si + 65U, — bhu; A=Il,---,r, 


where the matrices || p>, || and || s, || are each of rank r. The converse of the 
above statement need not be true; if a group has the structure given by (1.11) 
obviously the genus can not be greater than r but if it so happens that 
- oe: | Neder 

PiRSx = Venta + Sj, — 6,0; 
a=l1,---,r<r 
then the genus may be as small as r’. If then the structure constants of a 
group are given and we want to determine its genus, we must find the least 
value of r for which (1.11) may be solved for the unknowns p, s and u or we 
may turn back to the matrix whose elements are given by (1.4) and see which 
commitants of the group vanish. 

We may state the above results as the following theorem: 

[1.2] Ifa Lie group of order n is of genus r < n — 2, its structure constants have 
the form 


i A Gi ih 
Cre = Dir8x +45 4Un A=1,---,7, 





—— 
SOP gaa 


Se 





Pt gee 


eee 
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where s} is a set of r independent contravariant vectors, u; a covariant veetor— 
or zero—and Dp. a set of r independent, skew-symmetric covariant tensors. If 
the genus is zero the structure constants are 


(1.12) ch, = diku. 
Conversely if the structure of a group is given by (1.11) and if it can not 
be written in that form with \ = 1, --- , r’ < rthen the genus of the group is r. 


2. Jacobi’s Conditions. The constants of structure of a Lie group besides 
being skew-symmetric must also satisfy Jacobi’s conditions 


(2.1) Creehy + ek ch; +er jer, =O. 
If the order of the group is one or two, these conditions are satisfied identically 
and since a two parameter group can not be generated by one symbol we have 
[2.1] Every one and two parameter group is of genus zero. 

We shall therefore confine our attention to groups of order n > 2 and genus 
r <n — 2. When the values of the structure constants obtained in §1 are 
substituted into (2.1) we get 


s. {sk [pi phe + Devic + pi ivis] — (pt jue + piu t+ piu} 
= shun (py ;5; + p).d) + piid)). 


If n = 3, the only case we can consider is r = 0 which we leave aside for the 
present. Let n > 3 then we can choose | ¥ 7, j, k and we then have 


(2.3) s} {Pein} =0, 


where P* ;, has the significance of the brace in (2.2). Since || s; || is of rank r, 
a basis of the group can be found such that no r rowed determinant of the above 
matrix vanishes; therefore P* ; , = 0 for every choice of 7, 7, k. Consequently 
Jacobi’s conditions reduce to 


(2.2) 


sh [ph phx + DP rePhs + DeiDhs] = pt jue + Diet DEY 
(p> ;6; + pd; + pi :d;) shu, = 0. 


If in the last set of (2.4) we choose 1 = k ¥ i, j we get p>; (sus) = 0 and since 
|| p; || is of rank r we have 


(2.5) shun = 0. 


(2.4) 


Therefore Jacobi’s conditions reduce to the first set in (2.4) and (2.5). Whether 
solutions of these equations exist and what is their canonical form will be con- 
sidered in the next section. For the present we see since || s || is of rank r, a 
basis exists for which 


st = 5h u, =r if um #0. 
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Therefore the structure may be reduced to 


(2.6) ch, = pbhy + 75 — 5f5 
or 

ef, = p56) if U = 0. 
Hence 


[X;, X.] = h*,.X, + Xj; — X17 
[X,, ia = p>, Xx} ix X)] = p Xr — X 46; , 


Therefore X;, --- , X, are the symbols of an r parameter invariant subgroup. 
As we prove in the next section, every group of genus zero has an invariant 
abelian subgroup of order n — 1 and since a simple group has no proper invariant 
subgroup, we have 

[2.2] Every simple group of order n is of genus n — 2, that is, in every simple 
group a pair of symbols may be found whose successive commutators generate 
the whole group. 

From (2.6) we see that the derived group is of order n — 1 at most; hence a 
group with the structure (2.6) can not be semi-simple. Therefore [2.2] holds 
for semi-simple groups; in fact it holds for all “‘perfect”’ groups, a perfect group 
being defined as one whose derived group is the group itself. 


3. Groups of genus zero. In this case there are only two possibilities 
(i) ux = 0; then [X;, X;] = 0 and the group is Abelian. 
(ii) wu, * 0; we can find a basis for which u, = 67; hence 


(3.1) [X;, Xx] = 0 [X;, Xa = X; }* k me Ts 
In this group there is a series of composition 
Gh ’ Gri ’ 1; 


therefore the group is solvable. This group may be realized by the finite trans- 
formations 


zi = e-@" (x + aiz”) 


which carry the hyperplanes x” = const. into such hyperplanes, the points in 
the hyperplane being transformed by a dilation. 

The conditions that the structure constants of a group of genus zero must 
satisfy may be obtained from (1.12) by eliminating u;; the resulting equa- 
tions are 


i 1 a 1 a 
(3.2) C; — 5 ORs + —— eB = 0. 


The left hand side of (3.2) in a group of any genus defines a commitant of the 
structure, which we denote by II};,. There is a very close analogy between 
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these quantities and the projective connection of an affinely connected space. 
For this reason we may call a group of genus zero “projectively abelian’? and 
say that two groups are “projectively isomorphic’”’—by isomorphism we mean 
simple isomorphism—if they have the same “projective structure.” In other 
words; we say two groups are projectively isomorphic if there exists a vector v, 
such that 


(3.3) oo. = Ci, + 5) v, — 50; . 

If v, is eliminated from (3.3) we get 
ai, — —— (ah, — df2t,) mei, ——. fed, — afet,) 
d ee 1 7 aq d n— 1 ae hj 


that is 1}, = Ilj,. It is to be noted that II}, are in general not structure con- 
stants of a group, so that unlike the case of affine connections, a group being 
given there may not exist a projectively isomorphic group, the necessary and 
sufficient conditions for the existence of a projectively isomorphic group being 
the existence of a non-vanishing solution for the equations 


(3.4) 5,0, + Mi,0; + Mj; =0. 
If a given group G, is of genus r(< n — 2), then the structure of any projectively 
isomorphic group is given by 
Cie = Pee 8s + 5} (u + %) — 5; (u; + 4). 

We therefore see that 
[3.1] If two groups are projectively isomorphic they are of the same genus (if 
r<n— 2). 
From (3.4) by contraction we find II;,v, = 0. Hence 


[3.2] If the rank of the matrix of the projective structure of a group G, is n, pro- 
jective isomorphism implies simple isomorphism. 


4. Groups of genus one. The structure of a group of genus one and order 
>3 is 
(4.1) Ch, = p,.s' +oiu, — d,4u;. 


We consider the two cases 
1. ux = 0. The Jacobi conditions in this case are 


0 


(pj Pat + Pes Prj + Pri Pre) 8” 
and we may choose the basis of the group so that s* = 6¢. We then have 
(4.2) Dik Pit + Pei Pr; + Pius Pie = 0. 
If pu = 0 these are satisfied identically and the Lie algebra is then given by 


X, Xi) = pa X 
(4.3) Xs Xal = pa Xs j,k >1. 
[X, X;] = 0 
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If py * 0 we may take pip = 1; then if (4.2) hold for j, k, 2 they hold for all 
values of j, k, l. Hence we must have 


Pik = Piz Pek — Pik Pej 
and we have 
(Xi, X2] = Xi; [X1, Xi] = pu Xi; [Xo, Xx] = por Xi; 
[X;, Xi] = (pis pox — Piz Pri) X1 jh >2. 


2. ux #0. When the Jacobi conditions for this case are contracted we get 


(4.4) 


(n — 1)-um8"- pj = Uj Dar S* — Ux prj s* = O 
since by (2.5) uw,s*' = 0. Hence 
Uj Pres” = Ux Pr; Ss" or Pris" = Nu; 
and the Jacobi conditions reduce to 
(45) (N — W(pjew + pert; + Py) = 0 
u,s' = 0 Prj 8" = Nu;. 
If N = 1 we may choose a basis such that s* = 61,u, = 6;;then pi; = 0, pin = 1, 
pix = arbitrary numbers. Hence the multiplication table of the group is 
(46) [X1, X,] = 2X1; [X1, X;] = 0; [X;, Xe] = pix Xi; 
[X;, Xa] = pjnX1 + X;, 1<j,k <n. 
If N # 1 we have as before s* = 64; u, = 6) pu, = N6" and 
(4.7) Pie 91 + Did; + Pijde = 0. 
Ifl = nj,k ¥ nwe have p;; = 0. Hence 
[Xi, X,] = (N+), [X1, Xj] = 0, [X;, X.] = 0, 


(4.8) . 
[X;, Xn] = pinX1 + X;, 1i<j8e <a N #1. 


5. Groups of genus >1. As was shown in §2 a basis of G, may be found, 
such that the structure has the form 


(5.1) Ci, = indy + 5} bE — 5; 6" 


and then Xi, --- , X, are the symbols of an r-parameter invariant subgroup 
whose structure constants are p},. 

We shall show that if this subgroup is given, the rest of the structure may be 
obtained from Jacobi’s conditions (2.4). Moreover a non-singular transforma- 
tion of the subgroup G, may be used to put it in canonical form without affecting 
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the rest of the structure of G,. For let a. be a non-singular transformation 
‘ . _- 
with inverse d;. Let 


(5.2) X, = a\X, X,=X, 
o,7=r-+1, yn 
Then 
Se Sl (n) 
U, Qj. 6; =a, = 6}. 
=i -i sk =i = - = 
Bay = G6) = AY or Si) = ay, 8 = 0. 


Hence if 3, are the structure constants of G, in canonical form we have 
(5.3) Day = C3,a% 
and (2.4) being invariant become 
Bees jx = Bi; dn)- 

If these be multiplied by 3% and we set p?; 3X = qj; we get 
(5.4) Gre Qij) = Wis Oh) 
so that the structure (5.1) becomes 

Cit = DY, + 4} 0; — 6585 


2&4 


qi, @ ay + 635% — 6587 


(5.5) ci, =), 5) + 53 6; — 6j 87 


subject to the conditions (5.4), cg, being the structure of the subgroup G, in 
canonical form. If in (5.4) we let 7,7 = a, 8 they become 


(5.6) Qt: + Wea + Whats = Weper, 


which are a set of linear equations for the determination of gf,. Again if we 
let k = a in (5.4) we get 


(5.7) Vis Kat Gadi + aiGhy = Gadi + aid}, 


which are also linear in the unknowns q?;. Finally (5.4) with 7, 7,4 > r are 
additional conditions that must be satisfied by the solutions of (5.7). Thus 
the problem of constructing a G, of genus r with a prescribed invariant sub- 
group G, reduces to solutions of linear equations, except in the case where G, 
is abelian for then (5.6) vanish identically and (5.7)—without the first term— 
must be used for the determination of g§;. It was by means of the above equa- 
tions that all n-parameter groups of genus 2 were computed. In conclusion we 
shall give the structures of some groups of genus two which are solvable—as 
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all groups of genus 0, 1, 2 are solvable—and a group G, of genus three which 


is not solvable. 


(a) G,,. 2 


[X;, X;] = (ay; ox — Ay Ay;) X | + (ay, 5; — a; 51) Xe + X ; 5; — X,, 55, 


this is a solvable group having the invariant subgroup [Xi, X2] = X. 


M. S. KNEBELMAN 


(b) Gna, with the following structure: 


[X,, X,] = 0; 


(c) Gnas [X1, Xo] = X3 


[X,, X;] = p;(Xi+ ci X,) + X, 57, 
[X., X;] = C3 (Di 7 55 )X, aaa (py; om 265)X>, 
[X;, X,] = p(X, + ci X,) + X; 5; a X55 


ehei = —1 


[X2, X3] —_ Xi 


3 
[X;, X,] = u (p); D>; — PiiPui + Paid} — P 


m 


v 


=A+1 
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p3; arbitrary except for pj; + p2; = 0. 


PRINCETON UNIVERSITY, 
Princeton, N. J. 








(mod 3) 


for some j <n. 


[X3, Xi] = Xe 


)X, + X;65 — X;8; 
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STACKEL SYSTEMS IN CONFORMAL EUCLIDEAN SPACE 


By LutTHEerR PFAHLER EISENHART 
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In a previous paper! the general conditions for separable systems of Stickel 
for the Schrédinger wave equation were derived, and they were applied to the 
case of euclidean 3-space, yielding a simple geometrical characterization of these 
systems. The latter result, as was learned after publication, had been obtained 
by analytical processes by Weinacht? and by beautiful geometrical considera- 
tions by Blaschke. The present paper solves the problem of Stickel systems 
for conformal euclidean 3-space, and determines in particular these systems for 
spaces for which in cartesian coordinates the fundamental form is 


dx? + dy? + dz? 
(7?) 


Of interest in this connection is the Schrédinger equation of the helium atom 
proposed by Gronwall (§7) for which f(r?) = r._ It is shown that the coordinates 
are not separable in this case because of the form of V. 

In §8 are given the possible forms of the functions H? appearing in the Schréd- 
inger equation in three variables, which are solvable by separation of variables, 
when there is no additional requirement concerning the character of the space. 


reepy+eZ. 





‘1. We have shown that a necessary and sufficient condition that the variables 
be separable in a Schrédinger equation 


1 d(H a 
1.1 Le pe (BE — - = H, --- °*H,, 
(1.1) He 2(4 26) 4 ME V)e=0, H 1 


is that the H’s satisfy the conditions 


@logH?;  adlog H? a log H; 4 d log H? a log H5 
OX; OX% OX; OXK Ox; OX, 





(1.2) 





d log H? 8 log Hi , 
: = 0 xk 
+ ars ax; (j Ms 





1 Separable systems of Stdéckel, Annals of Math. (2), vol. 35 (1934), pp. 284-305. 

2 Uber die bedingt-periodische Bewegung eines Massenpunktes, Math. Annalen, vol. 91 
(1924), pp. 279-299. 

* Eine Verallgemeinerung der Theorie der konfocalen F2, Math. Zeitsch., vol. 27 (1928), 
pp. 655-668. 
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and that 


where R;; are the components of the Ricei tensor.‘ 
We inquire under what conditions the quantities 


(1.4) H? = e&° H? 


are the coefficients of the fundamental form of a euclidean n-space V,, in which 
case V, with the fundamental form 


(1.5) Hidz? +... + H2dz? 


is conformally flat. For V, we have® 














R = 0) PlogH; , dlogH{ alogH?; — dlog Hj a log Hj 
(1.6) wn Ox; OX, ax; ax, ax; ax, 
, aegis ee | 
OX; Ox; ; 


For V,, the expression on the right must be zero in the quantities H? given by 
(1.4). This gives the conditions 
oF log Hi , A log Hi a log Hi d log H? @ log H* 
OX; OX}: 02; OX}. Ox; OX; 
= ee: 1 <f a ac da 1 Ao A log H; 
OX: OX; 














1.7 
aaa Ox;02;, O02; 02%, 2OX; Ox; 


1 dc A log Hi) 


202%, 2; 
For a general coordinate system in which the coefficients of the fundamental 
quadratic forms are in the relations 
Gis = & Fiz, 
we have 
Ry = Ri + (n — 2) (0,4; — o,80,3) + gildeo + (n — 2) Aro], 
where o,,; is the second covariant derivative of « with respect to the g’s and 
Oo 


—s 6 


Oat; 
For the present case this reduces for 7 ¥ j to o,;; — o,;¢,; = 0, that is 


aa dc do 1dc0dlogH: 1 ao dlogH; ro 
— OC CL = 0 (i # j) 
Ox, 02; O2;0%; 20%; 42; 20x; 02; 


Oi 





(1.8) 





4 Separable systems of Staéckel, Annals of Mathematics, vol. 35 (1934), pp. 289, 291. Here- 
after a reference to this paper will be of the form S. pp. 289, 291. 

5 R.G., p. 119; a reference of this sort is to the author’s Riemannian Geometry. 

6 R. G., p. 90, equation (28.6). 
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From (1.2), (1.7) and (1.8) it follows that the functions H; must satisfy the 
conditions 
0 log Hi _ 
OX; OX; sn 
(1.9) . . P P 2 
dlogH; dlogH;  dlogH; alogH; a log H* a log H7 
02; OX}, 02; O2;, OX), Ox; a 


(7, J, k, #) ’ 


= @. 





We have seen’ that there are for the case n = 3 the following normal forms of 
solutions of (1.2) and (1.9); 


1 
= ola)’ Hz=n, H; = W(x), 


where ¢ and y are functions of x; at most; 


(1.11) H? =1, H? = X20i(o2 + 03), H?. = X30;(02 + 93), 


(1.10) Ay 


where o; is a function of x; at most, X2 and a2 of x2 at most and X; and o; of x3 
at most; 


(1.12) Hi = H} =a. + es, H; = vi¢s, 

where e is + 1 or — 1, and g; and ¢; are positive functions of 2; and x3 respec- 
tively; 

(1.13) Hi = X x(x; a xj) (x5 rr) (2, ds k= 1, 2, 3; t, j; k #), 


where X ; is a function of x; at most. 
In order that a V3 be conformally flat it is necessary and sufficient that 


(1.14) Rie — Rag +2GuR; — Gi Rx) = 0, 
where 
(1.15) R = gi. 


For the present case, since g;; = 0, when 7, j and k are different equation (1.14) 
is satisfied because of (1.3). For 7 = 7 equation (1.14) is 


Rix — Rai —i9iRx. = 0, 


that is 
1 1 1 a 
(1.16) — Ryn — — Rig — 5 Gi — +-— Rjujn = 0 
2 ” jitj,k 953 jik 4 g on Gis gu guj ’ 
which is equivalent to 
(1.17) Gur Ryiizx + Gis Reine — Gii Reine — 2 Qin Rin = 0- 





7S., p. 294. The variable z; in (1.10) is a suitable function of zx; used in the previous 
paper. 
*R.G., p. 92, equation (28.19) 
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We have’ 
@logH?  alogH; a =) 
so 2 u ee ped 
4 Riis; H; (2 ax? + an, an; log H 
— @logH?  dlogH? a, H?\ . H2H? alogH? alogH? 
2 = og Mi og og 
. ” (2 ; _e Ox; ax; j_ a) T H} OX, OXE 
If we put 
2 : : 2 
Ay = Jy (27H: 5 2B 2 0 H; }. 
H; ax} x; a2; ~ H?H? a 
(1.19) (i,j,k ¥). 
_ 0H? aH}, aH} aH; . oH;. aH 
(OE OXt Ox; 02; dx; Ox; ’ 





we have from (1.18), 
B 
(1.20) 4 Ry = HiH; (Ai; + Aj) + TE ; 
k 


Substituting in (1.17) we have 


Hi H; Hi; E (Ai + Ay + Aue + Ani — Aj — Arg) 


(1.21) - 





log H® 
: on * (Aj; + Aji = Aj. ae An) | 


0B 0 2772772) _ : 


If equation (1.17) is added to the equation obtained by interchanging the 
indices 7 and 7 in (1.17), we obtain 


Jie (Rj iii.% = R jiz,s = Ryiu.i) = 0. 


But the quantity in parentheses is equal to zero identically.“ Hence the 
system (1.21) is equivalent to that obtained by subtracting from it the equation 
resulting when the indices 7 and 7 are interchanged, that is 


ae H; 


a tiie a Axi = Ax — Ax) + (Ai; + Aji —_ Aj = Ax) 


Oxy 





(1.21 a) 
_ 9 wn H; 


ax, ent Ag 4 Ay ~ da ~ Ag) oF. 


Consequently there are three conditions. 





°R. G., p. 119. 
10 Cf, R. G., p. 82, equation (26.3). 
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From the form of equations (1.17) it is evident that among the solutions of 
(1.21a) are Stickel systems for spaces of constant Riemannian curvature. 
In addition to the conditions (1.8) for the determination of o we have also" 


(1.22) oi = 0,; — Ri +3 HH} (4 R — Aw), 
where 

1 fade \? 
— we = 2 (*) : 


and the conditions of integrability of these two sets of equations are satisfied in 
consequence of (1.14). If we put 


(1.24) o = — log), 
equation (1.22) becomes 
A 1 da dlogH? 1a 1 dH} , 10 1. dH; 





a5) a BB ay Ban a a TBan HE On 
= MR — 4 Hi (4 R — Aw), 
where 
1 1 /a \? 
(1.26) Aw == 2 zn (2) 
and (1.8) becomes 


PA 10d dlogH; , 1 a a log H; 
dx;d2; 202; 02; 202; dr ~ 





(1.27) 


Before determining the Stickel forms for a conformally flat V3, we observe 
that, if we have such a form and a factor X, there exists a transformation to 
cartesian coordinates 


(1.28) x = ¥i(%1, Lo, Xs) , y=, z=y3 
such that 





Ms (H? dx? + H? dx? + H? dx?) = dz? + dy? + dz. 


in accordance with a theorem of Liouville,” if we put 


" y—B — 2-7 
A> (x — a)?’ A> (2 — a)?’ 





i} «<< 
(1.29) Iv Goa’ y 











1 R. G., p. 92, equation (28.18). 
* Note au sujet de l’article précédent, Journal de Mathématiques, vol. 12 (1847), p. 265; 
also R. G., p. 94, Ex. 16. 








| 
| 
i 


| 
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where A, a, 8, y are arbitrary constants, we obtain another factor Ai, yielding a 
solution and when 2, y, and z in (1.28) are replaced by the y’s, we have the 
corresponding transformation of coordinates. We find that 


(1.30) M=rA A D(x -—a)?. 


Furthermore this gives the most general determination of the factor X. 


2. Type 1. For the expressions (1.10), that is 
+ 
o(21)’ 








(2.1) Hi = H} = 23, H; = v(x), 


we have from (1.19) 
Ay = Axe anal Ais — Ags = 0, 


(2.2) ; 2 
_ (ev a Ae er 2 
Ay = 28(% aE An = of vee )|. 


The equations (1.21a) impose the single condition 


d o y’ y o 
(2.3) < (gD) + d (“’) = 0, 
where 4 
yp” yp”? ¢’ yp’ ) ; 
2.4 D= — ———). i 
~— oS 
A solution of (2.3) is y = zj and @arbitrary. If y ¥ xj and we put 
~1¥(¥_ 2 
(2.5) dealt ts " (s 2) + f(a) 


and substitute in (2.3) we find that f = $ a where c is a constant. Then from 


(2.4) and (2.5) we have as a first integral of (2.3) 


Y i ¢) (e 3) c 

2.6 SE, ae A = Ss 

_ (y ae ae ee 
Again if we put y 

_1i/(¥ 
2.7) p=i(¥ 2) 4 gay, 
and substitute in (2.3), we find that g = A where d is a constant, and from 
vy 


(2.4) and (2.7) we have the first integral 


A 12 , , , 
an 83<@l-1 1.4, 4).¢¢ 2.4. 
1 
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Eliminating ¥’’ from (2.6) and (2.8) we have 
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a 
e vy 2\% Wd 2% 
29 (2-2) 4 _®. 
om yon) a Y 
This satisfies (2.6) and (2.8). In particular y = 27 is a special case, where c = d. 
By means of (2.2) and (2.8) we find from (1.20) 
a a a ed 
H?H2 2 1’) =6pPHR Lay mg? lt’ 
(2.10) 
Fs _ 6 ¥ 
H3H}; 2m 
From these we find 
1[¢ /y’ 3 20’ 4 1 (f v’) 
Run = =|] —(—-— —+-> == —+=— 
‘ ale(5 af * me * Al’ eh in tel | 
(2.11) . , P 
4 ) ¢’ | o (v' ) 2g’ d 
Rs = =~ | —(— -—-— —+—]|, R=2-—[(-— -—— —+—. 
a t1\y v Ta a i\y ra sl 
The space of constant curvature —k is given by 
(2.12) ¢=y = kz +§: c = kd. 
: 3. Type 2. There are two cases of (1.11) according as o2 or a3 is a constant 
: ornot. By asuitable choice of coordinates these two cases have the respective 
4 normal forms 
: 
(3.1) Hi =1, H} = ¢°(x), H} = ¢°(2) W(x) , 
and 
(3.2) H; =1, H} = X2-$?(a1) (a2 — 23) ’ H; = X3-(2x1) - (x3 — 22) ’ 
1 where X, for o = 2, 3 is a function of x, at most. 
For the form (3.1) we have 
¢’ , 4 y”’ 
(3.3) Aw = Ais = Ao; = 0, Ao = Asi = (*) ; Ase = ey 
: Equations (1.21a) impose the single condition 
4 (3.4) y”’ = ay, 
where a is a constant, and there is no restriction on ¢. In this case we have 
ae a a ae $ oo - +g” + a) : 
- Hi, H, H;,H; $6 H,;H; $¢ 
26” Re» R33 1 ” , 
(3.5) Ru = . — = — = — (99"” + ” +4), 
11 H? H? $ 


R= = (266" + 6" +0). 
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For spaces of curvature —k, ¢ must satisfy 


(3.6) ¢” = ke’ — a. 








For the form (3.2) we have 


Ay = Ay =0, An = As = (*) 





~ 


1 r/1\' 2 1 
aa $?(x2 — 23)? (x) * Xs 2% — 2] 








1 1 \’ 2 1 
sae | 62 i pe ee 
° 6%(t2 — a3)? (x) . X_ 2X3 — 2X2] 


i Equations (1.21la) impose the two conditions 


| (a2 _ nt)" oa 4 (23 _ n)( 2) + 2(zrs -- »(z) + ( — x) = 0, 


(es — no) 2)" + 40.— 202) +20 —20(¢) +6(¢- x) =0, 


and there is no restriction upon ¢. | Differentiating the first twice with respect to 


Iv - 
22, we have that (3) = 0. Then we find that the above conditions are equiva- a 











XY 
lent to 
{ 
| (3.7) x = fant + a, xz? +a, 2%,+4;, (oc = 2,3). 
In this case we have 
Rye21 - Riss1 ” ¢” ; Ro332 - a (¢ y 
me Hi-H; HiH; ¢° H3H; # \¢/’ 
, 26” Reo Rs 9” . a (“) 2 P 
R oh ea —_—_— or ei me — ’ R = ” 2 : 
ll $ H? H? eter $ hed +a-+9”) 


For the space to be of constant curvature —k the function ¢ must satisfy (3.6). 4 


4, Type 3. For the form (1.12) we have 


Ay = Ay» = 0, 
1 

$i + eds 
1 


Aa-d1 = Agi: (1 + e¢3) = at oe | 


“O1(61 + eds) 
o1 + des 


| 261 — ¢) 


$1 + &d3 


i ae -o = —— 3 — 63 -———— |. 
| Aj3-e(¢1 + €¢3) = Avs-ds | 7 oa(di + | 
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Equations (1.21a) impose the single condition 


12 
2 | 26106 + ebs3) — & (3¢1 + eo) | 
ay = ng 


1 ” ig / \ 
a eed | 206 + ed3) — Oa (dg; + eos | = A(di + e¢;)', 
d3 3 


where a is a constant. Differentiating successively with respect to x; and 23, 
we obtain the conditions 
24%; 72 
3 3 


” 12 
(4.2) 1 _ 91 sagt + bp +2, SO? 9 _ _3ag? 4 2bep, + 24, 


d 1 o; 3 


where 6, c, d are constants. In order that (4.1) and (4.2) be consistent, we 
must haved = —cand 


(4.3) $f? = adj + bd} + 2cgi + ho, 43° = —ad3 + bed} — 2H} + heds. 


In this case we have 


4R | 4h 
eae a eet, 
4Rsi3 Ru . : 
—_—_ = 2 _ b ; = —_— os + aa 
a eres Hy o(o *) : 
; Ro» 3 b R33 3 b 
— = -d@ — é a pee =a — ‘calles ee 
caro cietio hi a ens (ue *)*3 


5 3 
R= 5 Uhr — eb3) + 3°3 


when a = 0 the space is of constant curvature. 


5. Type 4. For the form (1.13) we have 


1 3 2 1 1 2 
one ay . hb). 
Ay (x; — 2)? (xj — ax) I(x) X; (- —% t xj; — =) 9 


Equations (1.21a) impose the one condition 


iy. 6f 2 1 
(t — a3)? I(z,) r z(= — 22 . a1 — a) 
1\’ 2 1 1 
al «| (x) 7 zz —alt nm a) 
1\/ 2 ] 1 
+ (a — »*| (4) ~ (. — 2% + L3 — =) 


= a(x — 2)? (22 —_ 23)?+ (23 = z)*. 
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Dividing by (a; — 22)? and differentiating successively with respect to 2, we 


obtain ( S .) = 120a. From this result and the above equations we have 





(5.1) x = ar fayet + age) + ayet + aa +o. 
In this case we have 
4R 355i . 2 
nan ~ al2(x; + 2) + a] + a1, (i,j,k ¥) 
mn Ris 5 3 
pt = gat t+ 8x) + Bx) +5, R= 5a(a + 2 + %) + 5a. 


When a = 0, the space is of constant curvature. 


6. When ) is a function of x? + y?-+ 2%. When a euclidean space is referred 
to any orthogonal coordinate system z;, we have i 


Ox —. Ox Ox ‘ 4 
(6.1) > (2) = Ht, . =" Gi #5), 


where = indicates the sum of terms for the cartesian coordinates z, y, z. From 
equations (6.1) and those arising by differentiation we find that 








ste _ aloe, a2 1 1 at ar 1, 1 aR ae : 
(6.2) ax’ ax, da, 2 A® az, ax; 2 H? dx, ax,’ 
, ax _ dlog Hi ax d log H; ax il 
— k , 
@x,0t, Oa; Oa; x; | Ox’ (i, j,k #) 


We seek the conditions that the fundamental form of a conformally flat V3 
can be expressed in the form 


dz? + dy? + dz? 
“7 


in (1.27), we obtain 





(6.3) r= gt y+ 22, 


Substituting \ = Fa) 
Tie 
vt 3 f 
A 3.1) tae De tas 
=>) ox ies +> 2 ax ze 








Making use of (6.2) where Hj = H? ~~ , this eaten is reducible to 
7? / 
(6.4) 5A) Dk. i =~, (i # j). 


O02; 02; 
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From the form of this equation it follows that if \ involves more than one of the 
z;’s, we have 


a en 

i et 
that is 
(6.5) f = (ar? +b), 


which is the case of spaces of constant curvature." 


We consider the other possibility when ) is a function of 2;. From (1.27) we 
have that H, is a function of z; alone. Hence the only possibilities are Types 1 
and2. From (1.25) we have 





a. 1 a dlogH? q 1 (3 1 4 (2) 

cop ae 6 ae + ee Oe i a SEE Oe oe 

ax? 2 Om, a eae HH? \aai) J |’ 
1 a 1 aH? i 1 (3 1 J (2))] 
ee ee on Fe ke 8. 

(6.6) 2° an Ht’ on ~~ 3 78\a* — xe ae) )]? 
1 a 1 oH? ¥ 1 (3 1 1 (2y)| 
> igen dees eee were Fe Pee h.. : 
2° 0a, H? ax r| Rss 5 Hs\5k- x H? \ax 


From the last two of these equations we have 


1 a log 1 0 H3 a Ro» Rss 


6.7 ~.——— - —... — log — = -—. 
6.7) 2 0% H? dm SA? Hi OR 





For Type 1 this is 











d log X +) (" 2) d 
6.8 — | | a 
ated ( dx, aT y 7 ox; 
and the second of (6.6) reduces to 
' d log >) d 
6.9 —-4A o , 
ia ( dx, ai 26x; 





When y = xj and d = 0, equation (6.8) is satisfied identically and from 
(6.9) we have \ = 21, which value satisfies the first of (6.6) also. Hence for any 
function ¢ the form 

dx} 





+ xj (dx; + dz3) 


is a Stickel form and 


= + dx; + dx3 
rio 





®R. G., p. 85. 
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the corresponding form for the flat V3. The transformation to cartesian co- 


ordinates is 
dz 
z= Y= %, 2 = 23. 


V1 Vo" 


In this case is a function of x alone and not of r°. 

When y # 27, equations (6.8), (6.9) and (2.9) are consistent, provided that 
c = 0, and we have that \ = ~/y, which satisfies the first of (6.6), whatever 
be gandd. From (6.9) it follows that dis positive. If we put 


y= 4/3: Se -sin (4/$-m), 


2=> %, 


it follows from (2.9) with c = 0 that 


(6.10) 


od 
In this case ) is a function of x? + y? and not of 7°. 
For the form (3.1) equation (6.7) is satisfied, and from the second of (6.6) 
we have 


dlogh @’\ a _ @ 
— ( dey -§) "a"? 7 


Consequently a < 0 and replacing it by — a’, we have from (3.4) y = sin a 22. 
If we replace ¢ by ad, azz by x2 and az; by 23, we have the form 


(6.11) dz? + dy? + dz? = ; ( +2? dzi+y az}) ; 





(6.13) dx? + ¢2(dx2 + sin? x2 dx?) 
and from (6.12) 


dlogd ¢’ 1 
6.14 =—+-, 
( ) dx, og ¢ 


The transformation to cartesian coordinates is 





ow 


~ id 


(6.15) x = ©. sin x, c08 22, y = ©. sin a sin 2s, z= 


from which we have 


2 


(6.16) P+tyt+2= ih 


If in (6.14) we replace \ by any function of ¢, we have either of two equations 





a 
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for the determination of ¢, according to the sign before ; so that A shall be sucha 
function and then from (6.16) we get \ as a function of 7?. In particular, if we 


1 . a ; 
take ¢ = 5 My and take the minus sign in the right hand member of (6.14), a 
— > : 1 
solution is A = = in which case \? = = 


1 
For the form (3.2) equation (6.7) is satisfied and the second of (6.6) gives 


(? log > 4) _-—a 

dt hi} gy 

From this it is seen that a is negative and without loss of generality we take 
a = — 1, and have (6.14) and the form 








dx? dx? 
d i i: = we ao : ) ’ 
(6.17) alias (r2) f(s) 


f (zz) _ 4(ay ass a) (avg aad Ie) (as _ 1a) ‘ 


For the coordinates to be real no two of the a’s can be zero and we may assume 
that 


a, > 2 > ae > 1X3 > 3. 


In consequence of (6.14) the transformation to cartesian coordinates is 


— $1 fe — 22) (a; — 23) _ $1 (a2 — 2X2) (a, — 23) 














r (ay _— Qe) (ay ad a3) , dr (ae - @)) (ae _— a3) . 





(6.18) 
_ M1 , / (a3 — %2) (a3 — 2s) 
N (a3 — a1) (a3 — a) 





from which we have (6.16). The discussion following (6.16) applies equally to 
this case. 


7. Gronwall'* has reduced the Schrédinger equation for the helium atom to 
the form 


ay OY, ay , 1 ay (n+ 1 1 ! )v=0. 


ax t ay * at + 2 a2 tr Vicia’ Vit-n évr—3 








If we substitute in this equation 


6 
y= TJs 





A special conformally euclidean space of three dimensions occurring in wave mechanics, 
Annals of Math., (2), vol. 33 (1932), pp. 279-293. 
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we obtain 


_ er (J. =) 


1 1 1 ir 3 
E ——— —— — ——— —— 6=0. 
+( * Sica So ina s 2 =) 


Comparing the first term of this equation with the first term of (1.1), we see that 





it is the case for which H? = : (¢ = 1, 2, 3). From the results of §6 we see 


that this form admits the Stickel forms (6.13) and (6.17) in which ¢ = 3} x, 
and the transformations to cartesian coordinates are given by (6.15) and (6.18) 
in these respective cases with ¢ = 42. However, in reither case is the coeffi- 
cient of @ in (7.1) expressible in the form 


E+ Din 


where X; is a function of x; alone. Consequently this equation cannot be 
integrated by separation of the variables. 


8. For n = 3 the condition (1.3) reduces to the first of equations (1.9), in 
consequence of the expression for R;; previously given.” Thus for a V3 any 
Stickel system satisfying (1.3) is one of the forms (1.10), (1.11), (1.12) and 
(1.13). Hence we have: 

For a Schrédinger equation in three variables the possible forms of the coefficients 
H? are given by (1.10), (1.11), (1.12) and (1.13), in order thot it may be solved by 
separation of variables. 

In this paper and the preceding one limitations were imposed on the func- 
tions appearing in the expressions by the additional requirement that the space 
be conformal euclidean and euclidean respectively. 

Note added in proof (December 13, 1934): In discussing the solutions of the 
problem of §6, the cases where \ is a function of 22 or 23 alone were not treated. 
For the former case there is a solution when in (3.1) g = 1, ¥ = e*”; this 
solution is \ = e” and the transformation to cartesian coordinates is 


b= e008, y = e*sin ny, 2 = 255 5 = et y’, 
When in (2.1) we take g = 1 — 2?, ¥? = 1, there is a solution \ = e”* and 


the transformation to cartesian coordinates is 


2 = ¢ * 2 C08 22, y = C * 2; BIN Ze, 


- 1 
2=e3VI— a7 =P +yte. 


Other possible solutions are equivalent to those previously given. 
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Introduction 


1. In this paper we construct the character group C of an arbitrary, discrete, 
abelian group G. We then discuss the geometrical properties of C, and show 
that C may always be identified with a closed subgroup of a toral group (defined 
in §3). Next, we prove the theorem that every closed subgroup C of a toral 
group may be identified with the character group of some discrete, abelian 
group G and that G may, in turn, be identified with the group of all continuous 
characters of C. Finally we show how C and G may be formalized in a new 
way which seems quite suggestive of the structure of these groups. 

The theorem on the dual relations between discrete groups G and closed sub- 
groups C of toral groups is a partial extension of Pontrjagin’s relation of duality! 
between countable abelian groups and their character groups. However, it is an 
essentially simpler theorem, which can be proved without the Weyl-Peter 
integration process for constructing the characters of C. It would be interesting 
to prove directly that every bicompact, topological abelian group may be iden- 
tified with a closed subgroup of a toral group. We would then have an ele- 
mentary proof of Pontrjagin’s relation in its extended form. 

Our general method of procedure is based on the possibility of describing the 
groups G and C by certain systems of congruences derived by one of the present 
authors in a previous paper.? As regards notation, since we shall be dealing 
exclusively with abelian groups, we shall represent the group operation according 
to which the elements of a group are combined by addition. Then every finite 
linear combination of elements with integer coefficients will have an obvious 
meaning and will represent a definite group element. When we are dealing 
with toral groups we shall see that certain infinite combinations will also have 
a definite meaning, and that the coefficients need not be restricted to integer 
values. 


Discrete Groups 


2. Let G be an arbitrary, discrete, abelian group. We recail that a baszs of G 
is any set of generators e;of G. These generators need not be finite in number— 





1L. Pontrjagin: “The theory of topologic commutative groups,’ these Annals, vol. 35 
(1934), 361-388. 

? J. W. Alexander: ‘‘On the characters of discrete abelian groups,’’ these Annals, vol. 35 
(1934), 389-395; also reference there to Wiener & Paley. 
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nor countable, for that matter—though each element x of G must be expressible 
in terms of a finite number of them: 


(2:1) a= >> ke; (>> finite, £; integers) . 


Furthermore, the generators need not be independent. In other words, there 
may be certain linear forms 


(2:2) > pie = 0 (>> finite, p; integers) 


representing the zero element of G without vanishing identically. A set of such 
forms is called a fundamental set provided the most general linear form repre- 
senting the zero element of G is a finite linear combination of forms of the set, 
with integer coefficients. The group G always has a basis (for example, the set 
of all elements of G), and to every basis there corresponds at least one funda- 
mental set (for example, the set of all linear forms representing the zero element). 
The group G is completely determined when we know a basis of G and any cor- 
responding fundamental set. 

The group G may always be identified with a free group F reduced modulo 
a suitable subgroup H of F,G = F (mod H). For we may take F to be the free 
group consisting of all finite linear combinations of the base elements e; with 
integer coefficients, where each linear combination is now to be regarded as a 
distinct element of F. The subgroup H of F will then consist of all elements of 
F representing the zero element of G. The subgroup H is also a free group, 
since every subgroup of a free group is a free group.® 


3. A character y of G may be defined as any single valued, linear, homogeneous 
function of a variable element x of G, such that the values of the functions are 
real numbers, modulo 1.4. The functions y combine, by addition, to form a 
group called the character group C of G. 

Now, suppose we have a group G, a set of base elements e; and a corresponding 
set of fundamental relations (2:2). Then, clearly, a character y of G is com- 
pletely determined when we know its values 7; at the base elements e; respec- 
tively. For y is a linear function; therefore, its value at a general element 
(2:1) is given, at once, by the formula 


(3:1) y(x) = Do kin, (mod 1). 


The numbers 7; are not completely arbitrary. Since the function y is homo- 
geneous it must vanish at x = 0. Therefore, by the fundamental relations 
(2:2), the ,’s must satisfy the congruences 


(3:2) D> pin: = 0, (mod 1). 





3 See §8 of the present paper, concluding paragraph. 
4Cf. L. Pontrjagin, loc. cit. The characters of G correspond to the various mappings 
of G on the group of rotations of the unit circle. 
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Conversely, if the ;’s satisfy the congruences (2:2), then the function y in (3:1) 
must be a character. For, in this case, y is single valued, in addition to being 
linear and homogeneous. 

We shall think of the character group C as immersed in a group T composed 
of all determinations of the variables 7;, modulo 1, whether or not the determi- 
nations correspond to solutions of the congruences (3:2). The group T admits 
of a simple geometrical interpretation. Suppose we represent the range of each 
variable 7; by the points of a circle c; with the angular coordinates n;/27 re- 
spectively. Then, each element of T may be identified with a set of points, one 
on each of the circles c;. In other words, the group manifold of T may be 
thought of as the product of all the circular spaces c;. We shall call the space 
T a toral space of as many dimensions (finite, or transfinite) as there are circles 
c;. If there are only two circles c; the space T may, of course, be pictured by an 
ordinary torus. 

If we identify the group G with the group F (mod #H), the toral group T may, 
at once, be identified with the group of all characters of the free group F gen- 
erated by the base elements e; without relations. The group C is the subgroup 
of the toral group T determined by (3:2). 


4. Following Pontrjagin, we shall now assign a topology to the character 
group C of G by defining the neighborhoods of the elements y of C. Since C is a 
group, it will be sufficient to define the neighborhoods of the zero element. The 
neighborhoods of a general element y may then be taken as the images of the 
neighborhoods of 0 under the translation of the group manifold carrying 0 into 
y. By definition, there will be one neighborhood of zero, 


(4:1) N(v; %1, 2, +++ 5 Zn) 


corresponding to every choice of a positive integer v and of a finite set of 
elements 21, 22, «++ , 2» Of the original group G (n, finite but unbounded). More- 
over, this neighborhood will be composed of all characters y such that their 
values at the points 2; are numericaliy smaller than 1/», modulo 1, 


(4:2) | y(ai) | < 1/r, (mod 1) 
(¢ = 1,2,---,n). 


We shall call the neighborhoods (4:1) and their images the N-neighborhoods of C 
to distinguish them from certain other neighborhoods, presently to be described. 
In terms of the N-neighborhoods, we shall define limit points, continuity, etc., 
in the customary manner. 

The N-neighborhoods (4:1) are, of course, independent of the basis of G. 
However, if we fix on a particular basis we may simplify the system (4:1) some- 
what by discarding all neighborhoods except the ones of the form 


(4:3) N(u; City Cigy -** 9 Cim) 
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where the determining elements e¢;, are now elements of the basis and not arbi- 
trary elements of G. To show that the subsystem (4:3) is equivalent to the 
complete system (4:1) we must show that every neighborhood (4:1) contains a 
neighborhood (4:3). Let us therefore consider an arbitrary neighborhood 
(4:1). Each determining element x; of this neighborhood is a finite linear com- 
bination of base elements, 


(4:4) aj = >) bie, (ij = 1, 2,---,M). 


Consequently, we can construct a neighborhood (4:3) contained in (4:1) by 
choosing as the determining elements e;, of (4:3) the elements appearing in the 
various right-hand members of (4:4) and by making the positive integer u 
sufficiently large (as large, for example, as the product of the integer v in (4:1) 
multiplied by the sum of the numerical values of all the coefficients &;; in (4:4)). 

A neighborhood of the restricted type (4:3) has an obvious geometrical inter- 
pretation when we picture the group C as a subgroup of the toral group T' (cf. 
§3). For the value of a character y at a base element e; is 7i;; consequently a 
neighborhood (4:3) merely consists of all characters such that their m co- 
ordinates 7;, (s = 1, 2,---,m), are numerically smaller than 1/u modulo 1. 
In other words, it consists of all characters such that their m coordinates 7;, 
belong to certain open arcs a;, on the circles c;, respectively. This suggests a 
second way of defining a system of neighborhoods to determine the topology of 
C (and, incidentally, also of T). If we pick the circles c;, corresponding to any 
finite set of coordinates 7;, and choose an arbitrary open are a;,, one on each 
of them, then the ares a;, will determine a subspace 


(4:5) V(aa, iggy *** Qim) 


of C (and of 7) consisting of all elements of C (or of 7) such that their m co- 
ordinates ;, are represented by points of the arcs a;, respectively. We shall 
call such a subspace a V-neighborhood of every element of C (or of T') contained 
within it. (Certain V-neighborhoods associated with C may, of course, be 
vacuous, since they may not contain any element of C.) The V-neighborhoods 
of a point y of C (or of 7) are obviously the images of the V-neighborhoods of 
the point 0 under the translation of the group manifold carrying 0 into y. 
Furthermore, every N-neighborhood of type (4:3) is a V-neighborhood of 0 and 
every V-neighborhood of 0 contains an N-neighborhood of type (4:3). There- 
fore the systems formed by the N- and V-neighborhoods must be equivalent. 
It will be convenient to regard the entire group space C (or 7’) as the V-neighbor- 
hood corresponding to the case where the arcs a;, are zero in number. The 
V-neighborhoods depend, of course, on the basis of G, but the topology they 
determine does not, since it is the same as the one determined by the N-neigh- 
borhoods. 

In terms of the V-neighborhoods, we may verify, by inspection, that the group 
manifolds of C and T are Hausdorff spaces. However, if the group G is un- 
countable, the spaces C and T will not fulfil the countability axioms. 
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We close the first part of the discussion with the following theorem: 

The character group C of an arbitrary discrete, abelian group G may always be 
identified with a closed subgroup of a toral group. 

Proof. The group C is the set of all solutions of the congruences (3:2). 
Now, the coordinates 7; of a variable element y of T are obviously continuous 
functions of y. Therefore the forms 2p; n; appearing in the left-hand members 
of the congruences (3:2) are also continuous, since each involves a finite number 
of coordinates only. Therefore, since the forms Yp;in; vanish at all the ele- 
ments of C they must also vanish, by continuity, at the accumulation points of 
Cin T. Inother words, the accumulation points of C must belong to C; whence, 
C must be closed. 


Subgroups of Toral Groups 


5. Let us now start afresh and see what can be said about an arbitrary closed 
subgroup C of atoral group T. We shall assume that the topologies of C and T 
are the ones determined by the V-neighborhoods of §4. 

Lemma. Every toral group T is bicompact. 

Proof. We recall that an element y is called a complete accumulation point of 
an infinite set of points S if every neighborhood of y contains a subset of S of the 
same cardinal power § as S itself. In a similar fashion we shall say that a 
V-neighborhood is complete if it contains a subset of S of the same cardinal power 
as S. The group T is bicompact if every infinite set of elements of 7 has a 
complete accumulation point yin 7. We shall assume that the coordinates of a 
variable element of T can be well ordered and shall determine the successive 
coordinates »; of the desired accumulation point y by transfinite induction. 

A neighborhood 


V (aa, Qigy *** 4 Qin) 


such that the ares a;, are written in their normal order, will be said to be of 
index i, if in is the subscript of the last are symbol a;,. We can tell whether or 
not such a neighborhood is a neighborhood of y as soon as we know the first 7, 
coordinates n; of y; therefore, our meaning will be clear if we speak, somewhat 
loosely, about a neighborhood of y of index 7, before we have explicitly deter- 
mined the coordinates of y subsequent to the in one. For the purposes of the 
induction, the space T' itself is to be regarded as a V-neighborhood of index 0, 
corresponding to the case where there are no arcs a;, at all. 

Let us now proceed with the induction. In selecting the 7** coordinate ; 
we shall assume: (i) that if 7; is not the first coordinate then every coordinate 
nj ahead of n; has already been determined, and (ii) that the coordinate n; has 
been so determined that every neighborhood of y of index j is complete. The 
problem will then be to select 7; in such a way that every neighborhood of y of 
index 7 is complete. 

We prove that a suitable determination of ; exists by a reductio ad absurdum. 
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If it did not, then, corresponding to each determination of n;, there would be a 
neighborhood 


(5:1) V(-++, ai) 


of index 7, consistent with the given determinations of the n;’s, 7 < 7, and such 
that its intersection with the set S had a lower cardinal number than 8. More- 
over, the neighborhoods (5:1), corresponding to the various determinations of 
n; would each determine an are a; such that the combined ares a; would cover 
all points of the circle c;. Hence, by the Borel-Lebesgue theorem, there would 
be a finite subset 


(5:2) ie (s = 1,2, --- ,k) 


of the neighborhoods (5:1) such that the arcs a; which they determined also 
covered the circle c;. Now, suppose we amalgamated the neighborhoods V“ to 
form a single region 


R= Vou + VO-4 Sats + VY, 


Then, clearly, the cardinal number of the intersections of this region with S 
would be lower than k-§&, that is to say, lower than &. Therefore, the regions 
R could not contain a neighborhood of y of index smaller than 7 for, by the 
hypothesis of the induction, such a neighborhood would contain a subset 
of S of cardinal power 8. On the other hand, we could easily construct a 
neighborhood of y contained in R and of index smaller than 7. For, corre- 
sponding to each neighborhood V“ in (5:2), we could form a neighborhood V“ 
such that the determining ares of V“ were the same as those of V“) with the 
omission of the last one (the are on c;)._ The intersection 


V=7V®.7®... Ve 


of the neighborhoods V“ would obviously be a neighborhood of y of index 
smaller than 7. Moreover, it would obviously be contained in the region R, 
for a point g of V would belong to all the component neighborhoods V“ of R 
such that their determining arcs a; covered the point of c; representing the 7 
coordinate of 7. We have thus arrived at a contradiction. 

In conclusion, we have the result that the coordinates 7; of y may all be 
determined in such a way that every neighborhood of y, of whatever index 7, is 
complete. The point y is, therefore, a complete accumulation point. 
~ Corotuary. Every closed subgroup C of a toral group T is bicompact. 

For every infinite set S in C has a complete accumulation point in 7’, and 
every accumulation point of C must be in C. 

It is, perhaps, worth observing that in the proof of the lemma we did not 
make use of the fact that the c,’s were circles but only the fact that they were 
spaces over which the Borel-Lebesgue theorem could be applied; that is to 
say, that they were bicompact spaces. The same formal proof, therefore, leads 
to the following general theorem: 





GB ww Se CFT 








77 


DISCRETE ABELIAN GROUPS 


TueorEM. Let T be the product of an arbitrary set of bicompact spaces c; and 
let T be topologized by the set of all neighborhoods 


Vian, igg *** 4 Qi) 


determined by picking any finite number of the component spaces c; and selecting 
an arbitrary neighborhood a; on each. Then the space T is also bicompact. 


6. THEOREM. Let C be an arbitrary subgroup of a toral group T® Then 
every continuous character x of C may be expressed by a finite linear form in the co- 
ordinates of a variable element y of C, with integer coefficients 


(6:1) a(y) = >> kin, (mod 1) 
(>> finite, &; integers) . 


Conversely, every such form represents a continuous character of C. 

The second part of the theorem is immediate. The individual coordinates 
n; are continuous characters of C, and the sum and difference of two continuous 
characters is a continuous character. Therefore, every finite form (6:1) must 
be a character. The coefficients &; in (6:1) must, of course, be integers, otherwise 
the form would not be single valued, modulo 1. 

In proving the first part of the theorem we shall begin with the simplest case 
of all, where the toral group T is of dimensionality one and can therefore be 
identified with the group of all rotations of a circle. ‘Two subcases present them- 
selves according as the subgroup C is, or is not, dense on the group T. If C is 
dense on T' the domain of definition of a character x of C may at once be extended 
to T, by elementary continuity considerations. For the function z must be 
uniformly continuous on C, since it is both continuous and linear. Now, it is 
well known (and easily proved) that the continuous characters of the rotation 
group are all of the form 
(6:2) x(y) = £n, 
where the coefficient ¢ is an integer. Therefore the first subecase may be re- 
garded as settled. If the group C is not dense on T it can only be a cyclic group 
of finite order k generated by an element 7 = 1/k. Therefore its characters x 
must again be of the form (6:1), where &/k denotes the value of x at the generat- 
ing element 1/k. The coefficient must, of course, be an integer, since x must 
vanish at 7 = 1 = 0, mod 1. 

The case where T' is of finite dimensionality n, (n > 0), will be treated by 
induction. Let the coordinates of 7’ be 


Ni» ( = I, 2,--+,M), 


and let C’ be the subgroup of C determined by requiring all coordinates but the 
last one to vanish. Then if z is any continuous character of C the value of x 





5 For this particular theorem we need not assume that the group C is closed in T. 
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over C’ must be given by an expression of the form &, 7,, by the one-dimensional 
case of the theorem which we have just disposed of. The character 


(6:3) o = En Nn 
therefore vanishes at all elements of C whose first » — 1 coordinates vanish, 
whence it must be a single-valued function of these n — 1 coordinates. It 


follows, at once, by the hypothesis of the induction, that the character (6:3) 
must be expressible as a linear form in the n — 1 variables 7; (¢ = 1,2, --- ,n—1). 
By transposing the term £, 7, we obtain the desired expression for z. 

The case where T is of infinite dimensionality reduces, at once, to the finite 
one. Let x be any continuous character of C. Then, by the continuity of z, 
there exists a neighborhood 


V(au, Qing *** 9 Qin) 


of the zero element such that at every element of C in this neighborhood the 
numerical value of z is smaller than 1/2, modulo 1, 


(6:4) |x| <1/2, (mod 1). 


Now, the neighborhood V implies certain restrictions on the n coordinates 
ni, (s = 1, 2, --- ,), but not on the others. Moreover, at every element of C 
such that these n coordinates vanish, 


(6:5) 4m = 1, = --- =, 20, (mod 1), 


the character x must also vanish. For if Condition (6:5) is satisfied at an 
element y of C it is also satisfied at every integer multiple Ay of C. Therefore, 
if x failed to vanish at y we would merely choose \ so as to make the numerical 
value of x(Ay) greater than 1/2, 


| xry) | = | Ary) | > 1/2, (mod 1), 


contrary to (6:4). But if z has a unique value when the n coordinates 7:, 
satis‘y Condition (6:5) it must be a single-valued function of these coordinates 
alone, so that we are back once more to the finite case. 

CoroLuaRy. The domain of definition of a continuous character x of C may 
always be enlarged so as to include the entire toral space T. 

This is obvious, since the form (6:1) has a meaning at every element of T’. 


7. THEOREM. Every closed subgroup C of a toral group T may be identified 
with the group of all solutions of a suitable system of congruences 


(7:1) > pin: =0, (mod 1), 


where the marks n; are the coordinates of a variable y of T. 

Again, we begin with the case where the dimensionality of T is unity. Sup- 
pose the closed subgroup C of T is the group T itself. Then, of course, the 
system (7:1) is empty. On the other hand, suppose C is a proper closed sub- 
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group of T. Then C can only be a cyclic group of some finite order «, in which 
case, the system (7:1) is composed of a single congruence 


km = 0, (mod 1). 


We treat the case where T is of finite dimensionality n, (n > 1), by induction. 
Let the coordinates of an element y of T be m, 72, +--+ , mn. Then the element y’ 
goes over, by projection, into an element m1, 72, +--+ , Mn—1 of the space 7* deter- 
mined by the first n — 1 coordinates of y. Moreover, the subgroup C of T goes 
over, by the projection of its elements, into a subgroup C* of T*, which is readily 
seen to be closed in T* since C is compact and closed in T. Now, by the hypoth- 
esis of the induction, the subgroup C* is determined by a system of congruences 
(7:2) > p* in, = 0, (mod 1) 
in the first n — 1 coordinates, all of which must, of course, be satisfied by the 
coordinates of an element of C. The problem is to complete the system (7:2) 
so as to obtain a set of congruences determining C. 

There are two cases to be considered according as the closed, one-dimensional 
subgroup C’ of C determined by setting the first n — 1 coordinates equal to zero 
is infinite or finite. If C’ is infinite it must be the one-dimensional rotation 
group consisting of all elements of the form 


(7:3) (0, 0,--- » 9a) 


where the coordinate 7, can take on any value, modulo 1. In this case, the 
congruences (7:2), regarded as congruences in all n variables »; completely 
determine C. For every solution of (7:2) in the first n — 1 variables is the 
projection of at least one element y of C, and every element of T with this same 
projection must belong to C, since it can only differ from y by an element of C 
of the form (7:3). If the group C’ is finite it must be a cyclic group of order x 
composed of the x elements 


(7:4) (0, 0, icine , l/x), 
where 1 ranges over the values 0, 1, 2,---,« — 1. It follows, at once, by con- 


siderations of linearity, that the last coordinate 7, of an element y of C is a 
x-valued linear function 


tn = L(m, 2) +++ 5 Mn—1) 

of the first n — 1 coordinates, such that two determinations of 7, corresponding 
to the same determination of the other coordinates can only differ by a number 
of the form 1/x, modulo 1. Thus we see that the function xn, is single-valued, 
as well as linear, in the first n — 1 variables 7; and is, therefore a character of C*. 
Moreover, the character xn, must be expressible as a linear form in the first 
n — 1 coordinates, so that we have a congruence of the form 

(7:5) > pin: + xnn = 0, (mod 1). 


i<a 
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The combined relations (7:2) and (7:5) evidently determine C in this case. 
For every solution of (7:2) determines the projection of exactly « elements of 
C, and the n** coordinates of these « elements are given by the « solutions of 
(7:5). 

The case where the dimensionality of T is infinite reduces, without difficulty, 
to the finite case. If we pick any finite set of coordinates 


(7:6) Nijy Nigy *** 9 Nin 


and call the space of these coordinates T’* we may project the subgroup C of T 
into a closed subgroup C* of T* determined by a certain set of congruences 


(7:7)  & Djiti =0, (mod 1). 


We shall prove that the combined congruences (7:7), corresponding to all 
possible choices of the finite set of coordinates (7:6), completely determine the 
group C. It is, of course, obvious that every element y of C corresponds to a 
solution of the combined congruences (7:7); the only point that requires proof 
is that every solution of the combined congruences corresponds to an element of 
C. Let 9 be an element of 7 determined by such a solution. Then each 
neighborhood V(ai;, ai, +++ , @i,) imposes restrictions on a finite number of 
coordinates 7; only. Let the restricted coordinates be the ones in (7:6) and 
let the equations associated with these coordinates be (7:7). Then % cor- 
responds to a solution of (7:7) (since it corresponds to a solution of all combined 
systems of the type (7:7)), and this solution determines the projection of at least 
one element y of C. Moreover, the element y is obviously in the neighborhood 
V(ais, Gig, +++ , @:,). Thus, we have proved that in every neighborhood V of 7 
there lies at least one element y of C. The element 7 must therefore belong to 
C, since C is closed. This concludes the proof of the theorem. 


Duality 


8. The complete duality between the discrete groups G ana the toral groups C 
is a consequence of the following two theorems. 

THEOREM 1. Let C be an arbitrary toral group and G the group of all continuous 
characters of C. Then C may be identified with the character group of G. 

In §7 we showed that the continuous characters of C may always be expressed 
as finite linear combinations of the coordinates y; with integer coefficients. The 
coordinates 7; therefore form a basis of G, e; = 1:. Now suppose we form the 
set of all finite linear relations satisfied by the coordinates 7; 


(8:1) ty Pins = O, (mod 1). 
Then, of course, these relations determine a set of fundamental relations of G, 
(8:2) 2. Dili —_ 0 , 


Conversely, by §3, the character group of the group G determined by (8:2) is the 
toral group C determined by (8:1), which establishes thé theorem. 


" 
4 
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THEOREM 2. Let G be an arbitrary discrete abelian group and C its character 
group. Then G may be identified with the group of all continuous characters of C. 

In proving this theorem we must be on guard against a possible error. Let 
(8:2) be an arbitrary set of fundamental relations determining C. Then, by 
§3, the character group C of G is surely the group determined by the relations 
(8:1) associated with (8:2). However, we cannot reverse the process and 
assert that the group G determined by (8:2) is the group of all continuous 
characters of C unless we are sure that every finite linear relation in the 7;’s 
satisfied by the coordinates of a variable element y of C is a finite linear com- 
bination of Relations (8:1). A priori, Relations (8:1) might imply other rela- 
tions not expressible as finite linear combinations of the given ones, in which 
case, the group of all continuous characters of C would not be G. 

To settle this last point, we write the fundamental relations (8:2) in normal 
form as follows. First we arrange the base elements e; in a well ordered set, 
€1, €2, +++ y@x,+++. We then divide the base elements into two classes, by 
transfinite induction. The first element e; is assigned to the first class if it is 
different from zero, otherwise to the second class. The 7" element e; is as- 
signed to the first class if no finite multiple of e; is expressible as a finite linear 
combination of elements preceding e; (with integer coefficients of course), other- 
wise to the second class. Let the elements of the first class, arranged in their 
natural order, be e; and the elements of the second class e.. Then, cor- 
responding to each element e; of the second class we form a relation 


(8:3) Tries + DL pier = 9, (p;; ~ 0), 
8 ¢sj 


expressing the fact that a multiple D; jC; of e’, is expressible in terms of elements 
of the first class and of elements of the second class preceding e;. Moreover, 
we choose each relation in (8:3) such that D; is as small as possible numerically 
and (merely for convenience) positive. Then, it may be shown by transfinite in- 
duction, that every finite relation among the base elements e; is expressible as a 
finite linear combination of Relations (8:3), with integer coefficients.6 In other 
words, Relations (8:3) form a fundamental set. Moreover, if we form the 
corresponding relations 


(8:4) D Pies + Pim =, (mod 1) 


tsj 


IIA 


determining C, we can also show, by a similar transfinite induction, that every 
relation 


(8.5) pin +L pin, =0, (mod 1), (0 finite) 


implied by Relations (8:4) is a finite linear combination of these relations, with 
integer coefficients. The argument is, briefly, as follows. Relations (8:4) 





° Cf., for example, J. W. Alexander, loc. cit., p. 390. 
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imply no relation among the variables 7, alone. For if we choose the 7; at 
random we may then solve Relations (8:4) successively for the nh We may 
thus assume that there are non-vanishing terms in the second sum in (8:5), 
and that the last coefficient p, is different from zero. Now this last coefficient 
must be exactly divisible by the coefficient Pi 3 of the j equation (8:4), 
otherwise we could obviously find a solution of (8:4) but not of (8:5), such that 
all the n) ahead of n; and all the 7, were zero. Therefore, we are able to 
subtract from (8:5) a suitable multiple of the j** equation (8:4) and obtain a 
new relation similar to (8:5) and also dependent on (8:4), such that the last 
non-vanishing term in the second sum is a variable ”: preceding nj. Now, 
by the hypothesis of the induction, this new relation is a finite linear combina- 
tion of Relations (8:4) ; therefore, Relation (8:5) must also be such a combination. 
This completes the argument and establishes the duality between G and C. 

We may observe at this point that if we regard the individual left-hand 
members of (8:3) as elements of the free group F generated by all finite integral 
combinations of the e;, ¢;, then these elements are certainly linearly inde- 
pendent. For each of them involves one base mark which is not contained in 
any of the preceding members. Therefore the forms in (8.3) generate a free sub- 
group H of F. 


9. The group G is fully determined by certain relations (8:3) among its base 
elements, and the character-group C of G by certain relations (8:4) among the 
coordinates 7; of its elements. We shall close the discussion by giving a useful 
alternative way of obtaining the groups G and C in which G is determined by 
relations among suitably chosen coordinates and C by relations among suitably 
chosen base elements. The new way may be regarded as the dual of the old. 

Let us take the base elements e; (e; and e,), appearing in (8:3), treat them as 
independent units, and form a group F* consisting of all finite linear combina- 
tions of the elements e; with real coefficients 


(9:1) t= >» fie, — 2. fie, ‘ | (>: finite, é real) . 


Then there is a subgroup F of F* consisting of all elements (9:1) with integer 
coefficients, which is obviously determined by requiring the coordinates é; to 
satisfy the congruences 


(9:2) t, =0, f; =0, (mod 1). 


Moreover, the group G is the reduction of the group F, G = F (mod H), obtained 
by imposing the conditions 


(9:3) Dials +. »» Pits = 0 
ai 


on the base elements of F. In other words, the group G may be obtained from 
the group F* by imposing the joint conditions (9:2) and (9:3). 
We deal with the group C in a similar fashion. Corresponding to each co- 
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ordinate 7; of a variable element of C we choose a unit f; and form a group 7* 
composed of all linear combinations 


(9:4) y=Daifit Da; (>> infinite, » real) 


of the units f;, both finite and infinite, with arbitrary real coefficients. The 
group 7* contains a subgroup U consisting of all forms (9:4) with integer co- 
efficients. By reducing the group T* modulo the group U, we obtain a toral 
group 7 = T* (mod U). The group T is the group determined by imposing the 
conditions 


(9:5) f,=0, ff; =0 


on the units f;, with the understanding that Relations (9:5) imply all other 
relations expressible as finite or infinite linear combinations of the given ones 
with integer coefficients. The group C is, of course, the subgroup of T deter- 
mined by imposing the relations 


(9:6) D Piste + dX Diet: = 0, (mod 1) 
¢37 


on the coefficients. It is, therefore, obtainable from the group 7* by imposing 
the joint conditions (9:5) and (9:6). 

Let us now make a change of basis in the space F*, determined by the equa- 
tions 


, 


, 
i=; 


(9:7 m7 ror yo ow 
) 5 = Dy Diels +2 Pjree- 
=] 


To prove that Equations (9:7) actually do determine a change of basis we must, 
of course, show that the old base elements e; may be expressed in terms of the 
new ones. Now, for the elements of the first kind we have, at once, 


é 


iss) 


, , 
i 


=> iy 


(9:8) e 


® 


whence, in place of the second set of equations, we may write 
vow i —. 
(9:9) y Ppeet = &; — Dd Djees- 
=> 7 


But, in (9:9), each mark e, makes its appearance for the first time in the j™ 
equation, where its coefficient Ds; is different from zero. Therefore, by trans- 
finite induction, we may solve successive equations (9:9) for the successive 
variables e; and so obtain relations of the form 


(9:10) 0; = > debe + De Vite (> finite) . 
(Zi 


Relations (9:10), together with (9:8), determine the inverse of the transforma- 
tion (9:7); therefore, (9:7) determines a change of basis of F*. It should be 
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noticed, however, that, unless the coefficients Di; all happen to be unity, the 
coefficients q;, and q;,-in (9:10) will not be integers, so that (9:7) will not be a 
change of basis of the subgroup F of F*. 
The change of basis (9:7) induces the contragredient change of coordinates 
EY = Ei + x Dike 
9:11 P a" 
ie s= De 
t2i 
which inverts into 
B= +t Dak 
9:12 <I h 
_ B= | Lait. 
t2j 


If we apply the change of basis (9:7) and the change of coordinates (9:11) to 
Relations (9:2) and (9:3) respectively, the first are transformed into 


E+ > pits =0 


9:13 uo" mod 1 

hai E pki = 0 er 
tej 

the second into 

(9:14) é; =0. 


These relations must now be interpreted in the proper manner. First, we 
observe that each of the old variables £; appears in a finite number of the equa- 
tions (9:12) only, and each of the new variables £; in a fiaite number of the 
equations (9:11) only. Therefore, to the solutions of (9:2) such that all but a 
finite number of the variables £; are zero there correspond solutions of (9:12) 
of a similar sort in the variables £;, and vice versa. Thus the group G may be 
identified with the set of all solutions of the congruences (9:13) such that all but a 
finite number of the variables §; are zero. The variables &; are, however, of two sorts. 
Those of the first kind &', may be arbitrary real numbers, but those of the second kind 
E; are real numbers reduced modulo 1. This last statement follows from Rela- 

ons (9:14) which imply that if in any solution of (9:13) we change the values 
of the variables E. of the second sort by integers, we obtain a new solution 
representing the same element of G as the old one. Relations (9:13) deter- 
mining G are analogous to Relations (8:4) determining C. 

In the space 7* we shall make the transformation of coordinates 
A= 1; 

5 = LL Piers +z Die 


cogredient to (9:7) and the change of basis 


(9:15) 


al 


Si = f; + Zz Dude 
5 u "oa 
wanes fi, = 2 Psd 
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induced by this transformation of coordinates. The determining relations 
(9:5) and (9:6) of C will thus be transformed into 


Ud 


Ji: +d vid, = 0 


(9:17) " oo 
i Pitt = 0 
>i 
and 
(9:18) 1, =0 (mod 1) 


respectively. Their interpretation may be made as follows. We form what 
may be called a “pseudo basis” of C’ consisting of the elements f;, such that 
every element of C may be expressed as a finite or infinite linear combination 
(9:19) y= Dante Das; 

of the base elements f; with real coefficients. Then Relations (9:18) may be 
disposed of, at once, by restricting the coefficients of the second type i, to 
integer values. The group C is then determined by the set of all finite and infinite 
linear forms (9:19) in the elements of the pseudo basis, such that the coefficients 9’, 
are arbitrary real numbers and the coefficients 7 arbitrary integers. Moreover, 
each form (9:19) determines an element of C, and two forms (9:19) determine the 
same element of C if and only if their difference is a finite or infinite linear combina- 
tion of the left-hand members of (9:17), with integer coefficients. Of course, 
infinite linear combinations of Relations (9:17) have a definite meaning, since 
each base mark f; appears in a finite number of the relations only. Relations 
(9:17) determining C are analogous to Relations (8:3) determining G. 
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COUNTABLE TORSION GROUPS' 


By Leo Zippin 
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Introduction. It is well known that the countable discrete abelian groups 
and the compact metric abelian groups are intimtately related, and that an 
analysis of the one class of groups is at the same time an analysis of the other.’ 
While much is known about these classes of groups, the fundamental problem 
of their classification has been solved so far only in the case that the discrete 
group is of zero rank, i.e. a “Torsion” group. The corresponding topologic 
groups are then zero-dimensional. The remarkable solution of this restricted 
problem was given (from the point of view of the discrete groups) by Ulm.* The 
multiplicity of ‘“convergence’’ questions with which Ulm’s analysis is hampered 
suggests that a simpler proof is desirable. We have constructed such a proof, 
working first from the point of view of the topologic groups. This attack 
seemed natural, since the structural relations of the space might be expected to 
absorb some of the convergence difficulties. It transpired that, properly ap- 
proached, these are not very deep. We have therefore “‘transposed”’ our original 
paper into the language of discrete groups, and there the formulation and solu- 
tion of the problem is even simpler. The reader should be apprized that the 
essential novelty of this paper lies in the treatment of the reduced primary 
groups, beginning with §6.4 We shall give the detailed analysis, presupposing 
an acquaintance with finite abelian groups and, to a limited extent, with trans- 
finite countable ordinals. 

Notation. We shall use additive symbols, 0 representing the “identity” 
element,’ —z the “‘inverse”’ to the element 2, x + y the “combination” of z and 
y. Ifx1,%2, +++ ,%n, +--+ is any set of sets of elements, then [%1, v2, --- | denotes 
the set of all elements which are finite linear combinations of elements of these 
sets. If P, Q are sets, P-Q denotes the set of elements common to P and Q. 
The symbol C denotes set-theoretic inclusion. 





1 Presented to the American Mathematical Society, in the form given here, Oct. 27, 1934. 

2 See L. Pontrjagin: ‘The theory’of topologic commutative groups;’’ J. W. Alexander, 
“On the characters of discrete abelian groups,’’ and ‘“‘On the homology groups of abstract 
spaces,’’ all in these Annals 36 (1934). 

3H. Ulm: ‘‘Abzihlbar unendliche Abelsche Gruppen,’’ Math. Ann. 107 (1933). The 
proof is in terms of transinfinite matrices. I am advised by Prof. E. Noether that Ulm is 
now in possession of group-theoretic proofs. 

4 Compare Priifer, ‘‘Untersuchungen iiber die Zerlegbarkeit --- ,’"’ Math. Zeitschrift 17 
(1923). The theorems of the first four sections are due to Priifer. 

5 When there is no possibility of confusion we may also use 0 for the number zero. 
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1. Torsion Groups. A torsion group T is a discrete countable abelian group, 
every element of which is of finite order. Thus, if ¢ C 7’, there exists an integer 
N,Nt = 0. The smallest such integer is the order of t. This order is a function 
of the elements of 7 and need not be bounded. The word ‘‘diserete” shall mean 
merely that finite linear combinations only of elements of T have any meaning. 
DeriniTIon. Tis the direct sum of a set of subgroups S;, So, --- if 


i) T C[Si, Se, --+ J 
ii) S;-[S1, coe, Si-1, Siit, di ] = 0, for every 2. 


We shall write this T = S; ® S: ® --- or T= }> @S;. Inparticular, 7 is the 
direct sum of two subgroups P and Q if T C[P, Q] and P-Q = 0. 

The following theorems are trivial. 
Tueorem. In order that T = >) @ S; it is necessary and sufficient that either: 
1.1 each element t of T ts uniquely represented by a linear combination 


t=a+so+-+- + 8, n= nt), 
of elements of the Sj, or 
1.2 i) for every t and some n = n(t), t C [Si, Se, --+ , Sal 
ii) for every t and any m > 2 
S;-[Si, So, +++ , Sia, Sint, «++ , Sn] = 0. 


TuroremM. If T’ = >> @S;, and T” = >> @ S', and if for each j there exists 
an isomorphism I; of S; and S;, then T’ and T" are isomorphic. 

This isomorphism is given by the pairing off of elements x’ = >>} 2’ and 
x" = >°} x; such that xz; C S;, 2; CS), and x; and 2; correspond under J,. 


2. Primary Groups. For a fixed prime p, let 7’, denote the set of elements 
of T such that ¢ C T,, if and only if there is an n = n(t), ptt = 0. Now if 
«,y C T, every element of the finite group [z, y] C T,. Therefore 7’, is a group. 
We shall call it a primary group (associated with the prime 7). 

Turorem. T = >) © T;, summed over distinct primes. | 

If x C T, the finite group [z] is the direct sum of primary groups, and each of 
these belongs to the corresponding Ty. If x C [T'p,, Tr, --+ 5 Typ], no element 
of the finite group [z] can have an order = 0(q) where q ¥ pi, i = 1, 2, --- , n. 
The theorem is now a trivial consequence of 1.2. 

Corotuary. In order that two torsion groups T’ and T" be isomorphic, it is 
necessary and sufficient that T’ and T’, be isomorphic for every prime p. 

The necessity follows from the fact that the order of an element is an invariant 

of isomorphism, the sufficiency from 1.3. 





‘ Isomorphism is used throughout in the sense of a strictly one-to-one correspondence 
preserving the group operations. 
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3. Let 7, denote a primary group, for a fixed prime p. 

DeFINiTIONn 1. An element ¢ is said (Priifer) to be of infinite height in a sub- 
group G@ provided that for every integer m = 0 there exists at least one element 
y CG such that t = py. 

It is trivial that the set of elements of infinite height in G form a group. 
DeriniTion 2. A subgroup R of T,, will be called a root-group (associated with 
p) provided every element of FR is of infinite height in R. 

3.1 Let R,, denote the set of all elements x such that 7’, contains some root 
group R, Dx. Of course, Rk, D R,. 
Lema. If R,, R, are root groups, |R,, R,| is a root group. 

For ifz =a+ B,a CR,, B CR,, then for any integer m, a = p™a’ and 
B = p”B’, a’ C R, and Bp’ CR,. Therefore z = p™(a’ + 8’), a’ + B’ C 
[R., R,]. 

THEOREM. R,, is a root group. It is maximal in the strong sense that it contains 
every root group of T,. It is a characteristic subgroup of T, in the sense that its 
properties define it uniquely. 

That R,, is a root group is an immediate consequence of the lemma. That it 
is maximal is obvious. That it is therefore a characteristic subgroup follows 
from the observation that the concept of infinite height, and therefore of root 
group, is an invariant of isomorphism. 

3.2 Derinition. If x is any element and G any subgroup of T7',, then the 
least integer N = 1 such that Nx C G will be called the order of x mod G. It 
is clear that N is the order of the coset x + G in the difference group (finite and 
primary) [z,G] mod G. Therefore N = p” for some m 2 0. 

3.3 THEOREM. Any root group R of T, is a direct “summand” of T, i. 
T, = R +H, where H is a subgroup of T, isomorphic to the difference group 
T mod R. 

Let us enumerate the elements of T,: Site, 8, -. Se 
Xo, U1, +++ » Una, NM S 1, X = O, have been so chosen that 


i) R-[xo, 1, --+ , na] = 0 
and tte. +> a IR, Sey Big +++ » Ba~als 


Let p™, m = 0, be the order of x, mod [R, 2, --+ , Zn—1]. Then for some z and 
z,p™x, = x +2, where xz C [2, m1, «++ ,@ralandz CR. Letz = pz’ where 
z’C R,and let z, = 2, —z’. Thenz, =2,+2'C [R, 20, 21, +++, tn]. Now if 
there is any element z’’ C R-[2, 11, --+ , Zn], we can write 2” = Nz, + y,y CS 
[%o, 41, --- , tna). But then Nx, = 2” — y C [R, x, m1, --- , tna] and 
N = kp™ for some integer k. But kp™x, C [R, x0, t1, «++ , ns]. Therefore 
2’ C[R, 2, +++, Xn]. It follows from our antecedent choice of 2, 21, +++ , Zn—1) 
that z’’ = 0, since z’’ was supposed in R. Then by a simple induction we may 
select elements 2%, 11, X2, ---, Yn, --- SO that i) and ii) hold for every n. Let 
H = [20, 21, 2, --- ]. It is now quite clear that T, = R @ ZH. 
This has the following consequences, the proofs of which are trivial. 
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CoroLutaRy 1. There exists a subgroup H of T, such that 
T,=R, OF, 


where R,, is the maximal root group of T,. 

3.4 DeFInITION. A primary group whose maximal root group is the zero ele- 
ment will be called a reduced primary group. It is obvious that every finite 
primary group is reduced. 

CoroLLary 2. In the decomposition in Corollary 1, the group H is a reduced 


primary group. 


4, Primary Root Group. DeErinition. A root group is called simple if it 
contains no subgroups which are also root groups other than itself and the 
identity. 

TuEorEM. If z is any element of a root group R, there is a simple root group 
& 22 & 2s. 

Write z = z. Suppose z,:, 2 1, defined forsome n. Let z, denote any fixed 

element of R, such that pz, = zn1. We may suppose z, defined for every n. 


Let R. = [20, 21, 22, --- ]. It is clear from the construction that every element 
of R, is of the form x = Nz,, for some choice of an integer N and for some n 2 0. 
Then it is clear that x = Np”Znim for every m = 0, 1, 2, --- , and therefore R, 


isaroot group. It contains z =z. If R’ is any proper subgroup of R. there is 
at least onex = Nz, ER’. Thenz, ER’. But thenz,,n ER’,m =1,2,---. 
Therefore R’ is a finite group and certainly not a root group unless it is the 
identity. We observe at this point, without proof, that it is characteristic of 
simple primary root groups that they are discrete infinite groups containing no 
proper infinite subgroups. 
4.1 Let us suppose that the order of the element z, above, is p*. Then the 
order of z, is p"**. Then if x = Nz, is of order p, pNz, = 0 and pN = 0(p"**). 
Then there is an integer N’,z = N’p*"'z. If N' =O(p),x =0. Then it follows 
that the number of distinct elements of R, of order p is exactly p. 
4.2 THroreM. Two simple root groups R’ and R” are isomorphic. 

Let 2) = 0 and z, ¥ 0 be two elements of R’ and R” respectively, and of 


/ , ” ” . . 
order p. Let z,, 22, +--+, and 2;, 29, --- , be chosen, as in 4, in R’ and R” 
4 U ". . ° ° 
respectively. The correspondence Nz,, <> Nz,, is obviously an isomorphism of 
/ ” v ° . 
(20,21, --- Jand [z),z,, --- ]. But these are root groups and certainly neither 


of them the identity. Then they coincide with R’ and R” respectively.” 
CoroLLary. A simple root group has exactly p elements of order p. 
4.3 THrorem. A root group R is the direct sum of simple root groups. 

Let us enumerate the elements of R: 21, z2, --- , where none of these is the 
identity. Let RT be a simple root group in R, containing z, by 4. Then 
R = Ri @ R',by3.3. NowR’isaroot group. For if z C R’ and mis any pos- 





7 Asimple root group is isomorphic to the multiplicative group of the p" * roots of unity, 
nm unbounded. 
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itive integer, = p"(x’ + y’), 2’ CRi andy’ CR’. But thenz — py’ = pz’. 
Therefore both sides are 0, since one side belongs to R’ and the other to Rj. 
But then z = p”y’, and R’ is a root group. Suppose R; and R* constructed 
fork = 1,2,---,n — 1, so that 


4.4 R=Ri@R?I@--- @R, OR". 


Let z, be the first element in our enumeration not in [R7, --- , R*_,]. Then 
ze = 2+ 2,,2, C([Rt,---, R*_,J andz, CR. It is clear by the argument 
above that R"-! is a root group. Let R* be a simple root group of R*— con- 
taining z,. Then R™' = R* + R*, where R* is a root group. If we continue 
this construction as long as any elements remain we shall have, finally, 


R=) @ Rj. 


This is trivial if there are only a finite number of these groups. But if there are 
infinitely many we observe that 1) for every k, z, C [Ri, Ro, --- , Ri], and 
2) R¥-[Ri, --- , Ria, Rix, ++ , Ri] = 0, for every m and i, m > i, in virtue 
of 4.4 with n = m+ 1. Then our assertion above follows from 1.2 and the 
theorem is proved. 
Corotuary. If N is the number of summands in 4.3, then the number of elements 
of R of order p is p® if N ts finite and &, if N is infinite. 

This is obvious from 4.1, since R. of that section and any R* are isomorphic 
(4.2). 
THEOREM. In order that two root groups R’ and R” be isomorphic it is necessary 
and sufficient that N(R’) = N(R”), where each of these is the number of simple 
summands in arbitrary decompositions 4.3. 

The sufficiency is obvious from 1.3, the necessity from the Corollary. 


5. Reduced Primary Group. Let H denote a primary group which, in the next 
and succeeding sections, we shall suppose reduced (3.4). Now write H = H). 
If? H, has been defined for every ordinal y less than a fixed ordinal \, \ > 0, let 
H) denote the set of elements of H which are of infinite height in every Hy, u < X. 
Since the totality of elements of 7 is countable there must exist a first ordinal of 
the first or second ordinal class (i.e. a “countable” ordinal) such that H, = Hya1. 
Then it is clear that H, = H,, for any ordinal vy > x. We shall call « the ordinal 
character of H. 

THEOREM. [1s a characteristic subgroup of H, for every X. 

This is trivial for \ = 0. Suppose it true for every nu < X, where \ is some 
ordinal > 0. If z, y C MH) and uw is any fixed ordinal < X, then z and y are of 
infinite height in H,. Consequently x + y is of infinite height in H,, and since 
this is true for everyn <A,x + y CH). Clearly Hy, > 0, and with z also —2. 
Then H, is a group. Now since H) is defined in terms of the possibility of 





8 Following Ulm, loc. cit., p. 795. 
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solving “linear equations” which relate to the H,, » < \, and these may be 
supposed isomorphism-invariant, it is clear that H) too is characteristic. 

Since H, = Hy41, every element is of infinite height and H; is a root group. 
It will be quite obvious later that it is the maximal root group of H. 


6. Now if we consider that H is, by assumption, reduced, we must have 
H, = 0 (3.4). 

Lemma. If z ¥ 0 is an element of H, there is an ordinal } = X(z) < x such 
thatz CHy),z EAyys. This ordinal will be called the type of z: r(z) =r. It 
is an invariant. 

There is certainly a first ordinal \’ S « such that z € H,, since z ¥ 0. Now 
\’ must have a predecessor. For if it had not, then for every ordinal u < \’ 
there would be ap’, uw < pw’ < Xd’. Since z CH,,, it is of infinite height in H,. 
But since this holds for every np» < \’,z C Hy. The contradiction establishes 
that \’ is of the form ’ + 1, and J is the desired ordinal. That the type- 
function 7(z) is invariant is a consequence of the invariance of Hy), \ S «.° In 
a finite (primary) group every element is of type zero. 

6.1 Derrrimition. A finite set of elements x1, x2, --- , 2, of type \ < x will be 
called a A-set provided that a relation 


A: Gy + Geto + ++) + Anka = p'X + 2’ sc ®,, 2’ © Aya 
always implies that for each zi = 1, 2, --- , n, 
B: either a; = O(p’) or aw; CAs. 


It will be called a (A; N)-set provided, further, that each of its elements is of 
order p¥ mod Ay4; (3.2). Clearly, VN 21. Since H+: is a characteristic group, 
order mod H),, is an invariant concept, and it is clear that A-set and (A; N)-set 
is an invariant. 

Lemma. Any non-vacuous subset of a )-set isa d-set. Trivial. 
6.2 The complete invariant system of H: the ‘‘signature,” o(H). 

For each ordinal \, 0 S \ < x, and for each integer N 2 1, let o(A; N) be 
defined as the least upper bound of the set of all those numbers for which there 
exists a (A; V)-set containing that number of elements. It is clear that o(A; N) 
is zero, a positive integer, or plus infinity. Finally, let o(H) denote the totality 
of the numbers o(A; N), which we may suppose arranged in their natural order: 


o(H) = (2(0; 1), o(0; 2), ++ ’ o(w;1), +--+, ofA; n), o(A; N +1), -:: ). 


o(H) will be called the signature of H. It is obviously an invariant of H, since 
the a(A; N) are,!0 





° It is immaterial how we define 7(0), since the element 0 is invariably an exception 
to any general statement which does not exclude it. 

'© The significance of this invariant is brought out in §10; our definition of the invariant 
differs from Ulm’s (loc. cit.). 
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6.3 Lemma. Let 21,25, --- , 2, be a d-set, and w; be any element of Hy. If 
the order mod Hy41 of x; = «;+ pw; is not greater than that of a, then 
1, Xa, +++, Xn ts also a d-set. Further, x; and x, are of the same order mod 


Hy,;. Two )-sets related in this way will be called equivalent." 

For if the x; admit any relation A (in 6.1) where not all the a; satisfy B, we 
may neglect all terms a,x; which belong to Hy4:. Now there will be an integer 
j = 9, such that all the remaining a; = O(p’) but at least one is # O(p’*), 
Then if we make the substitution x; = 2; + pw;and transpose all terms to the 
right whose coefficient is = 0(p’*"), we shall have on the left terms involving 
the x, only, and there will be at least one. On the right we shall have an ele- 
ment of the form p’t!z, z C Hy. This contradicts the assumption that 
t1,+++,2@, isa d-system. Now, p¥ittz; = p¥ite, + p%iw;. Then pz; ¢ 
H),1, since x; is a \-set. Therefore the order of x; mod A), is not less than p% 
and, by assumption, not greater. 

Now, for the next Corollary, let us observe that if x’ is any element of type }, 
and of order p’ mod Aj 4; there must exist an element w C A) such that 
x = x’ + pw is of order p’. For if p¥x’ = 0, let w = 0. If 


pra’ a w’, 0#w’C Aha, 


then w’ is of infinite height in H) and permits a solution of p¥t!y = w’, y CM. 
Then let w = —y. Let us call a -set in which the order of each element is 
precisely its order mod H)41, a canonical d-set. Then we have proved the 
following 

CoroLuaRy. Fvery d-set is equivalent to a canonical )-set. 

Lemma. If 2%, --- , tn 1s a canonical )-set, then, 


[1, 2, +++ , Xn] = [ts] © [x2] © --- @ [z,] . 


For if there is any relation az; + --- + @,%, = 0, then since 0 = p*0 for 
every s, we must have a,x; C Ayy1. But then a; = 0(p%*) where p™ is the 
order mod A),; of x; Then a,x; = 0. 

PrincrpaL Lemma. If x1, --- , 2, is a d-set of which precisely k < n terms are 
of order p% mod Hyx1 and if yo, Yi, +++ » yx is a (A; N)-set, then there exists an 
element xo of order p% mod H)41 such that x, x1, --+ , tn ts a d-set. 

Let us replace each of the given \-sets by equivalent canonical \-sets: 21, --+ ,2n 
and y, --- , yx. Let ydenote an arbitrary one of the y;. Now if y, 21, 22, +++ ,%n 
is not a A-set, then there must exist an integer s = 0 and an element w C Ay 
such that ay = p*w + 2, where a ¥ 0(p’), ¥ 0(p”), and where x C [x, --+ , Lal 
Now since p’y = 0, we can multiply this relation by a suitable integer so that 





11 This and the notion of ‘‘canonical \-set’’ below are introduced for this section only, for 
economy of speech. It is trivial that our definition satisfies the formal requirements for 
“equivalence.”’ 
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it takes the form: p’"y = p*® + %. Then if no “value” y; of y makes y, 


zi, «++ , &n a A-Set we must have the following set of relations: 


Ri: pX yi = p*wi t+ 2, 
~=0,1,--- ,k, w; © My, 2: C [n, 22, sla Aie , Xi). 


Since precisely k of the z’s are of order p’ we may suppose that they are 
By Ors oh Now [x1, a ae rn] = [x, 7 a rx] ® [Test ose » Dal. Let 
z; = 2; + 2; be the corresponding resolution. Now if we multiply the relation 
Ri by pweshall have: pR; = p¥*w; + pz; + pz;=0. Butthen pz, = 0, since 
%1, +++ , In isa canonical A-set. Now [m, --- , ze] = [x] © --- ® [ae]. 
Therefore it cannot contain more than k linearly independent elements of order 
p and there must exist a relation 


R: Qozp + +++ + az, = 0, 0 Sa; < p, at least one a; ¥ 0. - 


But this gives us R*: p*"R{y:} = p¥R{w.} + Riz}, where R{y;} is the form 
which results from substituting y; for z; in the relation above. But if we expand 
pz, in terms of 2x41, «++ , Z,, We see from the form of pR; = p*+w,; + pz; = 0 
that its coefficients must be = 0(p%*'), and therefore the coefficients of the 
expansion of z, must be = O(p”) since [ri41, --- , Xn] = [ius] ® --- @ [2,]. 
It follows at once that the relation R* is impossible and therefore there must 
exist a ym such that ym, 21, +--+ ,%n isa A-set. Now if we write 24 for ym, this 
d-set is equivalent to 24, 2,, --+ , 2, and the lemma is proved. 

6.4 If an element z is of type X, it cannot be of infinite height in H,. Let us 
agree to say that z is of height s in a subgroup G for every s for which p*y = x 
is solvable byay CG. Then if r(x) = \ there is a largest integer s = s(x) such 
that x is of that height in A). 

Derinition. A subgroup G of H is called perfect provided that for every ordinal 
\ and every integer s, every element of G which is of type \ and height s in M), 
mod A)41, is also of height s in G- Hy, mod G- Ayu. 


ie. fz CG, r(z) =X, x CHy, x’ C Ayas, then 
z= px+e2’ impliesz = pg + g’ 


where g CG- HA), g’ CG-H)4, and, of course, either g or g’ or both may be zero. 
Lemma. If G is perfect, if G = G-Hy mod G- Hy: is finite, if %1, «++ , F, ts any 
independent (coset) basis for G, and if x; is any element of &;, then 1, +++ , In 18 
a d-set. 

For if there is any relation A(6.1) satisfied by the z;, it is clear that the left side 
of this relation belongs to Hy. Nowif it happens that air, + +++ + @n%n C Ayu, 
the corresponding a; # + --- + an¥, = 0. Then in this case every ait; = 0, 
and every a;z; belongs to Hy4:. If this is not the case then a;2%1 + --+ + Gntn 
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is of type \ and we can suppose without loss that (see 6.1) z C G-H) and that 
xz’ CG-H)x, since G is perfect by assumption. But then, in G, 


Q421 -b ewe -t AnXn = pe, 


and the a; must satisfy B. 

Remark. It is clear that the condition z = p*r + x’, above, is equivalent to 
the following condition: z = p'w, w C My, since x’ is of infinite height and 
therefore of height s, certainly, in Hy. We cannot “get rid” of g’ in the same 
way. 


7. FUNDAMENTAL THEOREM (Ux). Jn order that two reduced" groups X and Y 
be isomorphic,® X < Y, itis necessary and sufficient that their signatures" be 
the same: o(X) = a(Y). 

We have already noticed that the necessity is obvious from the definition of 
the signature. 

Lemma. If X*, Y* are perfect subgroups of X, Y, and if there is an isomorphism 
I: X* +s Y* which preserves types," then I;, carries d-sets into d-sets. 

For if y1, «++ , yn is a A-set and the corresponding set 2, --- , 2, is not then 
the x; must satisfy a relation A (6.1) whose coefficients do not satisfy B. Now 
consider the corresponding form awi + --- + GnYn. This cannot belong to 
Yyi1. For if it did each ayy; would belong to Y)4;1 since the y; form a )-set. 
But then each a,x; would belong to X)41, since J; preserves types. Then 
ax, + --- + a,%, does not belong to X41, and is certainly of type’. But now 
because X* is perfect we may suppose that the elements x and 2’ in A belong to 
X*.X, and X*-X)41 respectively. Then if y and y’ are the corresponding 
elements in Y*, ayyi + --+ + GnYn = p’'y + y’, and the a; do satisfy B because 
the elements are all of the necessary types, and the y; form a )-set. 

Proof of the Sufficiency. Induction. We shall suppose that for some integer 
n = 1 we have already constructed two sets of groups: 


Oe PCXC.-.CArX and Of- YPCYIcC...cy~ 


such that 

1) X"" is a finite" perfect subgroup of X and Y*"' is a finite perfect sub- 
group of Y. 

2) for every k < n there is an isomorphism J;, X* —+ Y* such that: 

2.1 if x C X* and y C Y* are corresponding elements of J;, then +(x) = r(y)" 





12 Associated with a fixed prime p. 

18 Isomorphism = simple isomorphism, throughout. 

14 Defined as in 6.2. 

ie, XtD xt, y C Y* implies r(x) = r(y), the first being computed in X the second 
in Y. 

18 Remark: For purposes of a later Theorem we shall wish to dispense with this. It 
will save confusion here if we merely signalize every use of this condition and leave for § 8 
the explanation of our purpose. 

17 Where the first ordinal is computed in X, the second in Y. 
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2.2 I, is an extension of J;1, ie. if ¢ C X*" and y C Y*' correspond 
under J;,-1, then they correspond under J,."° 

Now if X"" = X and Y""' = Y there is nothing to prove. Then we may 
suppose that either there is an element of X not in X"“ or of Y not in Y"—. 
Our procedure will be entirely symmetric and for definiteness let us say that 
there is an element z C X’ but € X=". Let us now construct X". 
7.1 Since z is of finite order, there is an integer M = 1 such that p¥"':z = 2’ ¢ 
X=“ but pz’ = p¥z’ C X"", Now let us consider the set of elements {z’ + g} 
where g C X"~1. Since no element of this set is 0 and the set is finite there 
must exist at least one g* such that for z’’ = z’ + g* we have 


i) r(z’’) = r(z’ + g) for every g 

ii) if r(z’ + g) = 7r(2’’) for some g, then the height of z’’ in X,, where 
\ = 7(z’’), is not lower than the height of z’ + gin X,. Now 2z”’ being of finite 
height in X, there must exist a least integer N = 1 such that z’’ is not of 
height N in X,. Let x denote any fixed element of X, such that p*—'z = 2’’ 
and let X" = [X""!, z]. Since X"> a, it contains z’’ and therefore z’ = p¥—'z.” 
7.2 Let us show that X” is perfect.” It is trivial that p¥x CX". There- 
fore every element of X” has the form g + az,4* 0 S a < p®. What we must 
prove is that for every ordinal » < «x (= ordinal character of X), 


R: g + ax = pw (w CX,, 7g + ax) = pu) 


implies that g + az is of height s in X"-X,, mod X"-X,4:. This will certainly 
be true whenever » < A = 7(x) or whenever a = 0 for then in either case 
ax = 0 mod X"-X,4; and we know that X"—' zs perfect, by the induction. It 
will hold, also, when » = A and a = O(p*). For in this case g = p'g’ + 
g”’ (g’ CX, g’’ C Xy41) by the induction, and ax = p*(a’x) for some integer 
a’ 2 0, so that g + ax = p*(g’ + a’x) + g’’. To conclude the argument we 
shall show that the relation R leads to contradiction in all other cases. 

In all other cases let 7 be the largest integer such that a = O(p’). Since in 
any event 0 S a < p’ and a = 0 is now excluded, N—j —120. Let us 
multiply R by an integer bp’, 0 < b < p, so chosen that abp' = 
p*\(1 + ap). Now since p¥x C X*"' and p*—'z = z’’, R takes the form 


R: G+ 2% = ptr w, wcxX;h. 





*S It will be kept in mind that we supposed X*—1 C X*, YA CY*. 
_ '* The a priori possibility that we cannot find such an element in X but could have found 
it in Y will evaporate with the conclusion of the argument. 
, a Throughout this and the next sections, g, g’, g’’, --- , will invariably denote elements 
Oo rn—1 
*! See Remark, footnote to §7. 
* This will be very important for “convergence,” §7. 
_® This is the only point at which the possibility that there are elements of different types 
“interferes,” in an essential way, with the argument. 
* The reader will remember that g, g’, --- , always denote elements of X*~1. 
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We see at once that u > 2 violates the choice i) above. But if uw = X, then 
s — j — 1 = 0 and this violates the choice of N in accordance with ii). There- 
fore X” is perfect. 

7.3. Since X"—! is perfect and contains p¥zx it follows that p¥x = p%go + g” 
where go C XX". X) and g’’ C X""!-Xy41. Let € = x — go, and let 1, --- , 2, 
be elements of X”~! belonging to independent generating cosets of the difference 
group X"-!.X, mod X""!-X)41. Then a, ---, %m is a A-set by the lemma 
of 6.4. Now it is easy to see that every element of X” is expressible uniquely 
in the form g + az, 0 < a < p” because it is trivial that p’—'z E X"—. But 


now the argument of 7.2 shows that 2, --- , 2m, Zis a \-set with p” as the order 
of @ mod X,4;. This may be verified quite easily by replacing xz by Z in that 
argument. 


7.4 Let yi, --- , Ym be the elements of Y"~' corresponding to the x; above. 
Then they form a \-set by the Lemma of 7. Now since o(X) = a(Y) it is clear 
from the principal lemma of 6.3 that there must exist in Y an element y of order 
p’ mod Y)4: such that y1, --- , Ym, yisaA-set. Let y’ = p¥y C Yy41 and let 
v’’ be the element of Y"-! corresponding to g’’ above. Then y’”’ C Y 4; also 
and there must exist an element y’ C Y) such that p¥*1y’ = y’’ — y’’. Let 
9=y+ py’. Then pg =y.”’ Finally, let Y" = [Y"", 9]. 

Let us verify that every element of Y” is expressible uniquely in the form 
y+ag,0<a<p*,y CY". For this we need to show that 7 = p™' gE VY", 
Suppose it does belong to Y"~! and let g be the element corresponding to it in 
X"", We know that yi, --- , Ym, J is a A-set, by the first lemma of 6.2, where 
yg is of order p® mod Yy4;._ Therefore 7 is of type \, which implies that @ is of 
type A. On the other hand it is clear that pg C X""-X)41. It follows, by 
our choice of the z;, that there must exist a relation 


AG + ati + --- + Antm = 0, mod X""!. Xy41, 
where 0 <a <p. This implies the corresponding relation: 

acy + ayi +--+ + GnYm = 0, mod Y*"!. Yy41. 
But this is impossible because yi, --- , Ym, J is a \-set and the coefficient of 7 is 


agp’' & O(p*). 
Now to show that Y” is perfect we can follow faithfully the argument of 7.2. 
If we do this we will be led, in the last lines, to a relation of the form 


a 


R: 4+ pr = p"*-+"9, wCcy,. 


Here, » = \ contradicts the fact that y1, --- , Ym, 9 is a A-set in which y is of 
order p” mod Y,,1, since we know that 7 can be expanded, mod Y)41, into a 
form in the y;,7 = 1, --- , m (here ¥ is the analagous element to g of 7.2). 
7.5 It is obvious how we shall construct the isomorphism J,,: if y and g corre- 
spond under J,_1, let y + ay correspond to g + az for every a,0 S a < p”*. 
Now it is trivial that this correspondence is an isomorphism and that it ‘“ex- 


tends” J,-1. That it preserves types is also obvious on the ground that the sum 
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of two elements of different types must be of the lower type, while the element 
g + ax (y + ay), is certainly of type \ whenever g, (y), is.* Then our induction 
is completed. It is clear that this induction cannot exhaust one group before 
the other at any finite stage. If it breaks off at a finite stage, then both groups 
are isomorphic. We may suppose the groups not finite. 

7.6 Let us now suppose, for the moment only,* that we have constructed 
the groups X" and Y", n = 1, 2, --- , in some arbitrary way, and let X* = 
[X1, X2,--- ,] Y* = [Y¥', Y?, --- ].. Then X* and Y* are isomorphic. This is 
quite clear, for if z C X* there is a first X" which contains it and we set zx in 
correspondence with that y of Y" C Y* which corrresponds to it under the 
isomorphism J,. It is trivial that this gives an isomorphism. 'To complete the 
proof of the theorem we need merely show that the groups X", Y” can be chosen 
in such manner that X* = X and Y* = Y. It is this which we have termed the 
“convergence.”’ It is quite easily effected. 

7.7 Let us enumerate all the elements of X: 2, x2, ---,andof Y: yi, yo, --- 
Now suppose X"~! and Y"~' constructed forsomen 2 1. Then if n is odd, let the 
element z of 7.1 denote the first element in the fixed enumeration of X which 
does not belong to X"“'. If n is even, let z denote the first element in the 
enumeration of Y which does not belong to Y""!.” In either case perform the 
construction of 7.1. Now do this for every n. The group X* determined in 
this way coincides with X, the group Y* with Y. 

The argument is symmetric, let us show X* = X. If it does not, there is a 
first element 2; in the enumeration of X which is not an element of X*. Let n 
be odd and large enough so that X""!D 2z;,i < k. Then at this point z in 7.1 is 
the element z;. Now if p™” is the order of x; mod X""', the group X" con- 
structed in 7.1 will contain p“—'z;. This is the last remark of 7.1. But then 
it is clear that X"+2” will contain z;.2% The contradiction completes the proof 
of the Fundamental Theorem. 


8. THEorEM.” Jf H is a reduced (primary) group, any automorphism of H, 
can be extended to an automorphism of H, where v is any ordinal not greater than 
the ordinal character of H. 

For the extreme values of v this is, of course, trivial. 

To prove the theorem we prepare two “copies” X and Y of H, and show that 
an isomorphism X, <> Y, can be extended to X and Y. The proof of this coin- 
cides with our proof of the Fundamental Theorem with this modification. In 
the induction of 7 take X° = X, and Y® = Y, and the isomorphism J to be the 
given one above. The condition that X"—, Y"—! are finite is replaced by the 





* This is clear from the arguments above. 

26 See 7.7. 

*7 It is quite unessential that the argument of 7.1 is stated in terms of X and X"~'. 

** This is not the closest fit. 

** This is not a consequence of Ulm’s theorem, but it also follows with no difficulty from 
his method of proof. 
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condition that the difference groups X"-! mod X, and Y"— mod Y, are finite. 
Now the entire argument follows as before if we can show how to find an 
element z2’’ (in 7.1) with properties i) and ii). But here, if gi, --- , gm denotes 
any complete set of elements of X"—! which are incongruent mod X,, this set is 
finite and for this restricted set an element z’’ does exist: z2’’ = z’ + g*, g* 
some g; (see 7.1). 

Then all that remains to prove is that z’’ satisfies i) and ii) for every g C X"—". 
Now observe that 7(z’ + g) < v for every g.* Otherwise z’ + g CX, CX" 
and z’ C X*! which is impossible. Therefore 7(z’’) < v. Then it follows 
that if g C X,, r(z’’ + 9g) = 7(z’’). From this it is clear that z’’ satisfies 7) for 
every g. Now if z2’+9*+ 9 = p*x’, where g CX, and x’ CX), A = r(z’’) <», 
it is clear that z’ + g* = p*x’’, where x’’ C X,. For g is of infinite height 
in X,. But this contradicts our choice of the integer k for the element z’’ of 
finite height in X,. This established, we may follow the remainder of the proof 
above without further change because hereafter we use only the fact that X"— 
mod X, is finite for every n. 


9. Existence Questions. Suppose we are given a system o of sequences 
a(A), A = 0, 1, 2, --- ,w--- , wheredA < « of the first or second ordinal class, 
and o(A) = o(A; 1), o(A; 2), --- , each o(A; N) being zero, a positive integer, or 
plus infinity, subject to the following conditions: 


i) for every \ < x, at least one o(A; N) ¥ 0 


ii) for every A, X + 1 < «x, and any integer n there is an N 2 n such that 
a(A; N) + 0. 

We shall construct a group H for which o(H) = o. We shall obtain H as the 
difference group of two free groups, the first being the group of all finite linear 
forms in a countable sequence of marks, 21, 22, --- , Zn, --- , the second a well 
defined subgroup. We shall formalize H by an infinite “‘square”’ matrix. The 
n* column of this matrix will stand under the mark z,, and above this mark we 
shall write a symbol \,.. On the diagonal below it we shall write a Symbol p*". 

Now we can certainly choose ordinal numbers \,, and integers s, = 1 such 
that if we are given any ordinal \ < « and any integer N = 1 then the number 
of base marks x, whose \, = A and s, = N is exactly the number a(\; N). 
This follows from the observation that if we regard each o(A; N) as a set con- 
taining o(A; N) elements, then the totality of elements in all these sets is 
countable. Now for the construction of the matrix we shall agree that all 
“codrdinates”’ above the main diagonal will be zero. 

Let us construct the first column. If A; = 0 all “‘coérdinates” bi, where 7 > 1 
gives the row, shall be zero. If \; # 0, then by condition ii) we can find a 
sequence of ordinals An;, Ang --- , With corresponding diagonal exponents 
Snj < Sng < +++ Such that if 4; has no predecessor, then An; < Ang < +--+ and 
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these converge to Ai whereas if \; is of the form \ + 1 then every A,,; = X. 
Now take those coérdinates b;, to be 1 for which n is one of the numbers 
Ny, 3, *** y Namy1, +++ and take all others to be zero. Now let us put some 
warning signal over the diagonal numbers which now have a 1 to the left of 
them to tell us that the remaining coérdinates shall be zero. If we take into 
account only those z,, » > 1, which have no warning signal below them, and 
if we read a formal signature from them, we see that this “signature” will 
have the properties i) and ii), possibly for a “lower” x. Then it is obvious 
how we shall continue the construction. The group H will be the difference 
group by the subgroup of ‘relations’ corresponding to rows of the matrix. 

The proof (inductive) that o(H) = o is tedious without being difficult, and 
will be omitted. We may remark that the matrix which we obtain is formally 
simpler than the corresponding canonical form of Ulm. First, the rows and 
columns are simply ordered. Second, each row has at most two non-zero 
coordinates. The conditions i) and ii) above are easily shown to be necessary. 


10. THroreM (Priifer). A necessary and sufficient condition that a group H 
shall be the direct sum of finite cyclic groups ts that H, = 0; i.e. every element of H 
is of finite height. 

The necessity follows from the fact that if H = >> © [z,], every element of H 
is a unique form >>% a;2; where each a; is reduced mod the order of x;, and the 
height of such an element is precisely the highest power of p which will divide 
all the a;. 

The sufficiency follows from the construction in 9, since in this case all non- 
diagonal coérdinates are automatically zero. 

CoroLLary. The number o(0, N) of H, Hi = 0, is the number of groups of order 
p’ in any decomposition of H into a direct sum of finite cyclic groups. 

By the construction in 9. 

CoroLLary. For a general H, H; ¥ 0, o(d; N) is the number of groups of order 
p’ in a similar decomposition of the difference group H, mod Hx. 


11. THrorEM. A necessary and sufficient condition that a given group H be 
expressible as the direct sum of groups isomorphic to given groups H', H?, --- , ts 
that 


o(A; N) = > (A; N) 


where the left number is computed in H, and o:(d; N) is computed in H‘. It is 
understood that if one side is infinite the other must be also. 

This is an easy consequence of the fact that if H = H’ ® H” then 
Hy, = Hy ® HW and A, = AX @ AY! where these are the corresponding differ- 
ence groups mod Ay41, H;4,, and H%’,, respectively. 
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I. Introduction 


1. Let lh, 12 --- be a strictly increasing sequence tending to infinity and let 
1, = 1; when i occurs in any formula it is to be regarded as zero. Let b Bey an be 
any infinite series and, 


A*(w) = 2, an(w — I,)* 


ln So 
where w > O and x = 0; when « = 0, A%(w) is usually denoted by A(w). When 
x > 0 it is easily proved that 


A*(w) =k [ A(t)(w — t)*—' dt, 


which, if multiplied by aut is the Liouville-Riemann integral of order x, 


of the function A(w). With this notation, the following theorems are known. 





TuroreM (A).! Let —)- = O(I*) wherea +120. LtO<r<i 
n — ln—1 
and B > 0. Let A’(w) = Sw" + 0(w*) where S is a constant. Then 
_ge ar + B 
A (w) S=0 {. a4 F 


THEOREM (B).22. Let p > 1. Let the sequence (a,) satisfy the condition 


(X,) Dy lel? (—-) (, — 1) = O(l,). 


v=1 


If A’(w) = lw + 0(w), then AWw) =1+o0(1), asa ~. 





tk. Ananda Rau, “On the convergence and summability of Dirichlet’s series,’’ Proc. 
Lond. Math. Soc. (2) Vol. 34, part 6, pp. 414-440. The theorem quoted is theorem 4 of this 
paper which will, hereafter, be referred to as (A). All the results contained in the present 
paper were obtained at the suggestion of Mr. K. Ananda Rau to generalise the theorems 
contained in his paper when (a,) satisfies appropriate conditions of type (X>). 

20. Szasz, “Uber Dirichletsche Reihen an der Konvergengrenze,’’ Atti Del Congr. 
Internationale Dei Math. Bologne, Tomo. III, pp. 269-276. The theorem quoted is Lemma 
4 (pp. 274) and forms a step in the proof of another result. The proof given there assumes 


ln ‘ 
that — 1. The complete theorem of which theorem B forms a step in the proof, will 





n—l 


be proved without any restriction on the sequence (/,,) in the course of the present paper 


(See Theorem 9). 
100 
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A ‘(w) 


2. Theorem B gives rise to certain remarks. ——— is Riesz’s typical mean 
w 


(i, 1) and the theorem states that the convergence of this mean along with 
condition (X,) involves the convergence of the series }>a,. Theorem (A) states 
the same thing when a = —land 6 =r = 1. If (a,) satisfies the condition 
imposed upon it in theorem (A) with a = —1, then it satisfies (Y,) for all p = 1, 
but not conversely. So (X,) forms a more general condition than the one in 
theorem (A) when a = —1. The question now arises whether, when a + 1 > 0 
and (a,) satisfies appropriate conditions of type (X,), similar results could not 
be obtained for (A(w)) from the behaviour of (A’(w)). The object of this paper 
is to obtain such results and apply them to prove theorems regarding the sum- 
mability of a Dirichlet’s series from the nature of the function represented by it, 
as is done in the classical theorems of Schnee and Landau.* 


3. Section II contains a collection of theorems which are known and which 
are used in the course of this paper. Section III contains the main results of 
this paper. Section IV contains two parts. The first is devoted to prove the 
theorem mentioned in footnote 2. The second part contains theorems of 
Sechnee-Landau type. 


II. Some known theorems 


4. THrorEM(C).4 LetO<rS1 and OSESzx. Put 


(2) = ah i * 6) (@@ — Or dt, 


and 

@, 9 = at [60 @- ord 

o=>-—, t) (x — tt)" dt. 
Then there existsarinO S 7 S & such that 
g(x, £) = 9, (r) : 
Therefore also, 
g(x, ~) = O rer | @,(r) |]. 
Osrs 


THEOREM (D).4 Let r > « > 0 and V(x) and W(x) be two positive non-decreas- 
ing functions defined forx = 0. Let (x) = O(V) and ®,(x) = o(W). Then 
1 


(xz) = 0 \v 27 we. 





* See (A), theorems 9 and 10, pp. 433-38. 

* Marcel Riesz, “‘Sur un théoréme de la moyenne et ses applications” Acta Lit Ac. Se. 
Reg. Univ. Hungaricae (Secto. Sci. Math.) 1 (1923), pp. 114-126. It is to be noted that in 
the definition of ,(x), the condition 0 < r S 1is unnecessary. It is sufficient if r > 0. 
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THEOREM (EF) Lets =o-+ it. Let Dal; be summable by typical means 
(of type ln) of sufficiently high order for o > d and let the function f(s) defined by 


this series be regular foro > » where n <d. Further let x, x’ be two positive E 
numbers such that x’ < « and suppose that for every € > 0, } 
f(s) = OL E11 i 


uniformly foro = n+. Then (f(s)) is summable (1, x) foro > n. : 

TuroreM (F).6 Let A*(w) = 0 (w*t*) where B > 0. Then doanl,® is either : 
summable (l, x) or is never summable (1, r) however large r be, x being greater than 3 
or equal to zero. 


THEOREM (G).’ Leta, 2 0, 6, 2 0 and = + ; = 1. Then 


Re L 
(Sia, B,) < (Ya?) (D063) . 
III. Main theorems 


5. THEOREM 1. Let the sequence (a,) satisfy the condition, 


(Y,) = la, |? (+) (l, — 1,1) = Ofl2"et8)+1] 


v=] 
where pp > landa+1+41/p2038 Then (an) satisfies (Y;,) for all po such that 
1< psp. Therefore if (Y,) is true for some p = 1 and not true for all p = 1, 
then there is a finite \ such that (Y,) is true for p < \ and (Y,) does not hold for 


p>. 
Proof. Let « > 0 be such that p —¢« 21. Then using theorem (G), with 





P - for p, we get, 


p—e 
n L ‘ious 
yy bet 
y —— by—] 


v=1 


n 1, p—e p—e £ 
aed ; ; | a, | > (, 1 .) (1, — La) P ” (1, ria 1,1)? 
1 yo by— 


{Siar py ova} [Sa -no} 


1 














5 See Hardy and Riesz. ‘‘Dirichlet’s series,’’ Camb. Tracts No. 18, theorem 41, pp. 


53-54. 
® See (A), theorem 3, pp. 442. The assumption 8 > 0 may be replaced by R (8) > 0 


where R (8) is the real part of 8. 
7 Known as Hdélder’s inequality. 


w 


Sey spat 3 


1 
8 If (Y,) holds fora +1 ae < 0, obviously all the a, must be zero. 


RSS 2 Oe 





De 











4 
e 
§ 


, 
i 


‘ 
ae 
vd 
a 
oe 


PO EMINENT 





TAUBERIAN AND SUMMABILITY THEOREMS 103 


oa o} jin(atiys12—+5t ) by (Y,) 
a O{tte—eXet1)+1} - 
Ifa = —1, (Y>) reduces to (X,). 
TueorEM 2. If (a,) satisfies (Y,) fora p = 1, than ye [,* ts absolutely con- 
vergent foro > a+ 1,wheres=o+tt,anda+1 +4 : > 0. 


Proof. If. (Y,) holds for a p = 1 it holds for p = 1 by theorem1. There- 
fore we have on = b |a,| 1, = O(%t?) ... (Yi). Now 


pe | a, | r = b> | a, | ia 
1 v=1 
n—1 
- z ar + o,tvett)® 
v=1 
ad ly+ d . 
_ — (.. g-e-l —(e+1) 
-def, ae x ) dx + onl, 
O >> [z*? fo 2d sicsoted b (Y;) 
=3 a ‘ . x z+ n i’ y 1 
ly, 
= 04 | gttt.g-7-* dz + om), sinceea +2>0 
ty 
ln 
off emside tgeeo} 
ty 
= O(1) 


provided o — a > 1 that iso > a+ 1. Therefore the theorem is proved. 


THEorEM 3. Let —“" = O(l%),a+120. Then (az) satisfies (Y,) for 


l, — Rant 
all p = 1 and therefore this case may be considered as corresponding top = ©. 
Proof. We have, 


| a, |” 


r-c yp O(I2?) . 





° ATn = Ln — Ing. 
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PNET ARI se: 


Therefore, 


Sa (> a =)  — by) 


v=1 


= (>) petty) (y, =) 


ey 





= Of12'*+2)*1}  sincea +120. 


Therefore the theorem is proved. 


6. THEorEM 4° Let >>? a, be an infinite series. Let O<rS1,p>1 





and 5 +7 = 1, so thatq > 1. Let (an) satisfy (Y,) in whicha + 1 2 0. é 
q 
Let, A’(w) = Sw” + 0(w*) where B > 0 and Sis a constant." Then, 


{ se se 
Aj) —S=Olw *t1/a ; 


Proof. Case (i). LetB >a+r+1. Then, 


@nar 
Pp Y 








(1) i >at1l20. 
r+} - 

q 
Now, if (Y,) holds, so does (Y;). Therefore, 
(2) on = >, |a,| 1, = O(I%*?). 

1 
Then, 

A(w) = 2 a, | = » | a, | supposing I, S w < Inu 
zw 1 
n—1 


s lati = Doar te 


n 


i oS cof -% sat by (2) 


In 
=04/ de $i), sincea + 2 >0 
l 


1 





10 See theorem (A) and footnote (1). The method of proof is the same as in (A). 4 
11 The constant S may be supposed zero without loss of generality. Otherwise we have |~ 
merely to replace a; by a; — s. This will be supposed to have been done throughout the 
remainder of the paper even though in the statement S will be retained for form’s sake. ; 


> 
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(O(it*!) ,ifa+1>0 


3) , 
( O(log l,) , ifa +1=0 


Therefore using (1), the theorem in this case, follows from (3) since 1, < w. 


1 ' 
(« + ‘), + B; q 
Pp 


r+ 1/¢ 
If the theorem is untrue, there is a 6 > 0 such that one of the nana (a) 
A(w) = 6w*, (b) A(w) S —éw* holds for an infinity of values of w tending to 
infinity. We shall prove that either of these suppositions leads to a contradiction. 
B—a—1/p 
r+ ily 
so that \ S$ l since B Sa+r+1. Let mbesuch that l, Sw < Imi. Let 
x = Im and Imin S © < Imsngs1. Moreover let x S 1, + Hw* where H is a 
constant which will be fixed later. Further let K denote an unspecified con- 
stant which is independent of m, x and w but whose value need not be the 
same in the different places where it occurs below. 


Now.” 


| A(x) — AQ) | = |@myi + +++ + asa | 


1 

s> 1 = 

| ames | (ss as -) (Um4+» me bnt-r—1) ‘ (Ims-» aa Im4»—1) 4 
inte 


l mt+v — hato~s 





Case (ii) 8B Sa+r+ 1. We suppose S = 0." Let p = 





For example, let A(w) = dw? for a sequence ofw— «. Let \ = 





1 


= s | ams |? (J _— ond 


a. m+y —— | 





1 
x {> ln+y — pis , by using theorem (G) 


I? 4. v 





jati+~ 1 
s K =th? (¢ — Le in virtue of (Y,) 


m+1 
a+ 4 
S Kw P (x =— In) 4 


since lm Sw < mya, a+ 1+ i >a+120,andr <1. The constant K 
Pp 


above depends only on a, p and the constant involved in the O-sign of (Y>) 
but can be supposed to be independent of H which will be chosen later to be at 


any rate <1. Therefore, forl, < x S lm + Hw, 


1 1 
(4) A(x) = dw — Kw"? (x — Im)4. 





* A(x) — A(w) = Oif Im S 2 < Imy1. 
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Therefore," 
lmtHw* 
/ A(z) (Im + Hw* — x)? dx 
bens 
A\r 1 i 2 
z jue Tle ) w Ke”? (Hw) _ 
r 1 

(5) -* w(§ — Kr) 


using the values of \ and p. 
Now, by hypothesis, 


At) =r [s@ (w — x)" dx = o(w®). 


Therefore, 
oie A(z) (In + Hw — x) dx = 0{ (ln + Hw*)*}. 
But 0 < r S 1 and therefore using theorem (C)"“ with ~ = lL, we get, 
[o4@ (In + Ho — 2) dz = of (Im + Hw}. 
Therefore, 


Hw 
/ mt#°" A(t) (Im + Ho® — 2)“ dz = of (In + Ho} 
1 


m 


(6) = 0(w') 


since l,, S w,AX\ S lands > 0. 
Comparing (5) and (6), we get, 


(7) a (5 — KrHa) = o(1). 


1 
Now H is at our disposal. Choosing it so small that 6 — KrH2 is positive and 
then fixing it, we see that according to (7), a positive constant independent of w 
tends to zero as w increases to infinity through a sequence of values. This is 
clearly impossible. Similarly the case A(w) S —éw* for a sequence of w-—> © 
may be dealt with. 
Therefore the theorem is proved. 





b 
13 We use the fact that (x -- a)! (b — x)™ dx = (b — a)itmt re + het 
r(l + m + 1) 





pro- 


a 
vided /+1>0,m+1>0O0andb>a. 
14 A(x) and A*(x) are related to each other in the same manner as ¢(x) and @,(z) in 


theorem (c) except for constant factors depending on r only. 
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TueorEM 5. Let (an) satisfy (Y,),p >1landa+120. Let A’) = 
So +0@),0<rsl. LtOS« <r. Then, 


(a+1)r 


(i) A) 8 = ofe"™™ | (ii) 


(a+ 1) (r—«)) 


r+1/q | 


Proof. Let 8 = r in theorem 4. Then we get the first result. Now let 
0<x<r. Sincea-+ 1 2 0 the functions occurring in the o-signs of A(w) and 
A'(w) are positive and non-decreasing. Therefore we can use theorem (D). 
Thus we get 











= —-S= de 
w f 


(a+1)r 
———(1—«/r)+r-«/r 
+1/ 
A*(w) =0 {, oe S 
that is, 
(a+1) (r—«)) 


A*(w) ~ hind c 


w* 





Here,” as usual, S = 0. 


7. Remark on theorems 4 and 5. Theorem 4, and consequently theorem 5 also, 
has been proved under the assumption p > 1. If p = 1, the proof breaks down. 
If we look at the proof of the theorem 4 case (ii), we can easily verify that the 
inequality (4) and therefore (5) as well hold with p = land 1/q=0. This may 
be seen from the evaluation of A(w) in case (i) theorem 4. If we are to derive 
the same conclusion from these inequalities for the case p = 1 as when p > 1 we 
must be able to choose K so that 6 — Krshould be positive. This is possible only 
if the o-sign in (Y,) were replaced by the o-sign. Therefore, if this change be 
made in (Y,) when p = 1, the theorems 4 and 5 remain true when p = 1 as well. 
This modification in the condition (Y,) will be supposed to have been done when 
p = loccurs as a possibility in the hypothesis. 


8. THrorEeM 6.° Let (an) satisfy (Yp) forp = 1. Let A’(w) = Sw’ + 0(w’) 
where ris not restricted to be less than one. Let «€ > 0 be arbitrarily small and 
0S«<r. Then, 


(tty... AX( ) | (et+1)(r—«),, 
(i) A@)—S=o0 . nee . (ii) ~ —S=o0 \ a | 
w 


\ 








-. = 
— + _- 1, it being understood * = Oifp =1. 





* In case a + 1 > 0 the S may be omitted in the conclusion even if it be not zero in the 
hypothesis, since S = 0 (w"), if 7 > 0. 

‘* This theorem corresponds to theorem (6) of (A). It may be noted that when (a,) 
satisfies the condition of theorem (A) quoted at the beginning, (a,) satisfies (Y>») for all 
p21 by theorem 3. Hence taking p large we can make gq > 1. But since « is arbitrary 
we can actually replace g by one in this, and hence theorem 6 of (A) is seen to be a partic- 
ular case of theorem 6 above. 
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Proof.” As usual S = 0. Let 1 and m be the lower limit of values of \ 


such that A(w) = o(w), — 


A(w) = 0 (wt); also A’(w) = 0 (w") by hypothesis. Therefore by theorem 


o(w*) respectively. Then we have, 


(D), m S (I + e) (1 — ‘) and since ¢ is arbitrarily small, m S i(1 _ ‘) 


Therefore 


A'w) _ 0 {wll-nte} 





; 1 ; , 
and so using theorem 4 with r = 1, 8 = (1 — ‘) + 1-+ ewe get since eis small, 


(+2) 4-7) 41 
p r 


q 








Ls i ; 
t+: 
that is 
11 
= = Sa+l ao fe. 
q q 


which proves the first relation as 1 is the lower limit of values of \ for which 
A(w) = 0 (w). The second follows by the use of theorem (D) as theorem 5 


follows from theorem 4. 
Lemma 1. Let bn, = Gnl,’. Let (an) satisfy (Yp) for a p21. Then (b,) 


satisfies (Y,) with a — y in place of a, provided a —-y+1+4+ ; > 0 as well 


asa+1+4 , 20 
Proof. By hypothesis, 


PI (a) A 


Therefore, 


\ L, P 
G= lol ( Vat 


v 


l3 





it 





17 The method of proof is due to Mr. Bosanquet. 
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n 


. a, |?(—>§ Ya 1) 
| of l ae . v v—1 y 


v=1 ai 


n=—1 


pd H, Als’? +H, Iz” 


v=1 


* 


fst, y+ 
01>) peru | | < fue x7?) az | }- 1” a-y +i)+a | . by (8) 
1 ty ; 


In 
a: ‘| gr(a—rt) dr rm oon 
— n 

li 


n(a—y+1)4+1 
= 0 fate reas 


in virtue of the conditions imposed on aandy. So the lemma is proved. 
THEOREM 7.8 Let (an) satisfy (Y»), p21. Let >oa, be summable (I, r). Let 
0<x<rands=o+it. Then ><a,l,° is summable (I, x) for 


s> GED -») 


1 
r+- 
q 





provideda +120. 





Proof. Let p = e+) ¢ — ) By hypothesis; A’(@w) = o(«"). There- 
r+ ; 
fore, by theorem 6, A*(w) = 0 (w*t#t*), Since a + 1 = 0 we haven + € > 0 
and so )ca,l,“*® is summable (I, r). Therefore using theorem (F) we see 
that oa,l;“*® is summable (J, x). Since ¢ is arbitrary, the theorem follows. 
THEoREM 8. Let (an) satisfy (Y,») for p = 1. Let Doanl,7 be summable (1, r) 
where y is real. Let s = 0 + it andO Sx <r then Doanl,* is summable 


(1, x) for 


(a + 1) (8) +(e +2) 
o> g 


19 





1 
Tr — 
+; 





* If 0 < r S 1 we can use theorem 5 and assert summability (I, «) foro = uw itself and if 
a+1>0fors = » + it as well (see footnote (6)). 
'® It is to be noted that no restriction is here placed on 7. The only restriction on a is 


1 
thata +14 : 2 0 since otherwise all a, = 0. 
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Proof. Case (i) Leta —y+1<0. Let 


(@+0) 0) +2(« +2) 





= 








1 
a a 
To 
Then 
rae RE 8 ng 4-4, 
‘_e 
q 
since 1 >—~ 2 Oanda—y +1 <0. Therefore » > a@ + 1 and con- 
r+ - 
q 


sequently by theorem 2, >>a,/;" is absolutely convergent and so summable (I, «) 
forx 20. Therefore foro > u, the series is summable (J, «) for x = 0. 


Case (ii). Leta—y+120. Thena—y+1+4+ : > 0 and by hypothesis 


a+l1l-+ , = 0. Therefore if b, = a,1,’, (b,) satisfies (Y,) with a — y in 


place of a by Lemma 1 and since a — y + 1 2 0 we can apply theorem 7 and 
conclude that 


> bal” (s’ = o' + it) 


is summable (I, «) for 
> @H ITED = 8) 


1 
r+- 
q 





Therefore >>a,1;° is summable (I, x) for o > o’ + y, that is for 


@+ DG —0) +2(« +3) 





o> i 
r+- 
q 


IV. Part 1 


10. THrorEM 9.” Let f(s) = > anes where the (an) satisfies (Yp) with 
a = —1 that 18s, 


(X,) > lool (E-Y @ - 19 = 000 


20 This is the complete theorem mentioned in footnote (2). See (Satz E) of the paper 











quoted there. The theorem is proved there with the restriction be — 1. No such re- 


n-1 


striction is placed on I, in the above enunciation. 
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where p = 1, so that f(s) converges absolutely for s > 0 (s is supposed real and 
positive here). Let f(s) >lass—0. Then doa, is convergent. 

The proof of this theorem is based on the following lemmas. 

Lemma 2. If (an) satisfies (X,) and f(s) = O(1) as s > 0 then A(w) = O(1) 
asw me, 


Proof. If (X,) holds, so does (X;) so that we have 
(9) on =), |a,|1, = O(l,). 
1 


Let 1, Sw < Ung. Then, 


i] 
> De a,e~” 


n+1 


| 406) — Al) | S| Lala — ™) | + 











(10) 
= 8; + &, say. 
Now, ifs >0,1—e7 <2. So, 


(11) IS.) ss>]a11 S Ksln. 
1 


Also 





= —lys ras —lys 
wal é e 
|S.|s >) (a, = 0-1) € a > >) «af -) 


n+1 n+1 


the transformations employed being valid, since ¢, = O(l,) and therefore 


—0 as y— © 





for every s > 0. 





Therefore, 
d es 
| Se | sk+K[" «i (- : ) ae 
- dx 
< K{1 +f e~*= (1 + sz) = 
(12) sx{i+ | vt yh. 


Combining (11) and (12) we get since 1, S «, 


(13) | f(s) —_ A(w) | S K {us + 1 + [oa + y) = 


Taking ws = 1 so that w > © as s—> 0 we see that f(s) — A(w) = O(1) and 
therefore A(w) = O(1) since f(s) = O(1). 
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Lemma 3. If A(w) = O(1) and f(s) = )o ane’ las s 0 then - l 


as w— ©, 


Proof. Wemaysupposel = 0. Since A(w) = O(1) we have, 
f(s) = Dae = sf aw edt, fors >0. 
0 

So we have, 

sf aw e-** dt > 0 as s— 0 and A(w) = O(1). 

0 
Consequently, using Karamata’s method” we get, 
8 [ A(t) e—* g(e-*) dt > 0 as s > 0 

where g(x) is any bounded R-integrable function inO0 < <1. Taking 


(2) =0in0 Sa <etand g(x) = inets2S1 


A 
IA 


and putting s = 2 we see that g(e-) = e* in OS w and g(e-*) = 0 in 


t>w. Therefore 


| A(t) dt 0 asw— 


0 


that is, 
A'(w) 
® 


Proof of theorem 9. Since (a,) satisfies (X,) and f(s) ~ 1 as s — 0 we can 
apply Lemma (2) and conclude that A(w) = O(1). Then using Lemma 3, we 


see that 


—Oaswoonw, 





—lasw-o, 





A’(w) 


Now we can use theorem 4 with r = 1, a = —1, S=l1. So we get Aw) = 
1 + o(1), that is A(w) > 1 as w— © which is equivalent to the statement that 


zz. a, converges. 





21 J. Karamata ‘Uber die Hardy Littlewoodschen Umkehrung des Abelschen Stetig- 
keitssatzes,’’ Math. Zeitschrift Band 32 (1930) pp. 319-20. 
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Part 2 


11. THEoREM 10.” Suppose that for every 6 > 0, (a,) satisfies the condition, 


¥ (6) Diep (7) @ -bo = 00 


v=1 


where p = 1 and as usual 
tx = 
Se oe oS 
p “i q 


Let the function f(s) defined by the series >~ a,l;* which converges absolutely for 
o > 1% (s = o + it) be regular foro > n, and suppose that there is a number r such 


that 
f(s) = Ol|t|’] 


uniformly for o = n + «, r being positive. Then p » a,l,,° is summable (1, x) where 
0 <x <r, for 








n 
deat _— 
o> Sm ‘. 
r+ - r+- 
q q 


Proof. Let ¢ > 0 be arbitrarily small. Then f(s) satisfies all the conditions 
of theorem E with x’ = r,x =r+e. Therefore we conclude that >> a,[;"*® 


is summable (J, 7 + «). Moreover (a,) satisfies (Y,) with a = 7 80 that 


atl+s tanto ee 





(see footnote 19). Therefore we can use theorem 8 with y = 7 + e andr + e 
forr. We thus see that >> a,J;* is summable (I, «) if 


(142)o+e-otG+o(« +3) 


1 
or? s 





o> 





* This corresponds to theorem 9 of (A) which is itself a generalisation of the original 
Schnee-Landau Theorem. 


, re 5 6 
* Condition. Y,(5) is (Y,) with a = - and so the series converges absolutely for ¢ > 1 + > 
p 


by theorem 2. Since 8 is as small as we please, the series converges absolutely for o > 1. 
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But 4, € are as small as we please. So the series is summable (1, x) if 


1 n 
roetalet i) ort? 1 - 











woe 1 rare amie: 
i - r = r oe a 
” q ” q q 
In particular the series converge for 
r+ : 
¢> : ‘ 
r+ - 
q 
THEOREM 11. Let (a,) satisfy the condition 
Z,(6) D> Ia, P20, — 4) = oe***) 
1 
for every 6 > 0. Suppose further that the sequence (l,) is subject to the condition 
(L) ; = = O(I") where h = 0. 
nm —— Un—l 


Suppose further that the function f(s) defined by the series >. a,1,° (which will be 
proved below to converge for o > h) satisfies the conditions of theorem 10. Then 


 % a,,l,,* is summable (1, «) for 








hr + : 
o> 1 «A= 3 (OSx <n). 
r - r - 
ad q t q 
Proof. Let 
b, =a,li, 
Then, 





> |b? ( +) (, — 14) = >; Ja, [P20 124 (1, — =) 
= 0 >, 1a Pe@, — 7) 


v=1 


= O(1?*'**) by (L) and Z,(8) . 





4 Z,(6) is the direct generalisation of the condition imposed on (a,) in the original 
Schnee-Landau Theorem. The sequence (/,) also satisfies (L) in the original theorem. 
If a, = O(12) Z,(6) is satisfied for all p = 1 and so as in foot note (16) the original Schnee- 
Landau theorem may be obtained as a particular case of Theorem 11 by putting g = 1, 


p=, 
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Therefore (b,) satisfies the condition of theorem 10. Consequently 
> b, U5" = F(s’), s' =o’ +it 


is absolutely convergent for o’ > 1 and therefore >> a,I;," is absolutely convergent 
foro >1+h—1=h. Moreover F(s’) is regular for o’ > » + 1 — Asince 
f(s) is so, for o > 7 and F(s’) = O[|t|'], since f(s) satisfies this relation. So by 
theorem 10, >, b,,;°’ is summable (I, x), 0 S « < r for 








n+1—h 
, x q 1 — (7 +1 — h) 
o > 1 —K- i ; 
a2 '? > 


Hence >> a,/,* is summable (I, x) for 


hr +7 


Pa 
3 





—K-. 





¢> 


= 


r+ - 


Qi 


q 
12. Example. First, let 
y(s) = ]—~- —?2?- + ot ae aw ae (1—2!-*) ¢(s) 


where ¢(s) is the Zeta function of Riemann. Then y(s) has the same u-function 
as ¢(s) so that if the latter be denoted by u(c) we have u(o) = § — o foro < 0 
so that, 


(14) a 
Co 


Now construct a Dirichlet’s series as follows. 
(i) f(s) = Za,l,’ ; (ii) l,=n 
(15) (iii) a, = (— 1)"—, if n ¥ a perfect cube ; 





2 
(iv) an = (— 1)""'n’*?” if n = a perfect cube, 


Where p > 1. Then Y,(6) becomes, 


n 


Y,(5) > | a, |?» = O(n?) = O(n?t) . 
v=1 
Now 
(16) f(s) = Danan = Y(s) — ¥(3s) + v(3s _ *) ‘ 
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Let v(c) be the w-function of f(s). Then since it is positive decreasing function 
of o we have in virtue of (16) 


(17) v(a) = 1( 36 —_ *) . 
Pp 
So, 
(18) a ee 
0 


If s = o + zt then, by the definition of the u-function: 
fis) = OL | t | 


and so by applying theorem 10 we get, if o(r) denotes the abscissae of sum- 
mability (1, r) = (n, r), 


(0) +¢ _ -3+- - 


(19) a(x) S — ° < ae 
an 3 
v(o) + : v(o) + : . 
q q 








—- 


CO) 


1 
=) oi 
39 


2 
Now, a, = o(n3*) and using the analogue of theorem 8, with g = 1, (p = ~), 
we get 


(142) ol) -) tel+0) 
(20) a(x) S e <5+ 





7 ee 
vo) + 1 at se ey 
From (19) and (20) we get, 
1 K 2 2 K 1 
21 a ie as has a OE, 
- 3g 3 (3+% i) 3p <° 


(21) shows that the abscissae of summability as obtained by using the result in 
this paper is less than that obtained by the use of analogous results in (A) and 
therefore theorem 10 gives better information than when (a,) is subjected to 
conditions of the type in theorem (A). 
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THE RANGES OF ANALYTIC FUNCTIONS 


By Joserpn L. Doos! 


(Received November 1, 1933) 


Let f(z) be a function analytic for | z| <1. The set of values assumed by 
f(z) in | z| <1, ie. its range, has been the subject of numerous investigations. 
These investigations have been concerned with families of functions, which, 
because of certain restrictions, (such as f(0) = 0, | f’(0) | = 1), have no limiting 
functions, (in the sense of uniform convergence in every closed subregion of 
| 2 | < 1), which are identically constant. Montel? investigated the general 
case of families of non-constant functions having no constant limiting functions, 
obtaining results which contain results obtained by Bloch, Bohr, Fekete, Koebe, 
Landau, Valiron. In this paper, certain more inclusive families of functions 
will be considered which may have constant limiting functions. 


1. Families of meromorphic functions 


We shall need some results which generalize and apply those obtained in this 
subject in a previous paper.’ In the following, if {f,(z)} is a sequence of func- 
tions meromorphic for | z | < 1, and if with each function is associated an open 
are on | z| = 1, we denote by s{f,}, S{f,} respectively the cluster set‘ of the 
sequence with respect to the associated ares and the cluster set of the sequence 
on the ares. The range of a function f(z) meromorphic for | z | < 1 is defined 
as the open connected point set in the w = f(z)-plane assumed by f(z) in | z| < 1. 
The range is said to cover a point set F at least n times if every point in E is 
assumed at least n times by f(z) in | z| < 1. 

THEOREM 1. Let {f,(z)} be a sequence of functions meromorphic for | z| < 1 
and let each function have associated with it an arc on | z | = 1. Suppose that 
there is a point a contained in s{fn} but not in S{f,}. Let D be the domain con- 
taining a and bounded only by points of S{fn}. 

(a) If a is omitted by the sequence, at most one other point of Dis omitted. If a 
cnd any other point of D are omitted, no third point of the extended plane is omitted. 

(b) If a and a second point B° are omitted by the sequence, and if f,(z) assumes a 
point w n(w) times in| z| <1, 

lim sup n(w) = © 


: no 
ifw ¥ a, B, isin D. 





' National Research Fellow. 

* Annales de l’Ecole Normale Supérieure, Series 3, vol. 46, 1929, pp. 1-23. 

* Transactions of the American Mathematical Society, vol. 35, (1933), pp. 433-442. This 
paper will be referred to as “‘T’’. 

* Cf. T, §2, for these definitions. 

* The point 6 may or may not be in D. 
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(a) Part (a) is simply Lemma 4.2 of T. 

(b) If (b) is not true, there is a point y ¥ a, 8, in D, and an integer N such 
that f,(z) assumes the value y at most N times in | z| < 1. We can suppose 
that a = 0,8 = »©,y = 1, transforming every function of the sequence by a 
linear transformation to bring this about if it is not true already. By hypothesis 
f.(z) ¥ 0, ©, forlarge n,n > p. Consider the sequence {¢,(z)}, 


¢n(2) _ [fa+p(2) "+ ’ (n = 1, 2, is ‘) 


choosing one of the N + 1 single-valued branches, as described below. The 
sequence {¢g,(z)} omits the values 0, ©. Moreover if ¢,(z) assumed every 
(N + 1)* root of unity, frp(z) would assume y = 1 N + 1 times. Then 
¢n(z) can be chosen as a branch of f,,»(z) which does not assume y’ = 1. Evi- 
dently a’ = 0 is a point of s{y,}, (where we associate the same arc with ¢,(z) 
as with f,+p(z)), but not of S{g,}. Let D’ be the domain containing a’ and 
bounded only by points of S{g,}. By (a), D’ cannot contain the point y’ = 1 
which the sequence {¢g,(z)} omits. This statement is self-contradictory. For 
there is a continuous curve A in D which joins a = 0Otoy = 1. Let up bea 
point on A so close to a = 0 that the N + 1 values of w}/**! are all in D’ (which 
contains a neighborhood of a’ = 0). Then find the image A’ of that part of A 
between wp and y = 1 in the w’-plane, w’ = w/%+1, by continuing analytically a 
branch of w/**! along A from uw toy = 1. We can choose that branch giving 
vy’ = Lasthe image of y = 1. Thensince D’ does not contain y’ = 1, A’ must 
have a point w’ in common with S{¢g,}. But then A has the point w = w’* 
in common with S{f,}, contradicting the fact that A lies in D. 

THEOREM 2. Let {f(z)} be a family of functions meromorphic for | z| < 1 
and let each function have associated with it an arc on |z| = 1. Denote by s the 
product of all the sets s{f,(z)} for all sequences of functions from the family and let 
S be the sum of all the sets S{f,}.6 Then Sisclosed. Suppose that there is a point a 
belonging to s but not to S, and let D be the domain containing a and bounded only 
by points of S. Then if D,, De are any two mutually exclusive closed point sets 
in the extended plane, neither of which contains a, and such that D, C D, and tf q is 
an arbitrary positive integer, there is a neighborhood Dy of a, depending only on 
D,, De, q, such that if f(z) is in the family, its range covers D, at least q times if it 
does not cover either Do or De. 

If we choose D;, D2 each to contain open regions, we see that a number k 
exists with the property that if f(z) is in the family, its range includes the interior 
of some circle of radius k. 

That S is closed was shown in the note to the definition. If the theorem is 
not true, there exist sets D,, D2. with the properties described, a positive integer 





6 The sequence {f,(z)} is not supposed necessarily to consist of distinct functions. The 
set S is then the set of all cluster values of functions of the family at points of their asso- 
ciated ares, closed by the addition of its limit points. 
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y, three sequences of points {an}, {Bn}, {yn}, and a sequence {f,(z)} of functions 
of the family such that 


fn(2) = Any Yn3 (n = 1, 2, ove) 


and that f,(z) = Bn at most g — 1 times in | z | < 1, where a, — @ and where 
8,, Yn are in D,, D2 respectively. We can suppose that proper subsequences 
have already been chosen, if necessary, so that the sequences {8,.}, {y,} converge, 
to 8, y in Di, Dz respectively. We can also suppose that a = 0,8 = 1,y = ~, 
transforming every function of the family by the same linear transformation to 
bring this about if it is not true already. The sequence {¢,(z)}, where 


Bn — Yn fulz) — An 
Bn — Qn fn(2) = Te 


is a sequence of functions omitting the values a = 0, y = ~, and ¢,(z) assumes 
the value 8 = 1 at most g — 1 times. Associate the same are on | z| = 1 with 
vn(z) as with f,(z). Evidently s{fn} = s{gn}, S{en} = S{f,} CS. Then if D’ 
is the domain containing a = 0 and bounded only by points of S{¢,}, D’ D D, 
andso D, C D’. The sequence {¢,(z)} omits aand y. Moreover a €s{yn}, so 
that by Theorem 1 (b), there is an infinite subsequence of {¢,(z) } each function of 
which takes on 8 = 1 at least g times, contrary to the assumptions made in the 
proof. 





¢n(z) = 


2. Functions with the property K(p) 


In the following, we specialize these results. Let f(z) be analytic for | z| < 1, 
and let A be an open are on | z| = 1. Suppose that f(0) = 0 and that if {P,} 
is a sequence of points converging to a point of A, 

lim inf | f(P,.) | = 1. 
Then if mA = p > 0, f(z) will be said to have the property K(p). The family 
of functions with the property K(p) has the identically constant limit function 0. 
For z" has the property K(p) for every value of p S$ 27 and if |z| < 1, lim z* = 0. 


THEOREM 3. The point w = 0 is the only point common to all the ranges of 
functions having the property K(p), if p is fixed, p < 2m. 

If wo belongs to the range of every function with the property K(p), so does 
the circle | w| < | wo]. For if f(z) has the property K(p), the function Af(z) 
also has this property, if | \ | = 1, so the range of d f(z) also contains wo. Then 
the range of f(z) contains wo/A as was to be proved. Thus either the theorem is 
true or there is a neighborhood of the origin covered by the range of every 
function with the property K(p). But consider the function 


n(2) —e"* n S71 
fe) = = (2) =e, 
e-",(z) — 1’ . 
The function ¢,(z) has modulus 1 on | z| = 1 except at z = 1, and when 
i ¢n(2) | = 1, | f,(z)| = 1, so that | f,(z) | = lon |z| = lexcept atz = 1. 
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Since f,(0) = 0, f,(z) has the property K(p), if p < 27. But f,(z) ¥ e~ so that 
to an arbitrary neighborhood of w = 0 corresponds a value of n such that the 
range of f,(z) does not cover the neighborhood, which proves the theorem. 

TuEoreM 4. (a) If D, is an arbitrary closed point set in | w | < 1, not con- 
taining w = 0 and q an arbitrary integer, there is a neighborhood Do of w = 0, 
depending only on Dy, p, q such that if f(z) has the property K(p) p > 0, its range 
covers D, at least q times if it does not cover Do. 

(b) There is a positive function k(p) depending only on p > 0 such that if f(z) 
has the property K(p), its range covers the interior of some circle of radius k(p). 

(a) The family of functions with the property K(p) is a family to which 
Theorem 2 can be applied. In the terminology of that theorem, w = 0 isa 
point of s, and the set Sis outside |w|< 1. Part (a) then follows at once if the 
set D». is taken as the point «. 

(b) Part (b) is obvious from (a) if we take D; as a set containing an open 
region. The determination of a function with the properties of k(p) as described 
in (b) has some interest. In 7, the results which lead to Theorem 1 of this 
paper can be made numerical. This then yields an evaluation of k(p). An 
evaluation of k(p) could be obtained at once if the theorems of this paper could 
be deduced from the theorem of Bloch.’ Such a deduction would be impossible 
if to every integer n there corresponds a function f,(z) with the property K(p) 
and satisfying the inequality 


QQ —|z)If@|s1/n. 


It is plausible that such functions exist for all n. In any case a proof by Bloch’s 
theorem would not yield the precise information given in Theorem 4 and below. 
It will be seen in §3 how the theorem of Bloch can be deduced from Theorem 4. 
Theorem 4 can be made more precise as follows. 
THEOREM 4’. There are positive functions mi(p, q, 7), n2(p, g, 7) depending only 
on the stated arguments, where m, — nz are monotone non-decreasing in r for p, q 
fixed, 


lim m(p, q; r) =0, no(p, q; 0) > 0, n2(p, q; r) <1-r, 
r—0 


and such that if f(z) has the property K(p) and assumes the value a, 0 S | a| <1, 
at most q = 0 times, the range of f(z) covers the circle | w | S r = | a | except pos- 
sibly for points in | w — a| < | a| m and also covers the circle |w — a| < ne. 

The first part of the theorem is equivalent to the statement that to an arbi- 
trary positive number ¢€ corresponds a number R&,(¢) depending only on p, ¢, 
such that if f(z) has the property K(p), its range covers | w | < R,(e) except 
possibly for points in a circle subtending an angle of magnitude less than « at 
w=0. The proof depends on the following lemma. 





7 This theorem states that there is an absolute constant B > 1/6 with the property that 
if f(z) is analytic for | 2 | < 1, and if | ’(0) | > 1, the range of f(z) contains the interior of a 
circle of radius B. There is even a positive number B’ < B such that f(z) maps some 
domain in |z| < 1 in a one to one way on the interior of a circle of radius B’. It would be 
interesting to prove the corresponding theorem for functions with the property K(p). 
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Lemma. There ts no sequence of functions with the property K(p), for a fixed 
value of p > 0, and sequences {an}, {Bn}, of points in| w| <1,a,—0, 8, > 0, 
where fx(z) omits B, and assumes a, at most q times (q independent of n) and where 








° . An 
lim inf|1— |} >0. 
noo B, 
Suppose the lemma were not true. Consider the sequence {¢,(z)}, 
frlz) ‘npg Bn 
gus) = ———__—. 
An = n 


The function ¢,(z) omits the value 0 and assumes the value 1 at most g times. 
The sequence {¢,(z)} is therefore normal.’ We shall suppose that the sequence 
\f,(z)} has already been so selected that the sequence {¢,(z)} converges uni- 
formly in every closed subregion of | z | < 1 to a function ¢(z), and so that if 
the are A, on | z| = 1 is associated with the function f,,(z), the sequence of ares 
approaches a limiting are A. By rotating the z-plane suitably (the rotation 
depending on n) and by shrinking the ares A, if necessary, we can even suppose 
that the are A, coincides with the are A, for all values of n. 

Since ¢,(0) = (1 _ a) ‘it follows that lim sup | ¢,(0) | is finite. The fune- 


tion ¢(z) is then not the constant ». Let {z,} be a sequence of points in 
|z| < lapproaching a point P of A, and suppose that lim ¢(z,) = wo. 


no 


(i) If w) = © for every such sequence {z,}, the function 1/yg(z) can be con- 
tinued analytically across A, by the Schwarz reflection principle. The result- 
ing function vanishes identically on A and so throughout | z| < 1, contradicting 
the fact that 9(z) is analytic in | z| < 1. 

(ii) There is then a sequence {z,} such that wp is finite. Associate the arc 
A, = A with the function ¢,(z). Evidently S{g,} is the point «. We shall 
show that the set s{¢,} includes the points 0 and 1 by showing that it includes 
the whole finite plane. To every value of n an integer a, can be chosen so that 


| Gan (Zn) = g(Zn) | - 1/n. 


Then lim ¢ga,(2n) = wo, and wo belongs to the set si{¢,}, the strong cluster set of 


the sequence {¢,(z)} with respect to the ares {A,}.° Then the entire finite 
plane belongs to sifgn} C s{yg,}.° That the function ¢,(z) should omit the 
values 0, © and assume the value 1 at most g times is impossible in accordance 
with Theorem 1. The lemma is thus completely proved. 

We can now prove Theorem 4’. The first part of the theorem, that involving 
n(p, q, 7), is an immediate consequence of the lemma, except for the monotone 





* P. Montel, Lecons sur les familles normales, Paris, 1927, pp. 69-70. 
* Defined in T, §2. 
10T, Lemma 4.4, 
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character of m(p, g, 7) in r. If we choose the best possible function for m (i.e. 
the smallest), it is seen at once, by considering Af(z), for \ real, X > 1, that if 
Ar < l, 


m(p, q, 47) 2 m(p, g, 7) - 


If we take a, = 0 for all n in the lemma, we have the second part of the theorem 
(that involving 2), for a = 0. The theorem is then proved completely by 
transforming f(z) linearly to reduce the general case to this one. 

A function with the property K(p) will be said to have the property K‘??(p), 
0<o<7,0 Sq, if the set of those points in | w | < 1 assumed at least q times 
by f(z) has measure not greater than o. 

TurorEM 5. (a) If o < 7, there is a point set ES*’(p) depending only on p, o, 
q and containing some neighborhood of the origin such if f(z) has the property 
K‘)(p), its range covers E\"(p). 

(b) The family of functions with the property K9(p) is compact in the sense that 
it is a normal family which contains all its limit functions, if ¢ < 7. 

(c) If 00 is the lower limit of the values of o for which the family considered in (b) 
is not empty, oo > 0, and there is a function with the property hy (p). 

(a) Part (a) shows that there was not so much choice as might have been 
expected in the sequence used above of functions with the property K(p) which 
omit points approaching the origin. If f(z) has the property K‘?(p), it assumes 
the values in a point set EH of measure not less than r — o at most q — 1 times. 
Choose ¢ > 0 so small that re? S (7 — o)/3, r(2Qe — &) S (rx — o)/3. Thenif 
D, is the ring e S | w| S 1 — e, D,; must contain a subset of HZ of measure at 
least (r — c)/3. Then (a) follows at once from Theorem 4 (a). It would be 
interesting to describe ES (p) more fully. It is easy to see that it consists of 
all the points on a certain set of circles concentric with the origin. 

(b) If the family of functions with the property K‘!)(o) were not normal, it 
would contain a sequence {f,(z)} no subsequence of which converged uniformly 
in every closed subregion of | z| <1. No subsequence of {f,(z)} can omit two 
points of the finite plane," so the sequence contains a subsequence which 
assumes every point in the finite plane, with one possible exception."®2 We can 
suppose that this is already true of the sequence {f,(z)}. Then if R(f,) is 
the range of f,(z), and if Dis the circle | w | < 1, 


m{R(fa-D] = m| TL Rcs)-0 ]. 





11 P, Montel, Lecons sur les familles normales, Paris, 1927, pp. 61-64. 

12 We recall that a sequence is said to assume a value if at most a finite number of func- 
tions of the sequence do not assume that value. In the case considered, if there is no sub- 
sequence of {/,(z)} which omits a value of the finite plane, the desired subsequence can be 
taken as the sequence {f,(z)} itself; if there is such a subsequence (not taking on some 
finite value), it will serve as the desired subsequence. 
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The set on the right increases toward D less possibly one point, as n becomes 
infinite, so 


lim m[R(f,)-D] = mD = x 

contradicting the hypothesis that m[R(f,)-D] S$ «<a. The family considered 
isthus normal. Let {f,(z)} be a sequence of functions with the property KS! (p) 
converging uniformly in every closed subregion of | z | < 1 to the function f(z). 
We can assume that the length of the are A, associated with f,(z) is p (taking a 
subare if necessary). Moreover, choosing a subsequence of {f,(z)} if necessary, 
we can suppose that the ares {A,} approach a limiting are A, and even that the 
are A, coincides with the are A for all values of n, rotating the z-plane suitably. 
Assume that the original sequence {f,(z)} and its corresponding ares have these 
properties already. We show that f(z) has the property K(p). Since f,,(0) = 0, 
f(0) = 0. Let {P,} be a sequence of points approaching a point of A. It is 
possible to find an integer a, so large that 


| fan(Pn) — f(Px) | S 1/n. 


Then the limiting values of the sequences {fa,(P,)}, {f(P,)} are the same, and 
are strong cluster values of the sequence {f,,(z)} with respect to the ares {A,,}." 
If any one of these values is in | w | < 1, every point of | w | < 1 is a cluster 
value of the sequence with respect to these ares, since S(f,) is outside | w | < 1." 
By an argument similar to that already used in this proof, this implies that 


lim sup m[R(f,)-D] = 7 


no 


contradicting the hypothesis that m[R(f,)-D] S «<a. Thenliminf|f(P,)| 21 


no 





and f(z) has the property K(p). Moreover by a classical theorem of Hurwitz, 
if a point belongs to R(f), it belongs also to R(f,.) for all large values of n, so that 


m[R(f)-D] < lim m{ TT R(i)-D | 5 ta 
Then f(z) has the property K°(p), and (b) is proved. 
(c) There is a sequence of functions {f,,(z)} with the property A(p) such that 


lim m[R(f,)-D] = oo. 
Since the limiting functions of this sequence (existing by (b)) all have the property 
K‘’() for some value of a, it follows from (b) that o can be taken as a. The 
number oo depends only on p._ If f(z) has the property K(e), mR(f) 2 oo. 





8 Defined in T, §2. 
4 T, Lemma 4.4. 
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3. Generalizations 


There are certain desirable generalizations which will be found to include the 
results of Bloch and Montel. Let f(z) be analytic for | z| <1. If there is q 
function ¢(¢) analytic for | ¢ | < 1, and mapping | ¢ | < 1 in a one to one way ona 
domain in | z| < 1, and if f [g(¢)] has the property K(p) as defined in §2, f(z) will 
still be said to have the property K(p). The range of f [¢(¢)] is of course a subset 
of the range of f(z), so that the theorems of §2 are still true, except Theorem 5 
(b) and (ce). 

TuHEoreM 6. Let f(z) be a function analytic for |z| <1,f(0) =0. (a) Let A 
be a Jordan arc in | z'| S 1 with the property that when {P,,} is any sequence of 
points approaching a point of A, lim inf | f(P,) | 2 1. If @ ts the angle formed by 


no 


all the radii of | z | = 1 which intersect A, f(z) has the property K(p), where 


(b) If 


max |f(z)| 2 1, 


f(z) has the property K(p), if 
Sit 
VY21+r 
(a) Let v be the smallest positive integer for which 7/v < 6. Then if 6 <7, 
y>l,7r/v¥—1)>80 


p < 4arce sin 


Tv 
£344. 
et 


and if @ = 7,v = 1, so the inequality still holds. It is readily seen that the are A 
contains a subare % with the following two properties. (i) If P, Q are the end- 
points of %{, 29 does not intersect the diameters through P, Q, except at P, Q. 
(ii) Let O be the origin. Then every radius in the angle POQ, which is of 
magnitude 7/v, meets A. Let the radii through P, Q meet | z| = 1 in S, R 
respectively. Let z = o(¢) map |¢| < 1ina one to one and conformal manner 
on | z| < 1 less the curvilinear figure PQRS. By the theorem of Osgood and 
Carathéodory, ¢(f) takes on continuous boundary values on | ¢ | = 1." The 
rectangle PQRS does not contain O so we can normalize the map by setting 
¢(0) = 0, ¢(1) = P. The are A corresponds to an arc of length p on | ¢ | = 1 
with one endpoint at ¢ = 1. Then the function f[yg(¢)] has the property K(p). 
We prove (a) by establishing the inequality 


p = Q-(2»-1) > Q—(20/8+1) : 





16 Cf. for instance L. Bieberbach, Lehrbuch der Funktionentheorie, vol. 2, 2d edition, 
1931, pp. 29-31. 








iment aD aes 








| 
| 
| 








RANGES OF ANALYTIC FUNCTIONS 125 

Let ¥(z) be the inverse of g(f). Then ¥(0) = 0. By a familiar method of 
Lindeléf, since ¥(z) — 1 is bounded in | z | < 1, where defined: 

|¥@) —1| <2, 
and since on Y, 

| ¥(z) — 1 | < a, 
it follows that 

= |¥(0) —1|* S$ 2p 


Then p = 2-@-) = 2-@r/6+) as was to be proved. 
(b) By hypothesis there is a point 2, | 2 | = r, at which | f(z) | = \ = 1. 


There is a curve through 2 on which | f(z) | = ». Trace this curve A from 2, 
choosing any branch at a point where there are several branches (i.e. at a zero of 
f'(2)). 


(i) If A intersects itself there is a domain D in | z | < 1 bounded only by points 
of A. Then | f(z)| S$ Xin D. If f(z) did not vanish in D we should also have 
| 1/f(z) | S 1/d in D, ie. | f(z) | = Xin D. Then f(z) would be a constant of 
modulus \, contradicting the fact that f(0) = 0. There is thus a zero of f(z) 
in D, and f(z) then evidently has the property K(p) for any p S 2r. 

(ii) If A does not intersect itself, it is seen at once that it has limit points on 
|z| = 1 (and in fact if z traces A from % that |z|— 1). Then if | % | = 
r <p <1, consider the function ¢,(z) = f(,z), analytic for | z | < 1 and vanish- 
ingforz = 0. Onasimple Jordan are J leading from a point of | z| = r/ptoa 
point of |z| = 1,|¢,(z)| = ». Now by a theorem of Fenchel,” if | ¢ | < 1 is 
mapped in a one to one and conformal way on | z | < 1 less J,so that ¢ = 0 
goes into z = 0, the areon | ¢| = 1 ees to J has measure not less than 


1 —r/p 
ae 


Then f(z) has the property K(é(r, p)). Letting p approach 1, (b) is proved. 

The relation between this work and that of Bloch and Montel is fairly close, 
although the methods are different. Bloch considered families of functions 
(2) analytic for | z| < 1, f(0) = 0, | f’(0) | = 1. Let M,(f) be the maximum 
of | f(z) |on|z| =r. Then 

i< | FI ag c MD 
2m Jicier |2|? r 
so that M,(f) is bounded below independently of f(z). Montel considered fami- 
lies of non-constant functions analytic for | z | < 1 which have no limiting func- 





i(r, p) = 4 are sin 








'’ A similar discussion is carried out in L. Bieberbach, Lehrbuch der Funktionentheorie, 
vol. 2, 2d edition (1931), pp. 20-21. 
'’ Géttinger Nachrichten, 1930, p. 125. 
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tions which are indentically constant. A necessary condition for this is that jf 
J(z) is in the family, 


be bounded below independently of f(z). The theorems of this paper have been 
seen to apply to such families (by Theorem 6 (b)). The results are less strong 
than those obtained by Montel in that the discussion of the ranges is limited 
to that part of the ranges in | w | < m, where m is the greatest lower bound of 
M,|f(z) — f(0)] for some fixed r for all the functions of the family, and it can be 
seen from simple examples that the results of Montel are not true for the more 
general families of functions discussed in this paper. 


Cotumsia University, New York Ciry. 
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A MATHEMATICAL LOGIC WITHOUT VARIABLES. I 


By J. B. Rosser 
(Received August 17, 1933) 


In proving intuitive theorems about formal logics it sometimes becomes neces- 
sary to analyze the structures and processes which can occur in the logic. It is 
therefore convenient to perform this analysis once and for all in as general a way 
as possible. Also the analysis should be as complete as possible. 

In this paper we carry still further Curry’s! analysis in that we not only avoid 
the use of variable atomic structures but also the use of variable atomic proc- 
esses; e.g., processes like “If IIf, then fx if f and x are well-formed” in which 
the result of the process is a matter of choice. 

This naturally necessitates a number of changes in Curry’s system. In order 
that the fundamental theorem (MV of this paper or Theorem 5 of Curry 1932?) 
remain true without BI = I being a provable theorem still more changes are 
necessary. We also get along without the K-function by making some omis- 
sions; a rather unimportant change. 

As the paper is written it gives an analysis of the formal logic which results 
if we take Church’s five rules of procedure*® and the postulate ‘x-x = xz. In 
Section H we illustrate how the results of the paper may be used to provide an 
analysis of Church’s first three rules of procedure; a result which it is anticipated 
will be useful. 


Section A 


We shall use the following undefined terms: 
& ), II, 2, 5,4. 


) is called a “right parenthesis” and ( is called a “left parenthesis.’”’ (FX) is to 
have exactly the meaning that Church assigns to {F}(X), and hence agrees 
with Curry’s usage. 

Il and = have the same significance as in Church 1932 (see pp. 351-353). 





'H. B. Curry, Grundlagen der kombinatorischen Logik, Am. Jour. Math., Vol. 52 (1930), 
pp. 509-536, and pp. 789-834. We shall refer to this paper as ‘Curry 1930.” 

*H. B. Curry, Some Additions to the Theory of Combinators, Am. Jour. Math., Vol. 54 
(1932), pp. 551-558. Referred to as “Curry 1932.” 

3In A, Church, A set of postulates for the foundation of logic, Annals of Mathematics, Vol. 
33 (1932), pp. 346-366 (referred to as Church 1932), Church enunciated five rules of pro- 
cedure. These were revised by S. C. Kleene, Proof by cases in formal logic, Annals of 
Mathematics, Vol. 35 (1934), pp. 529-544, §1, p. 530 (referred to as Kleene). Whenever we 
speak of “Church’s rules of procedure”’ we shall mean the revised set. 
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I is the function such that (Ip) is the same as p. J would be Az-z in Church's 
notation. 

J is the function such that ((((Jp)q)r)s) is the same as ((pq)((ps)r)). J would 
be AfArAyArz- f(x, f(z, y)) in Church’s notation. 

DEFINITION, by induction, of a combination: 

1. Any undefined term except (and ) is a combination. 

2. If p and q are combinations, then (pq) is a combination. 

Convention. We shall make the convention that a letter in heavy type shall 
always stand for a combination. 

Derinition. A left and a right parenthesis correspond if the left parenthesis 
occurs to the left of the right parenthesis and if they, together with the symbols 
between them, form a combination. 

For typographical convenience only we shall omit parenthesis according to 
the following rule: 

1. If a pair of corresponding parentheses lies between another pair of corre- 
sponding parentheses, and between the left parenthesis of the inner pair and the 
left parenthesis of the outer pair only left parentheses occur, then the inner pair 
may be omitted. 

2. If a combination stands alone and its leftmost element is a left parenthesis 
and its rightmost element is the corresponding right parenthesis, then these two 
parentheses may be omitted. 

Note that the parentheses are not supposed really to be absent. They are 
actually there, but for convenience we have failed to write them. 

A formal definition, like omission of parentheses, is for typographical con- 
venience only. That this is a convenience is seen by the fact that some of our 
single symbols, such as W, if written in unabbreviated form, would have hun- 
dreds of termsinthem. T willbedefinedasJIZ. This means that whenever we 
see T written we should understand that what is really there is JJZ. Therefore 
if we say “ET, therefore E(JII)” we have not used substitution, but have just 
reminded the reader that ET is actually E(JIJ). 

We shall use Church’s method for denoting definitions (see Church 1932, p. 
355) and shall list the following, giving on the right the equivalent in Church’s 
notation: 


T— JII haf -f(zx) (See footnote 4) 
C — JTUT)(VJT) Afcy-f(y, 2) 

B — C(JIC)(JT) Afgx -f(g(x)) 

W — C(C(BC(C(BJT)T))T) Afx-f(x, x) 

1— BI fx -f(z) 

Pp X q-— Bpq Ax-p(q(z)) 





‘ \zf-f(xz) is an abbreviation of ArAf-f(z). 
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pq X rs — (pq) X (rs) 
pXqXr—(@xXq Xr 
6 — B(BW) X BC X B(BB) X B dfghx-f(g(x), h(z)) 


y— WX BC X B(BB) X B Afgry -f(g(x), g(y)) 
S— oB1 Anfx-f(n(f, x)) 
2— Sl Afx-f(f(x)) 
3 — S2 Afx-f(f(F(z))); 

and so on. 
0— C(C11)1 M-f(1, 1) 
® > C(C1S)1 An-n(S, 1) 
E> BT hx-Df-f(2) . 
{=} — WIT Ary -AS-f(x), M-F(y)) 
q’ — (pq) {p} (q) 
p=q-— {=}pq TI(AS-f(p), F-F(q)) 
p+4q-— ®Bpq Afx-p(f, a(J, x) 


pq + rs — (pq) + (ts) 

pP+qa+r—-@+qa+r 

pXqa+rXs—(pXq)+ X58) 
Our rules of procedure are: 

R1. If fq and IIfg, then gq. 

R2. If fg, then =f. 


R3. If Zq, then q. 

R4. If q, then Jgq. 

R5. If f(Iqr), then f(qr). 

R6. If f(qr), then f(Zqr). 

R7. If £(Jqrst), then f(qr(qts)). 
R8. If f(qr(qts)), then f(Jqrst). 





* The expression { = } is considered as a single symbol. 
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We shall often wish to state that a formula q is either one of the formulas 
Pi, Pz, --- , Px or else can be derived from them by a finite number of applications 
of the rules of procedure. This shall be written: 


Pi, Pz, +++ » Pn FQ. 


We shall give, by induction, a precise definition of this notation. 
1. If q is one of the formulas pi, po, --- , Pn, then 


Pi, P2, +--+ » Dn Fq. 
2. Ri. If Pi, P2, --- » Pn + fq, and if Pi, P2, -+* » Pn }- lifg, then Pi, P2, ++: 
Px | 84. 


R2. If pi, po, --- , Pn F fq, then pi, po, --- , Pn | Uf. 

R3. If pi, pz, --- , Pn | JQ, then pr, po, --+ , Pn F 4. 

R4. If pi, po, «++ , Pn FG, then pi, po, --- , pn | Jq. 

R5. If pi, po, --- , Pn + f(Zqr), then pi, po, --- , pr» F f(qr). 

R6. If pi, po, --- , Pn F f(qr), then pi, po, --- , px | f(Zqr). 

R7. If pi, pz, --- , Px | f(Varst), then pi, pe, --- , Pn | f(ar(qts)). 

R8. If pi, po, --- , Pn - f(qr(qts)), then pi, po, --- , Pn + f(/qrst). 
Our list of postulates is: 

Pl. NE(@1(BTI)T). 

P2. J = (W X BC X BC X BB’). 


P3. B = BX B. i 
P4. C = BI X C. ; 
Ps. 1 =1X I. 


eit pe 


P6. CB*B = BB X B. 

P7. CB°C = BC X B*. 

P8. CB’W = BW X B*. 

P9. CBI = BI X I. 

P10. B X C = BC XC X BB. 

Pll. BX W = BW X W X BC X BB X B. 
P12. C? = Bl. 

P13. BC X C X BC =C X BC XC. 

P14. C X W = BW XC X BC. 
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PIs. WX C = W. 
P16. W? = W X BW. 


Clearly, P1, P2, --- , P16 | q means that q is a consequence of the first six- 
teen postulates, and hence that q is a provable formula. 
P(m — N), Pr, P2, --- » Pr - Shall be an abbreviation for 


Pm, Pm + 1, --- , Pn, pi, Do, --- , Pr | q and P(m — n) |} q shall be an 


abbreviation for Pm, Pm + 1, --- , Pn + q. Thus P(1-16) } q means that 
q is a consequence of the first sixteen postulates. 

Convention. We have numbered the rules of procedure R1 to R8, and the 
postulates Pl to P16. The methods of proof will be numbered M1, M2, ete. 
Other intuitive theorems about the system will be numbered T1, T2, ete. 
Formulas which are consequences of the postulates and are not themselves 
postulates will be numbered F1, F2, etc. 

The notation pi, po, --- , Pn / q was designed to facilitate the statement of 
methods of proof. pi, po, --- , Pn / q is clearly a statement of the fact that 
there is a step by step method of getting q from the set of formulas pi, po, --+ , Pn. 
To prove the statement pi, po, --- , Pn / q, it is necessary to exhibit the steps 
by which we can get q from pi, po, --- , Dn. 

The following four statements are immediately obvious. 

1. If pi, Po, --+ , Px FS, and if qu, qe, --- , Qm be any formulas, and 


Ti, To, Pete Imintk 


be any permutation (repetitions allowed) of pi, po, --+ , Pn» G1, G2, -** » Gm, then 
T1,T2, +++ »Tmtnt+k F s. 

2. If pi, Po, vst Dn aq, and q Fr, then pi, Pe, sry Dn Fr. 

3. If pi, _*** »Praf fF, and Qi, G2, --* » Amy rt Ss, then 


Pi, Do, «++ » Dn» G1, G2, °-* > Amb S.- 
4. If pi, De, --+ » Pay 4b 4, then pr, Pe, --- , Pry GET. 
Section B 
In this section we prove the important M13, M22, M26, M32, M36, and M37. 


M1. a. JIpqr | p(rq). 
b. p(tq) | JJpar. 


To prove Mla we must show the steps by which we would get p(rq) from JJpaqr. 
They are as follows: If JIpqr, I(JIpqr) (R4), [([p(/rq)) (R7), J(pUrq)) (RS), 
p(Jrq) (R3), p(rq) (R5). 

We have put after it the rule of procedure by which each step was accomplished. 
We cannot get Ip(Irq) from JIpqr by R7 alone, but we can get Jp(/rq) from 
JIpqr as follows: If JIpqr, I(JIpqr) (R4), [(Ip(1rq)) (R7), Jp(1rq) (R3). 

This use of R3 and R4 in conjunction with R5 to R8 will not be explicitly 
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mentioned hereafter. Thus we shall write the proof of M1b as follows: If 


p(rq), p(Zrq) (R6), Jp(/rq) (R6), /Tpar (R8). 
The proof of M1b is readily seen to consist of the proof of Mla with the steps 
written in reverse order and with proper changes in the use of the rules of pro- 


cedure. 
M2. in 2 2, 
a. f(Zpipeps --- Pn) | f(Pipeps --- Pn), 
b. f(pipeps --- Px) -£(pipeps --- Px). 
Proof of a. Use induction with respect to n. 
1. When n = 2,f(Jpipe) | f(pip2) by R5. 


2. Assume the theorem true for n = k = 2. 


If £([pipops --- pePesi), J] fpisi([peps --- px) Mlb 
J Tfpi+1(PipePs --- Px) hyp. ind. 
f(pipeps --- PrPrit) Mla. 


If we recall the rule for omission of parentheses, we see that 

f(/pipeps --- PxPest) has the form f((/pipeps --- px)Pxi1), and therefore by M1b 

we can get JJfp,..i([pipeps --- px). This has the form (JJfp;.1)(Jpipeps --- px) 

and so we can use the hypothesis of the induction to get (JJfpi.+1)(pipops - - - px) 

or J/fpi.+1(Pip2ps --- Px). 
The proof of part b is analogous to that of part a. F 


M3. If n 2 4, q 
a. £(Jpipopspsaps --- Pr) | £(pip2(Pipsps)ps --- Pn) 


SS Sra 


b. £(pipe(PipsPs)Ps --- Pr) [| £(Jpipepspsps --- pn). 


a i 


Proof of parta. We use induction with respect to n. 
1. When n = 4, f(Jpipopsps)_ | f(pipe(pipsps)) by R7. 


2. Assume the theorem true for n = k = 4. 


If f(JPpepsPaPs «~~ PxPe+s), JLfpe+i(JPipepspaps --- Pe) M1b ; 
J Tfpi+1(pip2(pipsPs)Ps --- px) hyp. ind. 
£(Pip2(PiPsPs)Ps - ++ PePe+1) Mla. 


M4. a. Tpq | gp 
b. qp | Tpq. 
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Proof. Remembering that T is JII, if Tpq, II(Jqp) (R7), I(Iqp) (R35), 
Iqp (R3), gp (R5). 

M5. If n 2 3, 

a. f(T pipops --- Pn) - £(Pepips --- Dn) 

b. f(popips --- Pn) - £(7'pipeps --- pn). 

Proof just like that of M4, as follows: 


If {(Tpipsps --- Pn), £21 (1 p2pi)ps - -- pn) M3a 
f£(I(Ipepi)Ps - ++ Pn) M2a (1) 
f£(Ip2Pips --- Pn) M2a (2) 
f(P2Pips --~ Pn) M2a. 


The hypothesis n = 3 is needed to pass from (1) to (2). 


M6. a. Cpqr | prq. 


. b. prq | Cpar. 

Proof. Remembering that C is JT(JT)(JT) 

f If Cpqr, Tq(Trp) M38a and Mda. (1) 
Trpq M4a (2) 
prq M5da. 


M7. If n = 4, 
a. £(Cpixpopsps --- Pr) - f(pypspops -- + Px) 
b. £(Pipspopa --+ Pn) / £(Cppepsps - ++ pn). 


4 The proof will use a sequence of steps exactly similar to those in the proof of 
M6. The hypothesis n = 4 is used in going from (1) to (2). 


M8. a. Bpqr | p(qr) 


b. p(qr) | Bpar. 
Proof. Bis C(JIC)(JI). 


If Bpgr, C(I(JI)p)ar M7a, M3a, and M2a (1) 
| I(JI)prq Mé6a (2) 
JIprq M2a 
: p(qr) Mla. 


M9. Ifn > 4, 
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a. f(Bpipopsps --- pn) | £(pi(pops)ps --~- Pn) 
b. £(pi(p2ps)ps --- pr) + f(Bpipopspa - - - 


Proof by induction with respect to n. 


Pn). 





1. When n = 4. We can get from f(Bpipopsp.) to f(/ I pipspeps) by a sequence 
of steps similar to those used in M8, using the hypothesis n = 4 to pass from 


(1) to (2). 

If f(Bpip2psp.), f(/ /pipsp2ps) 
f(p.(Ipsps) ps) M3a 
f(pi(/p2ps)ps) M2a 
J Tfps(pi(Ip2ps)) MIb 
B(JT£ps)pi(Zp2ps) M8b 
B(JIfp.s)pi(p2ps) M2a 
J Tfps(pi(p2ps)) M8a 
f(pi(P2Ps)Ps) Mla. 

2. Assume the theorem true for n = k 2 4. 
If f(Bpip2psps --- PxPe+s), JZ fpi+i(Bppepsps - -- Px) M1ib 
J T£pi+1(Pi(P2Ps)Ps «++ De) hyp. ind. 
£(pi(P2Ps)Ps «+> PxDi+1) Mla. 
M10. a. Wpq | paq 
b. paq | Wpq 

Proof. W is C(C(BC(C(BJT)T))T). Hence if Wpaq, 
C(BC(C(BJT)T))Tap M6a 
C(C(BJT)Tq)Tp M7a and M9a (1) 
C(BJT)TqpT M6a (2) 
Tq(TqTp) M7a, M9a, M3a, and Mda (3) 
TqTpq M4a (4) 
pqq Mda. 


Mill. If n = 3, 
a. £(Wpipeps --- Pn) | f(pipepeps - - - 
b. £(pipoPops --- pn) | f(Wpipsps -- - 


Pn) 


Pn). 
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Proof by a sequence of steps similar to those used in M10. The hypothesis 
n > 3 is used on the first step, again in going from (1) to (2), and a third time in 
going from (3) to (4). 
M12. a. pgrs | p(gs)(ts) 
b. p(qs)(rs) | ®pqrs. 
Proof is straightforward, using M7a, M8a, M9a, M10a, and the definitions 


of X and ®. 
M13. fp } £p 
Proof. If fp, 7'pf M4b 
>(Tp) R2 
B=Tp M8b 
Ep def. of E. 
M14. Pl, fp) | fp 
Proof. If f(Ip), BfIp M8&b 
Ep M13 
If Pl, #0(BTI)Tp Rl and Pl 
Il(BTIp)(Tp) Ml2a (1) 
If fp), T([p)f M4b 
BTIpt M9b 
Tpf R1 and (1) 
fp M4a. 





M15. Pl, f(Tpq) | f(qp). 

Proof similar to that of M5, except that M14 is needed to pass from (1) to (2). 
M16. Pl, f(Cpqr) | f(prq). 

Proof similar to that of M6, except that M15 is needed to pass from (1) to (2). 
M17. P1,£(Bpar) | £(p(qr)). 


Proof. By steps similar to those used in M8 and using M16 to pass from (1) 
to (2), we can go from f(Bpqr) to f(JIprq). 


If {(Bpqr), £(JIprq) 
f(Ip(Iqr)) M3a 
f(p(Jqr)) M2a 
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Bfp(/qr) M8b 
Bfp(qr) M2a 
f(p(qr)) M8a. 


M18. a. Ypqrs |} p(qr) (qs) 


b. p(qr)(qs) | pars. 


Proof is straightforward, using M7a, M8a, M9a, M10a, and the definitions 
of X and ¥. 


M19. a. p= q [II(Tp)(Tq). 
b. I(Tp)(Tq) |p = 4. 


Proof. p = q is {=}pq, which is VIITpq. 
If p = q, VIITpq 


Il(7'p)(Tq) M18a. 


Proof. If fp and p = q, 7pf and II(7p)(Tq) M4b and M19a 
Taf Rl 
fq M4a. 
M21. Pl, Ep | Jp = p. 
Proof. If Ep and Pl, #11(BTI)Tp R1 and Pl 
Il(BTIp)(Tp) M12a 
CII(Tp)(BTIp) M6b 
C11(Tp)(T(p)) M17 
1(T(Ip)) (Tp) M6a 
Ip=p M19b. 
M22. Pl, Ep | p =p. 
Proof. If Pl and Ep, Jp = p M21 
C{=}p(p) M6b 
C{=}pp M14 
p=p Méa. 


M23. PlLp=q ‘q=p 


Proof. If p = q, C{=}qp Mé6b 
Ep M13 





Meme 
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IfPl, p=pP 
C{= pp 
C{=jpq 
q=pP 
M%4.p=4q=r -p=t 
Proof. Ifp = qandq =r, {=}pqandq =r 
{=}pr 
M25. Pl, E(fp),p = 4 | fp = fa 
Proof. If Pl and E(fp), fp = fp 
V{ =} fpp 
Ifp =4q, Vv{=}fpq 
fp = fq 
M26. a. Pl, E(Ip) } Jp =p 
b. Pl, Ep | p = Ip. 
Proof of a. If Ep), BEIp 
Ep 
If Pl, Ip =p 
Proof of b. If Pl and Ep, Jp = p 
p = Ip 
M27. Pl, fp + f([p) 
Proof. If fp, Ep 
If Pl, p = Ip 
f(Ip) 
M28. P1,f(qp) } £(7'pq) 
Reverse the proof of M15. 
M29. Pl, f(prq) | £(Cpar) 
Reverse the proof of M16. 


M30. Pl, f(p(qr)) | f(Bpar) 
Reverse the proof of M17. 


M31. Pl, E(fp),f = g - fp = gp 


M20. 


M22 
M18b 
M20 
M18a. 


M8b 
M13 
M21 
M21 
M23 


M13 
M26b 
M20 
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Proof. If Pl and E(fp), E(7'pf) M28 
Iff=g Tpft = Tpg M25 

{ =} (Tpf) (gp) M15 

C{ =} (gp) (Tpf) M6b 

C{ =} (gp) (fp) M15 

fp = gp Mé6a 


M32. a. Pl, E(Jpqrs) | Jpqrs = pq(psr) 
b. Pl, E(pq(psr)) | pq(psr) = Jpaqrs 
Proof. If Pl and E(J/pqrs), { = }(J/pqrs)(Jpqrs) M22 
{ = } (Jpaqrs) (pq(psr)) M3a 
M33. a. Pl, E(Cpqr) | Cpqr = prq 
b. PJ, E(prq) | prq = Cpqr 
Use M22, M16, and M29. 
M34. a. Pl, E(Bpqr) | Bpqr = p(qr) 
b. Pl, E(p(qr)) | p(ar) = Bpar 
Use M22, M17, and M30. 
M35. a. Pl, E(Wpq) | Wpq = paq 


b. Pl, E(pqq) | paq = Wpq 
Proof. If Pl and E(Wpq), {=}(Wpq)(Wpq) M22. 


This is of the form f(Wpq) and therefore we can get {=}(Wpq)(pqq) by 
following through successively the steps of M10, using M16 at the first step and 
to pass from (1) to (2) and using M15 to pass from (8) to (4). 

Kleene® has shown how to prove certain types of theorems about the paren- 
theses and brackets which occur in well-formed expressions. By exactly similar 
methods we can prove that: 

T1. If (rs) is the same combination as (pq), then p is the same as r and q is 
the same as s and therefore s is a combination. 

T2. If p is part of (qr), then either p is the same as (qr), or else p is part of q, 
or else p is part of r. 

M36. If p is part of q, then Eq | Ep. 

Proof by induction on q. 

1. If q is an undefined term, and p is part of q, then p is q and the theorem is 
immediate. 





6 See Kleene, Section 2, pp. 531-532. 








is 
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2. Assume the theorem true for q: and any p and for qz and any p. 
If pis part of (qiq2), then by T2: 


a. pis the same as (q:q2) and the theorem is immediate. 


b. pis part of qu. 


If E(qige), JTL q2q; M1b 
Ep hyp. ind. 


c. p is part of qe. 


If E(qiq2), BEqiqe2 M8b 
Eq: M13 
Ep hyp. ind. 


M37. If r is part of p, and q is the result of replacing a single occurrence of 
rin p by s and leaving the rest of p unchanged, then P1, Ep,r=s | p= q. 

Proof by induction on p. 

1. When p is an undefined term the theorem is obvious. 

2. Assume the theorem true for p; and any q, r, and s and for pz and any 
q,r, and s. 

If ris part of (pipe), then by T2: 

a. ris (pipe) and if q is the result of replacing r by s in (p:p2), thenr = s + 
(Pip) = q. 

b. ris part of p;. Then q must have the form (qips) where q: is the result of a 
replacement in p; of r by s. 


If E (pips), Ep M36 
If Plandr =s,p, = q hyp. ind. 
(Pipe) = (q:p2) M31 


c. ris part of pp. Then q must have the form (p.q2) where qe is the result of a 
replacement in ps of r by s. 


If E(pyps), Ep» M36 
If Plandr = s, po = qe hyp. ind. 
(Pipe) = (Pie) M25. 


We find M36 and M37 especially useful in conjunction with M26, M32, M33, 
M34, and M35. M837 is of course useful in conjunction with postulates P2 to 
P16 and with any other equalities which can be proved. 
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Section C 


DEFINITION. The occurrences of undefined terms different from ( and ) in 
a combination are called the terms of the combination. 

DeFINiItTION. The leftmost term of a combination is called the leading term 
of that combination. 

It will be noticed that we have nowhere specified that the undefined terms 
which go to make up a combination must be the same as the undefined terms 
which we use to build up the particular system of this paper. This leaves the 
notion of combination quite general, and since combinations occur in the state- 
ment of the rules of procedure, the rules of procedure are quite general. Hence 
the methods of proof M1 to M37 could be applied to many varieties of postulate 
systems and the properties of combinations which we shall prove will be equally 
general. 

The words “undefined term” are to have their obvious significance. Any sym- 
bol which is not defined (such as I], x, y, 2) is an undefined term. 

Derinition. <A proper symbol is an undefined term different from (, ), J, 
and J. 

Convention. The letters w, x, y, and z, written lower case and in heavy type 
shall denote proper symbols. 

DEFINITION. <A subcombination of a given combination is a combination which 
is a part, or the whole, of the given combination. 

DEFINITION, by induction, of the order of a subcombination with respect to 
the combination: 

1. A combination is a subcombination of itself of order one. 

2. If risa subcombination of order m of p and s is a subcombination of order n 
of q, then r is a subcombination of order m of (pq) and s is a subcombination of 
order n + 1 of (pq). 

By use of Tl and T2 it readily follows that the order of a subcombination is 
unique. Since every term is a subcombination we can speak of the order of a 
term in a combination. 

T3. Every subcombination of a given combination has the same order as its 
leading term. 

Proof follows readily by induction if we assume the theorem true of q: and qe 
and prove it of (qiqe). 

T4. If p is a subcombination of order m of q, and q is a subcombination of 
order n of r, then p is a subcombination of order m + n — 1 of r. 

Proof by induction simple, if we assume the theorem for r; and rz and prove it 
for (rife). 

In a combination there is clearly one and only one term of order one, namely 
the leading term. The terms of order two can be found as follows: Using the 
method of abbreviation described in Section A, omit as many parentheses as 
possible. The combination will then appear in the form popip2 --- Dn. Po is the 
leading term. pi, po, --- , Pn are each combinations of order two, so their lead- 
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ing terms are of order two. Furthermore, those are the only terms of order two. 
The terms of order three would then be the terms which are of order two with 
respect to pi, P2, «++ , Pn, and so on. 

T5. If p and q are subcombinations of r and both have the same order, then 
either they have the same leading term, or else they have no part in common. 

Proof by induction simple if we assume the theorem true for r; and re and 
prove it for (re). 

T6. Ifn +m —1=1, and m 2 1, and n 2 1, and pis a subeombination of 
order / of q, then there is an r such that p is a subcombination of order m of rand 
ris a subecombination of order n of q. 

Proof by induction on q. 

1. When q is an undefined term the theorem is obvious. 

2. Assume the theorem true of q; and qo. 

If p is part of (qiq2) then, by T2, we must have one of the three following cases: 

a. pis all of (q:q2) and the theorem is obvious. 

b. pis part of q; and the theorem is obvious because the order of p with respect 
to q: must be equal to the order of p with respect to (qiqe). 

c. pis part of q2. Then J must be at least as great as two. Consider two 
subeases. 

I.n=1. Thenl =m. Then pis of order m in (q:q2) which is of order one 
in (qiq2). 

II.n > 1. Then m < l. Choose r so that p is of order m in r and r is of 
orderm — lings. Thenr is of order n in (q:q2). 

Derinition. If Jq is part of p, the act of replacing a single occurrence of Jq in 
p by q is called an I-reduction. The order of Jq in p is called the order of the 
reduction. Either Zq or q is called the part concerned in the reduction according 
as we are talking about p or the expression that results from the reduction. 

DerINiTIon. If q is part of p, the act of replacing a single occurrence of q in p 
by Iq is called an I-expansion. The order of q in p is called the order of the 
expansion. Either q or Jq is called the part concerned in the expansion. 

Derinition. If Jqrst is part of p, the act of replacing a single occurrence of 
Jqrst in p by qr(qts) is called a J-reduction. The order of Jqrst in p is called the 
order of the reduction. Either Jqrst or qr(qts) is called the part concerned in the 
reduction. 

Derinition. If qr(qts) is part of p, the act of replacing a single occurrence of 
qr(qts) in p by Jqrst is called a J-expansion. The order of qr(qts) in p is called 
the order of the expansion. Either qr(qts) or Jqrst is called the part concerned in 
the expansion. 

When we do not wish to distinguish between J- and J-reductions we shall 
speak of a combinatory reduction or merely a reduction; and similarly for 
expansions. 

T7. If p goes into q by a reduction (or expansion) of order m and p is a sub- 
combination of r of order n, and s differs from r only by having a single occur- 
rence of p of order n in r replaced by q, then r goes into s by a reduction (or 
expansion) of order m + n — 1. 
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Follows immediately from T4. 
TS8. If poppe --- Px is carried into qoqiqe --- qm by a reduction (or expansion) 
of order 1 > 1, and pp is the leading term of pop:p2 --- p, and qo is the leading 


term of qoQiq2 --+ Qm, then m = n, and there is an 7 ¥ 0 such that p; is carried 
into q; by a reduction (or expansion) of order 1 — 1, and, when j ¥ 7, p; is the 
same as qj. 

Proof. pj, po, --- , Pn are each subcombinations of order two of popipe - - - pn, 


and obviously have different leading terms. Let s be the part concerned in our 
reduction (or expansion) of order 1. Since 1 > 1, then by T6 we can find an r 
such that s is a subcombination of r of order 1 — 1 and r is a subcombination of 
order two of popipe --+ Pn. Then by T5 r must have the same leading term as 
some p; where? ~ 0. Either r is part of p;, or r has elements in common with 
Pitt. However, if r has elements in common with p;; it has the same leading 
term as pis; (by T5) which is impossible. Hence r is part of p;; hence s is part 
of p;. Therefore when the reduction (or expansion) is performed the result is 
the same as if we performed a reduction (or expansion) or order 1 — 1 on p; and 
left the rest of the p,’s unchanged. 

Suppose that p goes into q by a series of reductions and expansions. And 
suppose that we discover a second series of reductions and expansions which will 
carry pintog. If, instead of using the first series to go from p to q, we use the 
second series, we shall say that we have replaced the first series by the second. 

A series S of n reductions shall be said to be non-overlapping if there is a p, 
and a set of non-overlapping parts s;, --- , S, of p such that each s; is either /q; 
or Jkjlmn; (let §; denote q; or kj;(kin,m;), resp.), and S consists in replacing 
successively s; by §1,--- ,S, by &. By a change in the order of S, we mean the 
replacement of S by the performance of the substitutions of §; for s; in another 
order. 

T9. Any series of reductions can be replaced by a series of reductions in which 
every reduction of order n precedes every reduction of order n + 1 for all values 
of n. 

Lemma 1. A series of non-overlapping reductions of orders greater than one 
followed by a single reduction of order one can be replaced by one or two reduc- 
tions of order one followed by a set (which may be null) of non-overlapping 
reductions of orders greater than one. 

Proof. Suppose that p is carried into q by a series of non-overlapping reduc- 
tions of orders greater than one followed by a single reduction of order one. Let 
p have the form popipz --- p» where po is the leading term of p. Then, by T8, 
the result after making all the reductions of orders greater than one will be 
PoP: P2 --- P,, Where p; is carried into p; by non-overlapping reductions. Since 
the reductions were non-overlapping, the order in which they were made is 
immaterial. 

Case 1. Suppose that the reduction of order one is an J-reduction. Then po 
is J and q is pip, --- p,. Now since the reductions were non-overlapping, it 
follows that in going from p, to p, at most one reduction of order one was made 
(by T5). Hence we may get from p to q as follows: 
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First go from p to pip2 --- Pp» by an J-reduction of order one. Then we go to 
PiP)-:: Pm. If a reduction of order one was made in going from p, to p;, then 
a reduction of order one will be made in going from p;p2 --- pm to P,P. +++ Pm, 
and since the reductions are non-overlapping, it can be made first. Then we 
go from P,P. +++ Dm to Pip» vee p,.. It is evident that we have thus gone from 
p to q by one or two reductions of order one followed by non-overlapping reduc- 
tions of higher orders. 

Case 2. Suppose that the reduction of order one is a J-reduction. Then po 
is J and q is PiPs (P:P:Ps)Ps -++ p,. Hence we may get from p to q as follows. 

First go from p to p:po(Pipsps)ps --- Pm by aJ-reduction of order one. Then 
go tO PiPo(PiPsP3)Ps --- Pm. As in Case 1 this may require a reduction of 
order one but it can be made first. Then go to pip, (p,p.p;)P, --- p,. It is 
evident that we have thus gone from p to q by one or two reductions of order 
one followed by non-overlapping reductions of higher orders. 

Lemma 2. If we have a set of non-overlapping reductions of orders greater 
than one followed by & reductions of order one, then we can replace them by 
k + n(n = 0) reductions of order one followed by a set (which may be null) of 
non-overlapping reductions of orders greater than one. 

Proof by induction on k. 

1. When k is one the theorem follows by Lemma 1. 

2. Assume the theorem true for k. Let us have a set of non-overlapping 
reductions of orders greater than one followed by k + 1 reductions of order one. 
By the hypothesis of the induction we can replace this by k + n (n = 0) reduc- 
tions of order one followed by a set of non-overlapping reductions of orders 
greater than one and they followed by a single reduction of order one. Then by 
Lemma 1 we can replace that by k + n + lork + n + 2 reductions of order one 
followed by a set of non-overlapping reductions of orders greater than one. 

Lemma 3. If we have a series of k reductions of which m are of order one, we 
can replace them by m + n (n = 0) reductions of order one followed by a series 
of reductions of orders greater than one. 

Proof by induction on k. 

1. When k is one the theorem is trivial. 

2. Assume the theorem for k. Now suppose that we have k + 1 reductions 
of which m are of order one. If the first reduction is of order one, we use the 
hypothesis of the induction on the last k reductions. If the first reduction is of 
order greater than one, we apply the hypothesis of the induction to the last k 
reductions. We then have a reduction of order greater than one followed by 
m + n(n = 0) reductions of order one and they followed by reductions of orders 
greater than one. Applying Lemma 2 to the single reduction of order greater 
than one followed by the m + n reductions of order one, we get m + n + Pp 
(n = 0, p = 0) reductions of order one followed by reductions of orders greater 
than one. 

Lemma 4. If Bisa positive integer, then any series of reductions can be 
replaced by a series such that, if n < B and m = 1, every reduction of order n 
precedes every reduction of order n + m. 
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Proof by induction on £. 

1. When 6 = 1 the theorem is true by Lemma 3. 

2. Assume the theorem true for 8. Let us have given a series of reductions. 
By Lemma 3 we replace them by a series in which all the reductions of order one 
come first. Now suppose that after making all the reductions of order one we 
get PopiP2 --- px where po is the leading term. Since now only reductions of 
orders greater than one will be used the final result will be pop 1P> -++ py by TS. 
Let us now replace the original series of reductions by a series in which occur 
first all the reductions of order one, then all reductions which concern parts of 
pi (evidently reductions which concern parts of p; can be interchanged with 
reductions which concern parts of p; when 7 ¥ j), then all reductions which 
concern parts of po, --- , and finally all reductions which concern parts of p;. 
Now let us consider the reductions which concern parts of pz as reductions of 
Pa itself (thereby decreasing the orders of these reductions by one). Then by 
the hypothesis of the induction we can replace the series of reductions of p, 
by a series in which when n S B and m 2 1, reductions of order n precede 
reductions of order n + m. When we consider these reductions again as 
reductions of the combination of which p, is a part we see that we have 
arranged the reductions which concern parts of pa in such a fashion that when 
n S 6+ 1 and m 2 1 reductions of order n precede reductions of order n + m. 
Finally we rearrange the reductions as follows: First all reductions of order 
one, then all reductions of order two which concern parts of pi, then all 
reductions of order two which concern parts of pe, --- , then all reductions of 
order two which concern parts of p;, then all reductions of order three which 
concern parts of pi, --- , then all reductions of order 8 + 1 which concern 
parts of pi, --- , then all reductions of order 8 + 1 which concern parts of 
px, and finally all the remaining reductions. Thus the lemma is true for 8 + 1. 

Lemma 5. The maximum order of any subcombination of q is less than or 
equal to the number of terms in q. 

Proof by induction immediate. 

We are now ready to prove our originally proposed theorem, T9. Consider a 
p which is carried into some q by a series of reductions. Let 6 be the number of 
terms in q and apply Lemma 4. Now by Lemma 5 the last reduction must be of 
order less than or equal to 6 and hence by Lemma 4 it must precede all the 
reductions of orders greater than 8. Hence all the reductions are of order 6 or 
less and because of Lemma 4 the theorem is proved. 

T10. Any series of expansions can be replaced by a series in which the expan- 
sions of any order precede those of lower order. 

Proof. Since expansions are the reverse of reductions we can use T9. 

T11. If p and q are subcombinations of r and the order of p is less than the 
order of q, then either p and q have no elements in common or else q is part of p. 

Proof by induction on r. 

T12. If p goes into q by a series of reductions and expansions, then either p 
and q are the same, or else we can carry p into q by first a series of reductions 
and then a series of expansions. 
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Lemma 1. If an expansion is followed by a set of non-overlapping reductions, 
then it can be replaced by a set (which may be null) of non-overlapping reduc- 
tions followed by a set (which may be null) of expansions. 

The part concerned in the expansion may overlap the parts concerned in the 
reductions. If not, then the expansion may be interchanged with the reductions 
with no difficulty. If there is overlapping, then three cases arise. 

Case 1. One of the reductions overlapping the expansion may have the same 
order as the expansion. By referring to the definition of reduction and expan- 
sion we see that in this case the parts concerned in the reduction and expansion 
would exactly coincide and hence the expansion could not overlap any more of 
the reductions. Moreover the reduction would exactly neutralize the effect of 
the expansion so both could be omitted. 

Case 2. One of the reductions overlapping the expansion may be of lower 
order than the expansion. Then the part concerned in the expansion is part of 
the part concerned in the reduction (by T11) and therefore the expansion cannot 
overlap any other reductions. Hence we may make all the other reductions 
first, then the expansion, and then the reduction which overlaps it. By consider- 
ing the part concerned in this last reduction we are led to an analysis similar to 
that given in the proof of Lemma 1, T9. Hence the expansion and reduction 
can be replaced by a reduction followed by one or two expansions. This reduc- 
tion will clearly not overlap any of the other reductions. 

Case 3. All of the reductions overlapping the expansion are of higher order 
than the expansion. As in Case 2 we take first the reductions which do not 
overlap the expansion, then the expansion, then the reductions which do overlap 
the expansion. We must now consider two cases. 

Case I. The expansion is a J-expansion. Then it carries pq(psr) into 
Jpqrs. Since the reductions overlapping the expansion are of higher order than 
the expansion, the parts concerned with them must be parts of Jpqrs of at least 
order two (by TJ1 and T4). Hence the reductions carry Jpqrs into Jp’q’r’s’ 
where p goes into p’ by non-overlapping reductions, q goes into q’ by non-over- 
lapping reductions, r goes into r’ by non-overlapping reductions, and s goes into 
s' by non-overlapping reductions. Hence we could carry pq(psr) into p’q’(p’s’r’) 
by a series of non-overlapping reductions (which incidentally would not overlap 
any of the reductions which had not overlapped the expansion) and then get 
Jp’q't’s’ by an expansion. 

Case II, where the expansion is an J-expansion, can be handled in a similar 
fashion. 

Lemma 2. A set of expansions followed by a set of non-overlapping reduc- 
tions can be replaced by a set (which may be null) of non-overlapping reductions 
followed by a set (which may be null) of expansions. 

Proof like that of Lemma 2, T9. 

The theorem now follows by a proof like that of Lemma 3, T9. 

Derinition. A series of reductions and expansions is said to be a normal 


series or to be in normal form if: 
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1. Each reduction precedes each expansion. 

2. Each reduction precedes all reductions of higher order. 

3. Each expansion precedes all expansions of lower order. 

By T9, T10, and T12 it follows that every series of reductions and expansions 
can be replaced by a normal series. 

T13. If xpipe --- Pm goes into yqiqe2 --- qn by a series of reductions and 
expansions, then m = n, x is the same as y, and p; goes into q; by a series of 
reductions and expansions. 

Proof. Replace the series by a normal series. Then xpip2 --- Pm goes into 
y4iq2 --- qn by anormal series. Since x is neither J nor J (by our convention 
x is a proper symbol) no reductions of order one occur in the series. Also, 
since y is not J or JJ, no expansions of order one occur in the series. Hence the 
theorem follows by T8. 

T14. If p goes into q by a series of reductions and expansions and if no reduc- 
tions can be performed on r and if p can be carried into r by a series of reductions, 
then only a finite number of successive reductions can be performed on either 
porq. Moreover, if either p or q can be carried into s by a series of reductions, 
and no reductions can be performed on s, then r and s are the same. 

Lemma 1. If no reductions can be performed on r or s and both r and s can 
be reached from p by a series of reductions, then r and s are the same. 

Proof. Replace the reductions from p to r and from p to s by normal series. 
Both normal series will have to consist of all possible reductions of order one, 
followed by all possible reductions of order two, and so on. Hence the results, 
rand s, must be the same. 

Lemma 2. If p goes into r by a series of reductions and no reductions are 
possible on r, then only a finite number of successive reductions are possible on p. 

Proof. By going through the proof of T9, we see that if a series of a reductions 
be replaced by a normal series, the normal series must contain at least a reduc- 
tions. Now let the normal series of reductions from p to r contain 8 reductions. 
Then no more than 8 successive reductions can be performed on p. For, let p go 
into s by areductions. Then we can go from r tos by a series of reductions and 
expansions. Replace that by a normal series and, since no reductions can be 
made on r, r must go into s by a series of expansions; i.e., s goes into r by a series 
of reductions. Hence p goes into r by a or more reductions and hence a is less 
than or equal to 8. 

Now let p go into q by a series of reductions and expansions and let p go into 
r, on which no reductions can be performed, by a series of reductions. Thent 
goes into q by a series of reductions and expansions. Replacing this by a normal 
series, we see that r goes into q by a series of expansions. Hence q goes into r by 
a series of reductions and we can apply Lemma 1 and Lemma 2. 


Section D 


DeFINITION. The postulates P2 to P16 inclusive are called conversion postu- 
lates. 











MATHEMATICAL LOGIC WITHOUT VARIABLES 147 


Derinition. If r = s or s = ris a conversion postulate and r is part of p, 
then the act of replacing a single occurrence of r in p by s and leaving the rest of p 
unchanged is called a p-conversion (p for pustulate). 

DerriniTIon. A reduction or expansion is called an r-conversion (r for reduc- 
tion). 

DerINITION. If p goes into q by a series of p-conversions we shall say that p is 
p-convertible into q. If p goes into q by a series of reductions and expansions we 
shall say that p is r-convertible into q. 

Note that p is r-convertible into itself as follows: Go from p to Jp by an 
expansion and then back to p by a reduction. 

DeriniTIon. If p goes into q by a series of reductions, then we shall say that 
pis reducible tog. If the series can be replaced by one in which only reductions 
of order one occur then we shall say that p is reducible in the first sense to q. 

DeriniT10n. If p goes into q by a series of p-conversions or r-conversions or 
both, we say that p is convertzble into q, or p converts into q, or that we convert p 
into q, or that we go from p to q by conversion. This will be written “p conv q.”’ 

DEFINITION. 

Case 1. If the leading term of p is a proper symbol, the degree of p is 0 and p 
is its own reduced form. 

Case 2. If p is reducible in the first sense to q and the leading term of q is a 
proper symbol, the degree of p is 0 and q is the reduced form of p. 

Case 3. If there isan m > 0 and aq such that: 

A. pX:X2 --- Xm is reducible in the first sense to q. 

B. The leading term of q is a proper symbol. 

C. Either q does not have the form rx,,, or q does have the form rx,, but 
PXiX2 +++ Xm; is not reducible in the first sense to r; then m is the degree of p and 
qis the reduced form of pxiX2 --- Xm. 

In all three cases p is said to be a proper combination. 

WIIZ is a proper combination of degree zero. WW isa proper combination of 
degree one. WWW is not a proper combination. However JI(WWW) is a 
proper combination of degree zero. 

T15. a. J isa proper combination of degree one. 

b. J is a proper combination of degree four. 

ce. All proper symbols are proper combinations of degree zero. 

d. Ifr = sisa conversion postulate, then r and s are proper and have the 
same degree and the same reduced form. 

e. If pis proper and of degree m and 0 S n S m, then pxix: --- Xn is 
proper and of degree m — n. 

f. If px:xe --- x, is proper and of degree m, then p is proper and of degree 
less than or equal to m +n. 

g. If p is proper and of degree zero, then px:X2 --- X; is proper and of 
degree zero. 

Proof obvious by referring to the definitions. 

T16. If p conv q, and p has the degree m, and the reduced form of pxiX2 --- Xm 
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is XP:P2 --- px (we note the possibility that x might be one of the x,’s), then q 
has the degree m or less, and the reduced form of qx:X2 --- Xm iS XqQiqo --- q; 
where p; conv qj. 

Proof. We shall first consider the case where p is convertible into q by reduc- 
tions and expansions only. Since p conv q, pxiX: --- Xm CONV QX:X2 --- X,,. 
Hence xpipz2 --- Pp, CONV QX)X2 --- X». Consider the normal series of reductions 
and expansions going from qxiX2 --- Xm tO xpip2--- px. No expansions of order 
one can occur. Now after applying all the reductions of order one of the normal 
series to qxiX2 --- Xm, We get a result which goes into xpip2 --- px by reductions 
and expansions of orders greater than one and which must therefore (by T8) 
have the form xqiqe --- q; where p; conv q; for allz. But x is neither J nor J, 
and therefore qx;X2 --- Xm is of degree zero and has xqiqe --- qi for reduced 
form. Hence q has degree m or less. 

Lemma. If p goes into q by p-conversions only, the theorem is true. 

We shall prove the lemma by an induction with respect to the number of 


reductions of order one required to carry pxiX2 --- Xm into xpipo --- px. Call 
this number a. 
1. a=0. Then mis zero and p has the form xpip2 --- px. In order to prove 


the lemma for a = 0, it is only necessary to show how to prove it for a single 
p-conversion. Hence, let r = sors = rbea conversion postulate, let r be part 
of p and let q be the result of replacing a single occurrence of rin p bys. By 
inspecting the conversion postulates we see that the leading term of r is J or J 
and hence cannot be x. Therefore we can reason as in the proof of T8 and con- 
clude that q has the form xp,p; --- p; --- px Where p, conv p;. Hence q is of 
degree zero. 

2. Assume the lemma true for a. Let pxixe --- Xm go into xpipe --- px by 
a + 1 reductions of order one. Again we merely prove the lemma for the case 
that p goes into q by a single p-conversion. Hence let r = s ors = r bea con- 
version postulate, let r be part of p and let us get q by replacing a single occur- 
rence of rinp bys. Let p have the form pop, --- p; where p, is the leading 


term. 
Case 1. py is not the leading term of r. Reasoning as in the proof of T8, we 


conclude that q has the form pop; --- p’/’ --- p; where p; conv p’’. Now since 
Po is the leading term of both p and q, we can perform the same reduction of 
order one on pXiX2 -+- Xm and qx;X2 --- Xm, getting respectively p’ and q’. 
p’ clearly goes into q’ by p-conversions only and only a reductions of order 
one are needed to carry p’ into xpipe --- pz. Hence the degree of q’ is zero 
and q’ has xqig2 --- qx for reduced form. But qxix. --- Xm goes into q’ by a 


single reduction of order one and hence q is of degree m or less and qx:X2 - - + Xm 
has xqiq2 --- qx for reduced form. 

Case 2. p, isthe leading term ofr. Then there isajsuch thatris pop, --- p;. 
Hence p is rp;41P;+2 --- P; and qissp;4iP;+2 --- p;. Nowby inspecting the 
conversion postulates one by one, we see that, unless the degree of r and s is 
less than or equal to 1 — 7 + m, ae ae +++ p)X,X, +++ X» cannot be reduced 


ae ee.) eee: ee eee wee 


P, 
m 
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to a form where the leading term is not JorJ. But, by hypothesis px:x, --- x, 
or Ip; 41P;+2 -++ P)X;X, +--+ Xm can be reduced to such a form and by reduc- 
tions of order one only. Therefore the degree of r and s is less than or equal 
tol—j-+m. By again inspecting the conversion postulates one by one we 
see that ryiy2 --- Yr-j+m can be carried by reductions and — only into 
syiy2 --- Yi-itm. Therefore we can go from rp;..yP;42 -++ PjX:X: ++: Xm to 
Sp) 41D; +2 ++ P)X;X_ +++ Xm by reductions and expansions only. Hence 
qXx\X2 --- Xm is of degree zero and has xqiqe --- qx for reduced form. Hence q 
is of degree m or less. 

By use of the Lemma, the theorem is readily proved. 

CoroLLary 1. If p has the degree m and p conv q, then q has the degree m. 

Proof obvious since q conv p if p conv q. 

Corotuary 2. If xpipe --- Pm CONV yqide --- Gn, then m = n and x and y 
are the same and p; conv q; for all 7. 

T17. If p conv q, and p is of degree m, and px:x2 --- x,» can be reduced to r, 
and r does not contain J or J, then qx;X2 --- X» can be reduced tor. Moreover 
if qxiX2 --- X» can be reduced to s and s does not contain J or J, then r and s 
are the same. 

Proof. Since r does not contain J or J it can evidently be obtained from 
pxix: --- X» by first making all possible reductions of order one, then all possible 
reductions of order two, and so on. We wish to show that a similar set of 
reductions applied to qxiX2 --- X» will give r. 

Suppose that after applying all possible reductions of order one to px;X2 --- Xm 
we get xpips --- px (the x may be one of the x,’s). Then by T16 there will be 
possible only a finite number of reductions of order one that can be applied to 
QXiX2 --- x,, and the result will be xqiq2 --- qx, where p; conv q;. Now make all 
possible reductions of order one of p; and call the result PoP, eee P; where Po is 
the leading term. Then p, must be different from J or J since these do not 
occur inr. Hence p; is of degree zero and hence q: is of degree zero. Hence 
upon making all possible reductions of order one of qi we would get (by T16) 
Podids --- q, where p; conv q;. Keeping up this process to finer and finer 
subdivisions we finally get the same result by both series of reductions. 

T17 is number 1 of Curry’s Hauptsdtze, mentioned on page 528 and proved 
on page 799 of Curry 1930. 

MC. If p conv q, then P(1-16), Ep | p = q. 

Proof. Use M26, M32, M36, and M37. 

T18. If P(1-16) |} p = q, then p conv q. 

Proof. We remember that the formula ILZ(#I(BTJ)T) is P1. 

Lemma. If P(1-16) | p, and if p is convertible into Ilfg, then either IIfg is 
convertible into P1 or else f conv g. 

Let us eall the applications of the rules of procedure which we make in deriving 
P, steps in the proof of p. Then we prove the lemma by an induction on the 
number of steps used to prove p. 

1. The postulates are the only formulas which can be proved in zero steps. 
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The lemma is readily seen to be true for the first sixteen postulates because, if 
r = sisa conversion postulate, it is convertible into II(Tr) (7s) and hence if it is 
convertible into Ilfg then by Corollary 2,T16,f conv Trand gconv 7's. But Tr 
conv 7's. 

2. Assume the lemma true fork steps. Now let us consider p proved in k + 1 
steps. If the last step was an application of one of rules of procedure R3 to R8 
inclusive, then p was derived from q by one of the rules R3 to R8 and q was proved 
in k steps. Hence the lemma is true for gq. However if one of the rules R3 to 
R8 was used to go from q to p, then q conv p and hence the lemma is true for p. 

If the last step was an application of rule R2, then p is of the form Th and 
hence (by Corollary 2, T16) cannot be converted into Ilfg. 

If the last step was an application of R1, then we have fq and IIfg both proved 
in k steps or less and p is gq. By the hypothesis of our lemma, either IIfg is 
convertible into P1 or else f conv g. 

Case 1. Ilfg conv Pl. Then by Corollary 2, T16, f conv # and g conv 
@11(BTI)T. Hence p, which is gq, is convertible into $11(BTTJ) Tq, which is con- 
vertible into I1(7q)(Tq). Hence if p conv IIf’g’, then IIf’g’ conv II(7q)(7q), 
hence by Corollary 2, T16, f’ conv 7'q and g’ conv 74q. 

Case 2. f conv g. Then p, which is gq, is convertible into fq. But fq was 
proved in k steps or less and so the lemma is true of fq and hence of gq or p. 

Proof of theorem. Assume that p = q has been proved. It is convertible 
into II(7'p)(Tq), and so by the lemma, either II(7'p)(7q) conv P1 or else Tp 
conv Tq. However II(7p)(7q) is not convertible into Pl. For if it were we 
would have E conv Tp, and hence 7’pII conv HII. However this is not the case 
(by Corollary 2, T16) for TpII conv IIp and EII conv 2(TTI). Hence 7p conv 
Tq. Hence Tp/ conv Tq/. But pconv Tpl and q conv Tq/. 

We have now proved that our system is not too strong, i.e. that we cannot 
prove certain undesirable theorems in it. In a second part, to follow soon, we 
shall prove that it is strong enough. 
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MATRICES! 
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1. A p by 2p complex matrix w is a Riemann matriz if there exists a rational 
2p-rowed skew-symmetric matrix C such that wCw’ = 0, twa’ is positive 
definite. If a is p-rowed complex and non-singular, A is 2p-rowed rational 
and non-singular, then awA and w are said to be isomorphic. 

The period matrix of the abelian integrals of the first kind on a Riemann sur- 
face is a Riemann matrix. It was in this connection that Poincaré proved? 
that if w is impure, that is w is isomorphic to 


@ 0 
W3 We ‘ 


where w is a Riemann matrix, then w is also isomorphic to 


W1 °) 
- We 
where w. is also a Riemann matrix. 
The above theorem was generalized to the case where w is any Riemann 
matrix by G. Scorza. Scorza used a rather complicated projective geometric 
method and his proof (as well as all previous proofs) is not very simple. I shall 


give here an elementary matrix proof of the above theorem and the later Scorza 
reduction of any impure Riemann matrix to its pure components. 


2. If w is a Riemann matrix with C as principal matrix, then wCw’ = 0 and 
iwCa’ is positive definite. Hence y = w(a’ is non-singular, and 


(5), sce = (54); 
@ 70 


where Ca’ = 0, ¥ = BCw’. Then QC’ is a non-singular product of the 
2p-rowed square matrices 2, C, 2’. Hence 2 and C are non-singular, 


07 07 

2 \-1 — Y \- — 

(2) (2Co’) -(° rg 3 (CQ’) A 
_——_—_—_—— 

1 Presented to the Society March 30, 1934. This paper was presented in my seminar 
on Riemann matrices at the Institute for Advanced Study in February 1934, and is the 
paper to which H. Weyl refers in these Annals vol. 35 (1934), pp. 714-729. 

* For detailed references, see S. Lefschetz’s report, Chapters XV-XVII, of the Report 
of the Committee on Rational Transformations, Bulletin of the National Research Coun- 
cil, 63 (1928), pp. 310-392. 
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We now prove 

Lemma l. Let 7Cw’ = 0 for a complex matrix rt. Then rt = dw where 6 is a com- 
plex matrix. 

For also 7Ca’ = 0 and 


@ —— (Jar-(Zu2=(0,'%) 


from which 


© O-GeeAr)e-G)e-G). | 


where 6 = 1Ca’y—. Then +r = 6w. 
We also have the trivial 
Lemma 2. A Riemann matrix 


6 “= (0). 


where w has q-rows and 2q-columns, is isomorphic to* 


0 I(p—qQ\far os 0 I(2q) we O 
(6) = ‘ 
I(q@) 0 0 We I(2p _ 2q) 0 3 Wi 
We now prove the Poincaré theorem 
THEOREM 1. Let w be a Riemann matrix of genus p, 


WI 0 i 
(7) o= ’ é 
@3 We 3 
Lj 
where w; has q rows and 2q columns and q < p. Then ow; and w: are Riemann 
matrices and w is tsomorphic to 


Ww) 0 
) (" °) 
0 We 


For let C be a principal matrix of w and write 


Ci C2 
Cs C4 


where C; has 2g rows and columns. Then 





3 We use the notation /(r) for an r-rowed identity matrix. 
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(“ Ve °) ( @] C; w, C2 (“ Ws 
wlw’ = w! = ; 
ws wof\Cs Ch w3Cy + w2C3 w3Co+a20,/\0 ww, 


( @) Ciw, Wj [Cw +- C205] ) 
ae [ws Cy + we C3] W; [w3 Ci + we C3] w; + [ws Ce + we C,) Ws 


(10) 


while similarly 
iw: C1 a, iw: (Cid; + C2d9] 
(11) iwCo’ = . 2 — —- ‘ wy i 
t [w3Ci + weCs] ©,  t [wsCi + w2C3] @3 + 7 [wsCe + wey] dy 
The matrix wCw’ = 0 so that we have 
(12) w Cw, = 0, [w3 Cy + w2 C3] @; = 0. 


Also iwC@’ is positive definite and its principal minor iw,C,a, must be positive 
definite. Thus w; is a Riemann matrix with principal! matrix C; and C; is non- 
singular. We define 


(13) T = w3 + w2C3C7', 


and (10) implies that rCia;’ = 0. By Lemma 1 we obtain r = 6w. 
Define 


I I(2 0 
ay «= (0 0 } 4(e 
—5 I(p—4q C3Cy' I(2p — 29) 


whence a and A are non-singular and A is rational. Then w is isomorphic to 


P (“ — 0 (" ) 
aes W3 We cc; I(2p - 2q) iin T 2 
(n 1¢-ohm od “Ce a) 

" —6 I(p — q) 601 We “i 0 We ‘ 


The matrix w, is a Riemann matrix by the above proof. By Lemma 2 the 
matrix w is isomorphic to 


(16) (“ ’) 
0 @] 





and w: is a Riemann matrix by the above proof. 
As an immediate corollary of Lemma 2 and Theorem 1, we have 
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THEOREM 2. Let w have the form 


Wy, W3 
a7 ea ( 
0 We 


where w, has q-rows and 2q columns and q is less than the genus p of w. Then w 
ts impure and ts isomorphic to 


W] 0 
(18) 

0 We 
where w, and w. are Riemann matrices. 


3. Let now w be any Riemann matrix. If w is not pure, then w is isomorphic 
to a matrix of the form (8). Applying the same criterion to w; and w, we 
ultimately obtain a complete reduction of w. In this final form we have w 


isomorphic to 








T Ay 0 
As 
(19) woo = 
Ls 0 Ay = 
where 
71 0 
(20) A; = ®, » Ojk = Wi (k = 1,---,t), 
0 Wit; 


and w; is a pure Riemann matrix not isomorphic to wm for 7 # k. We may 


obviously have ¢; = 1 or f = 1 in a special case. 
We shall now prove an analogue of Schur’s Lemma of the theory of group 


representations. 
THEOREM 3. Let w; and we be pure Riemann matrices of genus pr, P2 respec- 


tively, and let 
aw, = WA 


for a rational 2p. by 2p, matrix A and a complex ps2 by p; matrix a. Then a 
and A are both zero or pi = p2, a and A are now singular, w; and ws are isomorphic. 
For Q; and Q, are non-singular, 2a; = @,A and 


(21) QQ = >. Q% = te) : °) = 0,A0;'. 
1 


If the rank of a is r then the rank of A is evidently 2r. Moreover r S$ Py 
r < po. We let a and A be not both zero so that neither is zero and r > 0. 


ey het ef cc 2 








IMPURE RIEMANN MATRICES 155 


There exist non-singular matrices 71, y2, Gi, G2 such that G, and G, are ra- 
tional and 


I(r) 0 I(2r) 0 
(22) ag = y2ay1 = 0 0 ’ Ap = G. AG; = . ° : 


yi 


But then yeay71 01G1 = YeweGy'G,AG;. Let 


oe Wh 6 = Go = 7™ 676 
(23) W190 = ¥, 1G1 = , w2 = y2w2G, = . 
W7 Ws 77 ~=«T8 


where w; and 75 have r-rows and 27-columns. Then apwio = waAo and 


( I(r) ) (“ *) (“ *) ( 7 ") ( I(2r) . (" ) 
(24) = = = ; 
0 O/\wz ws 0 O T7 Ts 0 0 t O 


Then 75 = ws and w. = 0, 77 = 9. If r < p; then w is isomorphic to 


(25) ( “), 
0 Ws 


and is impure by Theorem 2. If r < pe, then we is isomorphic to 


t O 
(26) (" ), 


and is impure. Hence r = p; = p2 so that a and A are non-singular and o 


and w, are isomorphic to 75 and hence to each other. 
Suppose that a matrix w is isomorphic to wo of (19), (20) and also to 





M, 0 Ti 0 
(27) wo = “ : : M; = *% , 

0 Ms 0 Tis; 
with 7, = rt; and tr, not isomorphic to tm for 7 # &. Let 7 be pure 
(j = 1,---,q). If any 7, is isomorphic to an ws then we may take j = k, 


71 = wj Without loss of generality by replacing wo: by an isomorphic matrix. 

Hence we may assume that wj and 7,1 are non-isomorphic for j # k and are 

either non-isomorphie or equal for j = k. With this canonization we have 
TuEorEM 4. The canonical form (19) (20) is unique. 

- Or w) and wm are isomorphic and aw) = woxA where a and A are non-singular. 
len 


(28) (cj) i - M; (An) (GG=1,-+-,g;kK=1,-°°5f), 
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so that aj,Ax, = M;A;x. Similarly 


(29) (a*") Wri = Ti (A}s,*) 














A, ° 
so that a," o. = T,,A}y". Then a};," and A};* are zero for 7 ¥ k. If all 
a" are zero, then a is singular. Hence a}: # 0 for some \, uw and by 
Theorem 3 and our canonization, we have w;, = tT; and f = g. The matrix 


w; has p; rows and a;; has s;p; rows and ¢t;p; columns. If s; ¥ t;, then 
[ Qi1 0 
Q = 8 : 
O ary 


cannot be non-singular. For the determinant of a would be the product of a 
principal minor of @ in a;; and a matrix with either a row or column of zero 
elements. Hence s; = ¢; and we have proved Theorem 4. 

i 


4. The multiplication algebra of a Riemann matrix is the algebra D of all 


multiplications 
a: aw = wl 


of w, where a is p-rowed and complex, A is 2p-rowed and rational. If w isa 
pure Riemann matrix then D is a division algebra by Theorem 3. Let then w 
be impure of the form (19), (20), and let D; be the multiplication algebra of 
w 1, a division algebra. Then we have 

THEOREM 5. The multiplication algebra of w is a semi-simple algebra which 
is the direct sum of the multiplication algebras S; of A;. The algebras S; are 
simple algebras N; X D; where D; is the multiplication algebra of wj, and N; is 
a total matric algebra of degree t;. 

For let aw = wA. As in (28) we have aj, = 0, Aye = 0 (7 Xk), GG FA) 
so that D is evidently the direct sum of the algebras S; of all multiplications 
aj;A; = A;A;; of A;. Moreover D is semi-simple if the S; are all simple. It is 
then sufficient to prove that the multiplication algebra of A; is D; * N; since 
every such algebra is simple. 

If aj;A; = AjA;; then a} fon = wA* is a quantity of D; and the multiplica- 
tions of A; are contained in the algebra N; X D, of all t;-rowed matrices with 
elements in D;. Conversely, every quantity a of N; X D; defines matrices 
a\*, A such that a)'"w;1 = wA>'* is a quantity of D; and if we define 


aj; = (aj), Aj; = (A}}) Q,u=1,---,d, 
then the equation a;;A; = A;A;; states that a is a multiplication of A;. Hence 
S; = N; X D; as desired. s 


Tue UNIVERSITY OF CHICAGO, 
Cuicaao, ILL. 
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ON THE CURVATURES OF CERTAIN CURVES IN FUNCTION SPACE! 


By JosepH A. GREENWOOD 


(Received July 8, 1933) 


1. Introduction. The analogues in function space of the ordinary normals 
and curvatures of curves in euclidean space are well known.? Specifically, the 
general expressions for the curves of constant curvatures in euclidean n-space 
have been written down,’ and the analogous formulas are of course valid for 
curves in function space with a finite number of constant curvatures different 
from zero. Definite results, however, relating to curves having an infinite 
sequence of curvatures, are lacking and it is the object of this paper to study some 
special curves of this nature. 

It has seemed desirable to include a treatment of the differential equation for 
the curves with constant curvatures in n-dimensional space. The solution for 
this case is then generalized and it is shown that the class of curves in function 
space represented by the generalization really has an infinite sequence of curva- 
tures all constant. The existence of curves of this nature is thus established by 
means of examples. The restrictions on the class of curves studied have been 
chosen with a view to securing convergence of the series involved and are prob- 
ably more stringent than necessary. 

The results just cited are very natural extensions of the corresponding situa- 
ticn in space of a finite number of dimensions. In one respect, however, the 
theory of curves with an infinite sequence of curvatures differs very materially 
from the finite case. It is no longer true, in general, that the sequence of curva- 
tures essentially determines the curve. Nevertheless, many other properties 
are retained in the more general theory. We mention in particular the invari- 
ance of are-length and of the sequence of curvatures under transformation of the 
parameter of the curve and also under transformation of the fundamental func- 
tions themselves, which are the extensions of translation and rotation in ordinary 
space. 


2. Definitions and Assumptions. Corresponding somewhat to curves in 
ordinary space defined by a vector whose projections on the axes are of the form 


yi = f(t, u), (¢ = 1, 2, 3) 





' The author wishes to acknowledge the kindly suggestions of Dr. Louis Ingold, Professor 
of Mathematics at the University of Missouri in the writing of this paper. 
* Kowalewski, Les formules de Frenet dans l’ espace fonctionnel, Comptes Rendus, vol. 151 
(1910), p. 1338. 
Ingold, L., Functional Differential Geometry, Transactions of the American Mathematical 
Society, vol. 13 (1912), p. 321. 
b Brunel, Sur les propriétés métriques des courbes gauches dans un espace linéaire a n 
dimensions, Mathematische Annalen, vol. 19 (1882), p. 57. 
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we consider curves in a function space defined by a function, 
f(z, u) (a <2 Sb), 


where «x is a continuous parameter over the interval. Then we have a curve in 
space of infinitely many dimensions. We assume that the functions defining 
the curve have partial derivatives of all orders with respect to u, and that these 
together with the functions, themselves, are continuous functions of x over the 
interval. 

In the general discussions of this paper it will be supposed that f(z, u) is 
expressible in the form 


he, ») = : A, (u) B, (2) 


where the B; (x) are a normed orthogonal system of functions, and that 


f ie) 


=~ 2,4 A'"l(u) B;(z) 


ot j= 





and further that all the series involved are ‘normally convergent.’ The con- 
vergence for the variable z is, of course, over the interval (a S$ x Sb). For the 
variable u the convergence relates to some finite interval. Set 





ds Ta f(a, u) P or 
du ses i Ea dx = p> [A ; (u)}? (See footnote 5) 
from which 
(1) 7 i > [Ai (WP du. 
Yo i=1 


If u is replaced by a function of s, u = u(s), satisfying the last equation, f(z, 4) 
becomes some function, 








(2) f(z, s) = 9 A ;(s) B;(zx) 
such that 
(3) / | oT dz =1, (See footnote 6) 
a ds 
ee convergent according to the M-test. Bromwich, Theory of Infinite Series, 
p. 124. 


5 The integrated product of two functions corresponds to the ordinary inner product of 


two vectors. 
6 Ingold, loc. cit., p. 320. 
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Then s is said to be are-length along the curve defined by f(z, s). When f(x, s) 
is a series of the form (2) it is necessary that 


y Al(s)? = 1. 


¢=} 





; 0 - « 
The derivative, yf ) , is called a tangent to the curve f. Corresponding to the 


set of normals at a point of a curve in ordinary space, the tangent, principal 
normal, and binormal, we set up a system of expressions defining the “normals’’ 
tof. They are extensions of the well-known Frenet formulas, 


no(2, 8) = ta, s) = L%9) 
Os 
(5) k (s) n,(z, 8) = Raseiee + k,_,(8) n;-2(z, 8) . 
@2=1), n_,(z,s) =0, k(s) =1. 


The £,(s) are called the curvatures, and their reciprocals 1/k;(s), the radii of 
curvature. The curvatures are defined by the equations, 


b 2 
(6) k2(s) = I | Seeaate) + kj-1(8) n,-a(2, ®) | dr. G@=1). 

It has been proved that the above system of so-called ‘normals’ is mutually 
orthogonal, that 


Sini(a,s)dx =1, 


and that when one curvature vanishes, all the succeeding ones also vanish.’ 


3. The Curves of Constant Curvatures in an n-Space Imbedded in Func- 
tion Space. Given a set of any n — 1 positive constant curvatures none of 
which are infinite or zero, it is possible to write down the differential equation 
of the curves in n-space possessing those curvatures. By recursion any one 
normal can be expressed linearly in terms of the vector, f, and its derivatives 
with respect to s. It is then readily proved by induction that the differential 
equation of the curves of constant curvatures, ki, ke, --- , k,-1, is, in the differ- 
ential operator notation, 


[n/2] , 
Pow 4 $8 scat, a nts, re] =o. 
t=] a 


a; 22+a, for i>r. Also D=1. 


ee A 


(7) 


‘Ingold, loc. cit., pp. 321-3. 
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From the form of this differential equation we see the solution to be 
[n/2] 
f(z, 8) = a E sin (his)- By ;-1 (x) + ‘ cos (his)- By a) | 
(8) rae 
+4 [1 aw (am 1)”] 5B, (2) . (See Footnote §)] 
The e B;(x), being clearly independent of s, replace the usual arbitrary 
constants in the solution and have the form given in order to give the restrictions 
on them the conciseness as of the next section. The signs are all taken to be 
positive as the curve is essentially unchanged by so doing, and the constant of 
integration is omitted as it represents only a translation of the curve. 

If n is odd, then clearly cs-B,(x) is a particular solution of the differential 
equation. Hence we add cs- B,(x) to the vector form of f(z, s)._ In an odd space 
the curve has the property of a circular helix of extending to infinity along one 
axis. In even space the curve is contained entirely within a hyper-rectangular- 
parallelopiped and may or may not be closed. The h; are constants obtained 
from the auxiliary equation to the differential equation. In the expressions for 
the curvatures we have the equations for determining the m;. 

Since the unit normals may be directed either positively or negatively the 
Frenet formulas do not fix the signs of the normals and curvatures. Let us 
assume that any changes of sign of the set ki, --- , k; do not numerically affect 
others of the set. We shall show that the set may be extended to include kj41. 
Suppose that after certain changes k; takes the opposite sign. Now 


(9) niki = Nis + ;-2k:-1, 
(10) hist kins = 0 + 5-1 ky. 


If n; is unchanged, n;-1 must be changed and nj_2 or k;_; changed (from (9)). 
Then n;-1 has its sign changed, and n;1k; is unchanged. And since 1; is 
unchanged n; is unchanged and the numerical value of ki: is unchanged. On 
the other hand, if when k; takes the opposite sign n; changes sign, then 7;- 
is unchanged and therefore also n;1. But n; and k; both change sign so again 
the numerical value of kis: is unchanged. Since the assumption is easily 
proved for k; and ke, the induction is complete. 

After applying the definitions (6) of the curvatures to our curve of constant 
curvatures, we obtain 

[n/2] 





ky iad } ms hi ? 
i=1 
(11) 1 [n/2] (1 (— 1") [n/2] 
wt = ie 2, meet — ate BT (y _ DY eat at 


$=1 j=1 





§ Brunel, loc. cit. 
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The general formula proved by induction is 


e- Te 


(12) [n/2] [¢/2] ’ 
y [ma ; ater >) f= 57” We Diba, ki @,°** Ninae 
i=1 r=0 

ka, =1. a; 22+a; for Pe. t>2. 


0 


4, Curves With an Infinite Sequence of Non-Vanishing Curvatures. The 
formulas just given for the function f(a, s) and for the curvatures hold when 
n is any finite positive integer. It seems natural to attempt to extend these 
formulas to the case in which there exists an infinite sequence of non-vanishing 
curvatures. In this case we write in place of formula (8) 


(13) f(a,s) = es-B,(x) + pa —— ~ [sin (Ais) -By ;(z) + cos (his) - Bs ¢+; (2)] 


i=1 
- 


where 
c+ > m? =1. 
$=1 
If c ¥ 0 we say the space of the curve is odd, if c = 0 it is even. In the ex- 


ample to be used c = 0. We write in place of (12), with similar changes in (11) 
obtained directly from (6), 


t-1 1 

is 

00 [ t/2] 2 
= |m, h; *ai/a1 >) (— 1)’ hi’ 2) Ke, Kay io Oe : 


i=1 r=0 


(14) 





ka, =1. a; 22+a; for t>j. t>2. 


This formula may be written more compactly by introducing the following 
notations: 


k=1, Agml1, Afe=#1, 





Ai = fe 1 A‘. (a 1)"*? 41 12 2lr/2) (r = 2,3, coe Dy 
r—2 = 


Then (14) becomes 


0 5 
(15) k2 = > (m, Ath, , (r = 1,2,---). 


$=] 
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It is clearly possible to choose the constants m; and h; so that the series (13) 
converges. Then it will define a function of x and s and hence a curve. In 
order that the parameter s shall be arc-length of the curve defined by (13) it is 
sufficient that the series obtained by differentiation of (13) with respect to s 
converge ‘normally’ with respect to s over some given interval and that >°*_, 
m: = 1. The following is such an example: 


u 


f(a,s)=>> Ll sin - cos (28 — 1) r+ 008 FH - COS air], 


4/ 2 
Gg = —_—_- . 
Tv 


This has the form of (13) where m? = 9,999(-1)* and h; = (-1)*. B,(z), 


B,(x), --- is the system of functions, 4/2 00s 2, 2 cos 22, --- , normed 
Tv T 


and orthogonal over the interval (0 S$ x <7). The above example can be proved 
to be ‘normally’ convergent in x and s over their respective intervals. It is then 
possible to show that each of the curvatures of the infinite sequence of curva- 
tures exists and is different from zero. Since kj: n;,1 is defined in terms of the 
previous normals and curvatures, the existence of ;1 will be established when 
we have shown that k;,; exists. This we proceed to do. 


where 





Assume that all the series representing mo(z, s), m(a, s), ---, ,(2, 8), 
git fz, @) . 2 7.2 2 ; 
ee eares for r = 0,1, --- , gj, and kj, kg, --- , k; are ‘normally’ con- 


vergent and that kj, k}, --- , ki} #0. Now 
P . "| On; . os 6. 
Pes - | [Ke41 M41)? dx = [ | +k; n+ | dx if it exists. 
0 0 


Since by the assumptions the latter integral exists, k;,, exists, and the series 
for k;+, n;4, converges ‘normally.’ 


, , ONji1 . 
n; involves alternate sin (As) and cos (h;s) terms. — involves only one 
8 





part, =. [ which is not assumed ‘normally’ convergent. But the absolute 


value of each term of the series, “. [ | is clearly less than that for the corre- 


sponding term in the series for n; since h; < 1. Hence this part and conse- 


quently orn converge ‘normally.’ 


It remains to be shown that no curvature of finite order vanishes. If k7+1 
vanishes when j + 1 is finite, then each parenthesis expression? in the formula 





9 See formulas (14) and (15). 
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for k°,, must vanish for an infinite number of different values of h?. Since the 
expression is an algebraic one of finite degree in h? that is impossible. There- 
fore no finite curvature vanishes. The induction is complete when we observe 
that for 7 = 2, mo, m, M2, and their required derivatives with respect to s, k? 
and k? converge ‘normally.’ 

This discussion relates to functions of the type (13) with c = 0 which are the 
extensions, to an infinite number of dimensions, of the formulas for curves of 
constant curvatures in finite space of an even number of dimensions. It is 
clearly possible to carry through a similar discussion for curves of type (13) with 
c ~ 0, and hence both types of curves exist in the space of the set of normed 
orthogonal functions, B;(z). The two cases may be called the even case and the 


odd case. 
It is interesting to note that for the even case if the h; are all the same constant, 


the second curvature vanishes and consequently the curve is a plane curve. 
Under the same conditions for the odd case the third curvature vanishes and the 
curve lies in a three-dimensional space. This can be shown by direct substitu- 


tion in the extensions of (11). 


5. Some Invariant Properties of a Curve in Function Space. For curves 
in a finite number of dimensions it is known that the curvatures and length 
of are are invariant under a certain class of transformations of the containing 
space (as translations, rotations, etc.), and also under analytic transforma- 
tions of the parameter of the curve. We give in conclusion a brief treatment of 
the corresponding ideas for curves in function space having an infinite sequence 


of curvatures. 
Let f(z, s) = >> A-(s) B(x) and >> [A;(s)]? = 1 so that s is are-length. 
‘=1 s=1 
Suppose the curve, f(z, s), has an infinite sequence of curvatures and normals 
which can be obtained from the Frenet formulas by using term-wise differentia- 
tion of the series on the right, and that the resulting series as well as the series 
for f(z, s) are ‘normally’ convergent in both variables. Let the B,(x) form a 


closed set, normed and orthogonal over a certain interval. 
If @;(x) form an equivalent closed set! of normed orthogonal functions (the 


B’s themselves, reordered, are a special set of this type) and if the same con- 


ditions hold on the series f (x, 8) = > > A,(s) 6;(x) and the series obtained from it 
i=1 


as on f(z, s) = ) A .(s)B,(x), it is true that f (z, s) has the same infinite se- 
i=1 


quence of curvatures as f(z, s). This is so, since if they exist, the curvatures 
depend only on the ordered sequence of the A’s. 





os We call two infinite closed sets equivalent if the elements of either are expressible 
linearly in terms of the elements of the other. 
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Let us subject the B’s to the transformation 


j=1 
where 
(17) > b?, =1 and es oF lL~m. 
k=1 k=1 


f(x, s) then becomes some function 


f(z, s) = .% A] 0 6,60, | = > }> b;; A. Jo, = = A,(s) 6,(x), 


rms 
(See footnote 11) 


where 
(18) A; = Be Osa By 
i=1 


_ The questions arise as to whether or not s is still are-length and whether or not 
A ;(s) is equivalent to the old A;(s). In other words, does f(x, s) have the same 


infinite sequence of curvatures as f(x, s)? - 
Assume that derivatives of all orders of A; with respect to s exist. If 


ba E | is ‘normally’ convergent and consequently equal to ~ | » Ai | - 
| ws 


af = ) then py [A;(s)P = 1 and s is still are-length. For 








>» [45 (s)? = a bs b;; A A 
7™1 71 i=1 
= 2 [bir Ar +bi2 An ts P= AL + Ad? + 
Fe 
by (17), and this equals one by hypothesis. 
In order for the sequence of normals to exist in the new form it is necessary to 


suppose that 7] => A'"|(s) 6;(z), and further that the series, Ag 14 6.H, 


converge nies’ in both variables; then k; 7; can be onganed from the 


series for f(z, s). 
If 





k,n, = } [a,41 tia +++ > Gy Aj] B; 
i=1 
and 
k,n, = Do la,4, APT +... +a, AG, 
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where the a, are functions of s, we shall say they are ‘similar.’ Assume that 
k,n, and k;7v; are ‘similar’ and k? = k? fori = 1,2, --- ,j. Since kj,injs1 = 


an +k;n;-, it is easily seen that kj,17;,1 is ‘similar’ to Kisitjua. We now 


show that R41 = ie 41: 
In obtaining the curvatures the B’s and 6’s integrate out giving 


(19a) ee = ad la; + OF ie + 541 Aljes! +--- +4, Aj]? , 
(19b) K34, = »» (aj4. 442) 400,,, A 4... 4a, AUP. 


Make substitutions of the type Al! = A b,, A'y! throughout (19b). Then 
let us sum as to 7 (as indicated) the emul term of the squared parenthesis 


of (19a), 
dX Oy, tes Alei! Almal 


and form the like sum for the corresponding term in (19b), or 


i] 


> ay, , Alps] Alea! — 7 + Que p> b:, Ate] bP bey At] 
_ F l=1 t=1 


t=1 =} 


dX 4, Tn» [b,, AY1) + bg AYU + ---) By, Ales! 4. 5,, Ales! 4...J. 


Because of (17) the summation on any cross-product term of the two latter 
brackets vanishes. The entire expression therefore reduces to 


> a, ye Alea! Alps), 

¢=1 
which is the general term in the expanded form of and also of k*,,. 
Therefore k},, equals ki,,. Since the assumptions are readily shown to be 
true for 7 = 1 andj = 2 the induction is complete. 


Thus, if a transformation of the type (16) is made on f(z, s) = > A.(s)Bi(z), 


¢=1 
then s remains are-length and the two curves have the same infinite sequence 
of curvatures, provided they exist. 
It is readily seen that if the curve 
f(z, s) = > Ails) B(x) 
i=1 

has an infinite sequence of curvatures obtained from formula (2) by using the 
Successive derivatives of the series on the right, then the curve, 





f(z, 8) = >> Ai(s) 06;(z) 


‘=1 
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has exactly the same sequence of curvatures, (provided its curvatures may be 
computed from the series on the right), where the functions 0,(x) are any infinite 
sub-set of the fundamental set B(x), because the curvatures depend only on the 
ordered sequence of coefficients A ;(s). It follows that if there exists a curve 
in the space of the functions, Bi(x), B2(x), --- having a given infinite sequence 
of curvatures there are infinitely many such curves. As an immediate con- 
sequence it is clear that curves in function space are not essentially determined 
uniquely by their sequence of curvatures as they are in space of a finite num- 
ber of dimensions, but there is a whole class of curves determined from them 
by the methods indicated above. 

Furthermore, by a proof identical to that given in this section it can be shown 
that arc-length and the infinite sequence of curvatures, if they can be computed 


from the transformed series, are invariants of f(z, s) given above, under 
transformations on the 6;(z) of the type (16), for every curve of the class just 


mentioned. 


DvuKeE UNIVERSITY. 
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REMARKS ON SOME POINTS IN THE THEORY OF DIVERGENT SERIES 
By G. H. Harpy 
(Received July 5, 1934) 


1. I have collected here a number of remarks which have occurred to me when 
lecturing on Fourier series or on the general theory of divergent series. They 
contain nothing that is important, and not a great deal that is new, but may be 
interesting because they refer to comparatively unfamiliar topics. 


A. On Fourier’s own deduction of Fourier’s theorem 


2.1. By ‘Fourier’s theorem’ I mean here the theorem that, if f(a) belongs to 
an appropriate class of functions, and is ‘representable’ by a trigonometric series 


(2.1.1) dao + >> (an cos nz + b, sin nz) , 
1 
then a, and b, are given by the formulae 
(2.1.2) ad, = i f(x) cos nx dz, b, = : / f(z) sin nz dx. 
T * J. 


The formulae are older than Fourier, but with that I am not concerned.! 

‘Fourier’s theorem’ asserts, in modern language, that a trigonometrical series 
which represents the function must be the ‘Fourier series’ of the function. It is 
true or false according to the class of functions considered and the manner in 
which the function is ‘represented’ by the series. Thus it is true, after du 
Bois-Reymond and de la Vallée-Poussin, when the function is bounded or in- 
tegrable and the series is convergent. If we assume only that the series is 
summable, by one or other of the standard methods of the theory of divergent 
series, then the theorem is usually false, even when the function is 0.2. Thus the 
series 


(2.1.3) sin z + 2sin 2x + 3sin 3x 4+ --- 


is summable to sum 0 by the Abel-Poisson method or by Cesaro means of any 
order greater than 1. 


' The fullest account of the early history of the formulae is that given by Burkhardt, 
‘Trigonometrische Reihen und Integrale’, Encykl. d. Math. Wiss., II. A. 12 (in particular 
§16). Burkhardt traces the first of them back to Clairaut (1757). The usual deduction 
by term-by-term integration is due to Euler (1777). 

* The best results in this direction are due to Rajchmann, Zygmund, and Verblunsky. 
In particular Verblunsky [Proc. London Math. Soc. (2), 31 (1930) and 34 (1932)] has shown 
that a trigonometrical series cannot be summable (C, 1) to 0 unless its coefficients are nul, 
thus confirming a conjecture of M. Riesz [Math. Ann. 71 (1911)]. 
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Here I am concerned primarily with the very special case which is considered 
by Fourier in §§207-218 of his Théorie de la chaleur. Suppose that f(x) is odd 
and analytic for | «| = 7, so that 


_ = fv (0) 
(2.1.4) f(x) = 2 RTI antl 
for |x| S z, and that 
(2.1.5) f(z) = > bd, sin nz 


for —t < x < 7, the series (2.1.5) being convergent in the classical sense. 
These are in effect Fourier’s assumptions, and his object is to prove that b, 
is given by the second of formulae (2.1.2). It will be observed that he is 
attempting to prove a theorem of ‘uniqueness’. He wishes to show not merely 
(what is trivial now) that f(x) can be expanded in the form required, but also 
that the series so obtained is the only trigonometrical series for the function. 
The conclusion desired is true, but only on account of ‘Cantor’s theorem’; and 
a mild generalization of the interpretation of (2.1.5) would render the con- 
clusion false. 

Fourier replaces every sine in (2:1.5) by its Taylor series, and equates coefl- 
cients. He thus obtains the system of equations ; 


(2.1.6) by + Qh, + ZB%HHz4... = (—1)9 fe) (h = 0,1,2,---). 


It will be observed that the series here are all divergent even in the simplest 
cases; thus the Fourier series of f(z) = z is 


sin2zr . sin 3z 
ae, inde, 





2(sin r— 


and the system (2.1.6) then becomes 
Fie EE co xo eh, es ee Aw 1, Q<-«? 


These equations are correct when properly interpreted, but they require a theory 
of divergent series; and a very little use of divergent series is, as we have seen, 
sufficient to falsify Fourier’s conclusion. 

Fourier next replaces the system (2.1.6) by the corresponding system 


(2.1.7) Birt 2B, + +++ + HMB, = (—1I)YOHE) (k= 0,1, ---,k-1) 


of k rows and columns, solves this system for 1, B2, --- , 8, and makes k tend 
to infinity. The method, as Riesz remarks, embodies an important principle, 





’ The sum of the series at the ends of the interval will naturally not be f(z) but 
2{f(—7) + f(x)} = 0. 


4 There is a short but very interesting discussion of Fourier’s argument in F. Riesz, 
Les systémes d’ équations linéaires a une infinité d’inconnues (1913), pp. 2-7. 
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and the calculation is the more remarkable because Fourier had no deter- 
minants to help him. It would be hopeless to attempt to ‘justify’ the method, 
in this particular application, under any ‘reasonable’ conditions, and Fourier’s 
calculations are now only a historical curiosity. But the result, viz. 


ein Sty SO {ye - fe) go... 


is true fairly generally, and is a formula of considerable interest. 
2.2. The formulae (2.1.7) and (2.1.8) suggest several different questions. The 
first is whether (2.1.8) is in fact a valid representation of the Fourier coeffi- 


cient of f(z). 
In the first place, if f(z) is analytic for —7r S x S 7,> we have 


st, = [1@ sin nz dx = (—ye{ _ f'n) 


n 











4 — 4 a 1) fOr(n) (— 1)* [ f+ (z) cos nx ac}, 


nehti mht 


by repeated partial integration. Since the last term is O(n-**-*) for large n, 
we conclude that the series (2.1.8) is an asymptotic series for b,, for any ana- 


lytic f(x). 
The series will be convergent, for sufficiently large n, if 


[f2(n) |< K™ 


for some K. For this, it is necessary and sufficient that f(r) be an integral 
function of order 1 and finite type, z.e. that 


(2.2.1) | f(x) | < Ae®!#! 


for some A and B. If B < 1, in which case also K < 1, then the series is con- 
vergent form = 1. All this is familiar.® 
We are led to ask whether the series 








f(r) fm) , f'""'G@) 
(2.2.2) fis) _ Ls) 4, Ls? 8 
or 
(2.2.3) = 40- a, — a 





are summable by recognised methods: it is the second series which presents 
itself most naturally. If f(z) is an integral function, we have 


f(r) f’"@e# , f'"G@t . it 
(224) 2% _ a’ ~ eed tet ara G -*) 


nm 2! nm 4! 











5 That is to say, in a region of the complex plane containing the portion of the real axis 
from —r to r. This is naturally a more general hypothesis than Fourier’s. 
* See in particular G. Pélya, Math. Zeitschrift, 29 (1929), 549-640 (especially pp. 578-580). 
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and so 


(2.2.5) [ ew @ “ re... }a 
0 n n> 2! 


7 = 4 et uC 4 #) 4 i(= - a) dt 


= +f e—™ {f(r + it) + f(r — it)} dt, 
0 

if the integral is convergent. In these circumstances the series (2.2.3) is sum- 

mable (B), z.e. by Borel’s exponential integral. The series (2.2.2) is summable 

in the sense which I have called (B, 2).7 It is summable (B, 1), ze. (8B), 


whenever 
fle) _ ft) 
n n> 1! né 2! 
is convergent for all ¢; for example, when f(z) is of finite type, in which case 
the series is convergent for large n and summable (B) for all positive n. 
Suppose now that f(z) = f(& + 7m) is (integral and) of finite type in the half- 


strip R defined by 








—7™S§5S7,720; 
that is to say that (2.2.1) is satisfied in R. Then, applying Cauchy’s theorem to 
fen f(x) dx 


and R, we obtain 


tb, = . [ en f(x) dx 
0 


t J—r 


(2.2.6) = / e-nmi—nn f(— © + in) dn — / enri—nn f(r + tn) dn 


= (-1)4 | o~ ifr +50) 4 fe ~ Wh de. 


Comparing (2.2.5) and (2.2.6), we see that the series (2.2.3) is summable (B) 
to sum (—1)""47b,. That is to say, when f(z) satisfies the conditions stated, 
Fourier’s formula is correct for sufficiently large n if the infinite series is inter- 
preted asa Borel sum. It is correct in this sense for all n if the B of (2.2.1) 1s 
less than 1. For example, these conditions are satisfied when 


f(x) = x cos az? (2ar <1). 





7 See G. H. Hardy, Journal London Math. Soc., 8 (1934), 153-157. A series is summable 
(B, k) when the series obtained by interpolating k — 1 zeros between each pair of suc- 
cessive terms is summable (B). 
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It is to be observed that the series may be summable, or even converge, with- 
out representing 6,; thus it vanishes identically whenever f(x) has the period 27. 
In this case f(x), if of finite type, is a trigonometrical polynomial, and b, = 0 
for sufficiently large n. 

There is another generalization of Borel’s method which is fairly familiar and 
which enables us to extend the range of validity of Fourier’s formula further. 
The generalization is that often used in summing the series 


Yaz =1—-12e422-... 


In this case the series 
(xt) a 
Zk a =l-2v#+r7?—... 


is convergent only when ¢ | x | < 1, but issummable (B) when R(zt) = — 1, ve. 
when zt lies within the Borel polygon of summability. This condition will be 
satisfied, for all positive ¢, if and only if R(x) > 0; and then we may write 


/ er ede 


and say that the series is summable (B?), z.e. by a repeated application of Borel’s 
method. 

We assumed that f(z) is an integral function only in writing down the sum 
of the series in (2.2.4). This equation will be true, in the Borel sense, whenever 
all the arguments of f(z) in question lie within the Borel polygon of the series; 
and this will be true, for every ¢, if all the singularities of f(x) are on the real axis 
and at a distance greater than x from the origin. If this condition is fulfilled, and 
f(x) satisfies (2.2.1) in R, then our conclusions about Fourier’s formula remain 
valid with the substitution of (B*) for (B). 

As an example, suppose 





1-—1!2+42!2?-.. 





1 1 
del oe ae ee (a>). 
2.3. There remain Fourier’s formulae (2.1.6). Fourier’s series are divergent 
in the most trivial cases, but the simplest definitions are sufficient to sum them 
and to re-establish the formulae. Riesz,’ for example, remarks that the for- 
mulae are correct if the series are interpreted as Abel-Poisson sums. ‘Much 
more indeed is true, since Young? has shown that the k‘* derived series of the 
Fourier series of f(z) is summable (C, k), at any internal point, whenever 
f®(z) is continuous. However, the Abel-Poisson method is the simplest and 
most natural which will sum all the series, and it may be worth while to give 
4 very simple proof that it will do so. 





‘teak 
* Proc. London Math. Soc. (2) 17 (1918), 195-236. 
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Since f(x) is regular for —7 S x S 7, we have 
b, = i f(x) e"** dx = ij f(x) en* dz, 
Tl Ju—x TU Cy 


where C; is a curve from —z to z a little above the real axis. Hence, if 6 > 0, 


eiz—8 


>) bats = + if fla) 2) ee de = = if Ja) Fat 


Differentiating 2h + 1 times with respect to 6, and then replacing the deriva- 
tive under the integral sign by the corresponding derivative with respect to z, 


we obtain 
- (-1)" aa 1 Mh+l pie 
2. n2+1b, en = Ie 1 Toes &. 


When 6 — 0, the right hand side tends to 


& 1)’ d \2h+1 giz ss 1)* d \2+1 1 
7 [ sta)( 4) 1 — e* dx = i [ se)(4) cot 5 x dx 
sh | 9 (4 yr" 5 cot 5 2 dr, 


where C is a complete contour round the origin. This is 


—— [ sen (x) ; cot ; zdz = (—1)* f+D(0) : 
Cc 











and this is accordingly the Abel-Poisson sum of the series 2n?"*'b,,. 

A slightly modified form of the argument will prove that the k® derived series 
of the Fourier series of f(x) is summable (A) to f(x) at any internal point of 
(—7, 7).° Suppose that 


T 


c i 1 —niz 
f(x) ~ 2 Cre", Cn = > s e~niz f(x) dz, 


and that —7 < & < 7. Then we can express the sums 


Za Cy Eniton z Cy enittin (5 > 0) 


n20 n<0 


by integrals along paths C2, C; from —z to 7, C; above and C-z below the real 
axis. The proof then follows the same lines. 

It is also easy to show that the series are summable (B); we may prove this 
directly from the definitions, or use the theorem that a power series is summable 
(B) at any regular point on the circle of convergence. 








10 This was pointed out to me by Professor Pélya. 
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B. The series > a’ $“(z) 
3.1. The series of §2.2 were of the type 


i] 


Pe a’ (x) : 


r=0 


and we expressed these sums by integrals involving ¢(x) and exponential fune- 
tions. A more entertaining form can be given to the results by considering 
series infinite in both directions. We write 


6002) = ola) = 4 [wo ema = > 0), 


so that a derivative of negative order —r is a ‘Riemann-Liouville’ integral of 
order r and with origin 0; and we consider the series 


(3.1.1) y(x) = > a’¢” (x) = S b> 6” (2x) (s = ‘). 


—o 


I suppose, in the first instance, that x and a are positive. 
If the series (3.1.1) is uniformly convergent in any interval of z, then 


y = by, y = Ce. 


Hence we may expect the sum of (3.1.1) to be an exponential function, whatever 


the form of ¢(z).¥ 
We write 


(3.1.2) y = >) 6792) = D+ DD at. 


r<o0 r20 


The first series may be summed at once, since 


(3.1.3) i (x — t)"" d(t)dt = be [ e* g(t) dt. 


a> 4 (=D! an 


For this no more is necessary than that ¢(t) should be integrable. If we can 
prove that (with some interpretation of the series) 


(3.14) y= ys b-7g(zr) = of ed(z + u) du = ber | e~ o(t) dt, 
0 


r20 . 


then (3.1.3) and (3.1.4) will give 





(3.1.5) y = Ce?,C = » | et g(t) dt. 
6 





1 See Pélya and Szegi, Aufgabe aus der Analysis, I (problems 166, 251, pp. 30, 133, 185, 
314). The formal remark is probably to be found in the work of Heaviside. 
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These formulae are certainly true, for example, if ¢(x) is integral and of type 
less than 6; in this case the series are convergent. 

The work of §2.2 suggests that (3.1.4) should be true under considerably more 
general conditions when the series is interpreted as a Borel sum. The ordinary 
Borel sum is 


4) 


e- ‘> ol o” (x) dr = I eo(x + at) dt =b i eu“ d(x + u) du 

0 Pr r. 0 0 

if (i) ¢(z) is an integral function and (ii) the integrals are convergent. The con- 
ditions that the series should be summable (B*) are more general. Suppose, 
for example, that a > 0, x > 0, and that ¢(€ + 7») is regular for >0. Then 


the series 
(3.1.6) > 24 $°(z) 


has a positive radius of convergence, and x + at lies, for every positive ¢, inside 
its Borel polygon of summability, so that the series is summable (B) to ¢(x + at). 
Hence (3.1.4) zs true, in the (B?) sense, whenever (i) $(€ + 7») is regular for — > 0 
and (ii) the integral is convergent. 
For example, we may take 
get 
$(x) = (ec) ) 
where c > —1: if c = 0, (7) = 0. We thus obtain the formula 


aor 
oe = ag’ erie 
(3.1.7) ps a Menn ac et/2 , 


Here it is understood that terms for which c — r is 0 or a negative integer are 
interpreted as 0. 

The formula (3.1.7) is proved, in the first instance, for x > 0, a > 0, 
c > —1. These conditions may be relaxed. In the first place, replacing ¢ 
byc+1,c+ 2, --- , we may remove the restriction onc. We may also sup- 
pose c complex. Finally we may extend the formula to complex values of z 
and a. For here ¢(€ + 7m) is regular except at the origin, and not merely in 
the right half-plane. Hence, if 





| arg x — arga| < 37, 


or R(x/a) > 0, x + at lies, for all positive ¢, within the Borel polygon of (3.1.6). 
Hence (3.1.7) is true whenever 9t(z/a) > 0. 

When c is an integer, the series reduces to the ordinary exponential series. 
The formula itself seems to be due substantially to Heaviside.” 





12 See H. Jeffreys, Operational methods in mathematical physics, Camb. Math. Tracts, 
No. 23, p. 91. 
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Ingham and Jeffreys have shown that Heaviside’s formula is true asymptot- 
ically, that is to say that 


2 


ge-rT ies 
tS edie 


for large positive z. It is natural to ask whether (3.1.4) and (3.1.5) are true in 
the same sense. We take a = 1. 
If zx is positive, and $( + 7m) regular for ¢ > 0, then 


R R 
(x) _ 1 [ $(u) ( y 
2! r!—- Qat Fee? 7 u—Z du, 


where C is a circle, of radius less than z, round u = x. We may replace C by 
the circle y whose centre is x + ¢ and whose radius is 3x + ¢. Then 


R 
See a [steal es)" 
- r! 2ri Jy u—xr—t u—z 


= 6240-2 | o(u) ( : J" au = oe 40-4, 


2Qn7i u—z—t\u—2 














say. 

Suppose now that ¢(u) = O|wu|*), where K > 0, in the right hand half 
plane. Then, on ¥, | ¢(u) | < A(z7*¥ + #*),|u—2—t| > Az,|u—2|> Az, 
where the A are independent of u, z, t, R. Hence 


JT] < ater ben Z) < Acorn 4 rete, 





| ety at| < A{T(R + 2) 28-81 4 1(K 4 R + 2)2-®-1} 
0 
<AI(K +R + 2) x®-*—, 


R eo R oo 
> o@) = i ay rE a - / eto(a + t) dt + Olex-™-), 
6 0 0 r: 0 


for large z. In this sense the series is asymptotic. When, as in Heaviside’s 
formula, ¢(z) is a power of z, the series is asymptotic in the ordinary sense, the 
error after the term of order x°-* being of order 2*-®—. 





C. The W, V, and B methods of summation of Fourier series 


4.1. We may say that >> a, is summable (A, a), where a > 0, to sum s, if 
a,e~*™* is convergent for all positive 5 and tends to s when 6-0. The 





8 Jeffreys, 1. c. 
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particular case which is relevant here is the case a = 2. In this case it is con- 
venient to replace 6 by (é7)?, so that 


(4.1.1) Dd ane? 5, 
In these circumstances I shall say, for reasons which will appear in a moment, 
that the series is summable (W). 
A series may be summable (W) without being summable (A); thus 
l—-r+27?-—2°+4+.-- 


is summable (W), to sum (1 + x)~', for some x > 1. It is however easy to 
prove that zf p a, is summable (W), and z. a,e-™ is convergent for all positive y, 
then >~a, is summable (A)."4 Ina word, the (W) method is more crudely powerful, 
but, for delicately divergent series, the ordinary Abel-Poisson method is always 
the more effective. In particular a Fourier series, if summable (W), is certainly 


summable (A). 
It is not quite so easy to give an example of a Fourier series which is sum- 


mable (A) and not summable (W). I have however shown" that the Dirichlet 


series 
Ls n-* eAi (log n)2 (s > 0, A> 0) 


is summable (A) if s > 1 — Aza and summable (W) if s > 1 — 4Az, these in- 
equalities being the best of their kind. Hence the series 
> n—1t6 eAi (log n)2 COS NZ, 
with 
0<5<4,4Ar<i<Ar 


is a Fourier series summable (A), but not summable (W), for x = 0. 
If 


414, + >An(t) = 300 + D(an cos nt + 5, sin nt) 





14 From 
2 eo 


en = —= e7nizty2-1/z2 —_ 
2 
V 0 zx 


Zz a,e"y = ral f(zy)eU* “ ‘ 


where f(u) = Za,e~™, and the conclusion follows from the continuity of f(u) at the 
origin. Much more general theorems concerning the relations of the methods (A, @) and 
(A, 8) have been proved by M. L. Cartwright, Proc. London Math. Soc. (2), 31 (1930), 81-96. 

16 G. H. Hardy, ‘The application of Abel’s method of summation to Dirichlet’s series’, 
Quarterly Journal, 47 (1916), 176-192 (192). 
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is the Fourier series of f(t), then 


Abid a : fed ~ Oa, 


54a + Dy Aa(a) enor? = : [0 K(t — 2) dt, 


where 


1 r, & *% - 
K(u) =5 + cos nu e~("sn)* = = e— (2nx—u)2/4n2 82 
pF 25 3 b> ’ 


1 —~ 





bol 


by a familiar formula of elliptic functions. It is plain that, when we substitute 
the second series for K(t — x) under the sign of integration, all the terms are 
trivial except that for which n = 0. Hence, in order that the series be summable 
(W) fort = 2, it is necessary and sufficient that 


1 fi) ea (t—2)2/442 62 dt—s : 


2 r J-* 


i.e. that Weierstrass’s singular integral for f(t) should converge to s. 
The (W) method, like the (A) method, sums the series at any point of ‘mean 
continuity’. Mean continuity is defined as follows. We write, as usual, 


o(t) = o(t,z) = H{f@+t) +f@ — t) — 2s}, 


with arbitrary s, and 


t t 
dil) = fou) du, on) = foe) du, 
0 0 
and we say that f(t) has mean continuity at z, or tends to s in mean at 2, if 


(4.1.3) x(t) = o(t') 


for some k. 
The series will be summable (W) if 





(4.1.2) 


(4.1.4) 1 f 6c e~t/4x282 d¢ — o(1), 


Where the integration is over a small fixed interval including the origin; or, 
what is the same thing, if 


Now 


(4) e—t?/4x2 a 6-* 0(£) en t2/4n2 52 
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where Q;(u) is a polynomial of degree k in u; and 


L[(tV 6 ( t) -ias202 
5 i (3) 0s(j)etuee a 


is bounded in 6 for every k. From this it follows in the ordinary way that 
(4.1.3) implies (4.1.4). 

4.2. Another method of summation which has the property just proved for 
the (W) method is that of de la Vallée-Poussin. We say that ><a, is summable 
(V) to s if 

n n(n — 1) n(n —1)---1 
et eitt GE DatD TREN +2) an 





Qn s8. 








Since 
1 n n(n — 1) _ or ( 1 
.osci™* cine" * = 2 Onl cost 
and 


Q2n-1 n')2 a 
ate meet. 


a necessary and sufficient condition for the summability of the Fourier series 


to s is that 
1 n ® 1 2n 
1: | 0 {cos 3 (t — 2) dt—s, 


or, what is the same thing, that 


(4.2.1) wk / $(t) (cos 5 1)” dt = o(1), 


the integration being again over a small fixed interval including the origin. 
The relations between the (W) and (V) methods are much closer than those 
between either of them and the Abel-Poisson method. In particular, for 
Fourier series, the (W) and (V) methods are equivalent.¥* 
To prove this we have to show that the hypotheses (4.1.4) and (4.2.1) are 
equivalent. If we write 1/» for 7?6? in (4.1.4), it becomes 


1 


(4.2.2) /> H o(t) e *”* dt = o(1). 


Here however » tends to infinity continuously, whereas n is an integer in (4.2.1). 


We therefore prove first that if 


N<v=N+/f<N+41, iat, rep =e, 
Vv 





16 Mr. J. M. Hyslop has shown that the two methods are equivalent for all series in 
which a, = O(n*) for some k. 
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and a, = o(1), then 
(4.2.3) p» An { e—(ndx)? 1 eW(nbox)? } ee 0 


when N — ©, uniformly in f. This will show that, when a, = o(1), (4.1.1), if 
true for the special sequence (49), is true generally, so that we may suppose y 
an integer in (4.2.2). For this, it is enough to prove 


2. { en r(N+D e-7/N} 
bounded; and this sum is less than 


1 1 
1 — eed ~ ] — ein 


=N+1+40(1) -N+4+0(1) = O(1). 


z {e-nl(N+1) ee en! N} iia 


We may therefore replace v, in (4.2.2), by n. 
We choose a value of a between 3 and 3. If t > n-* then 


aoe 2 1. 1-—2a 
ge — +n 
é <e 
and! 


2: — SS —1, i~te 
(cos 3 n = geinenh < ginios (1 Ts **) ea gre? ia x" 
2 


Hence the parts of the integrals in which t > n-@ are negligible, and it is suffi- 
cient to prove that 


= n —1y 42) —1l 
r= f [600 | 4(cos 3) “er oe ) 
0 





Here 
2n —1y 42 n t') 
(cos 31) “2 t t?+O(nt 
1 2n —jn t2 
(cos ) — = O(nt') , 
and so 


J = o\n fr t* | o(t) jar} = O(n'“**) = o(n7*) , 


which proves the equivalence of the two methods. 
4.3. I conclude by a few remarks concerning the summability of Fourier 
series by Borel’s method. This method is much less useful than those which 





1 1 ;_¥ 
Veost<1—--f@+4—¢ + >) a 
9 tat s(t i*) 
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we have been considering since §4.1, as has been shown by C. N. Moore® (and as 
will appear incidentally in the sequel) it is not always effective at a point of 
continuity. Littlewood and I have however shown" that Borel’s and similar 
methods can be of service in the theory of convergence of Fourier series. 

In what follows I suppose that ¢(¢) tends to 0 with ¢. Since a, and 6, are 
o(1), the various forms of Borel’s definition are equivalent. I take the defi- 


nition 
n 
s = lim e-* Pte By 
§—00 n! 


Since 


E in (4-3) = ctmeain (eine 4 32) 
> Fsin(n + 3) te sin ¢ sint + 5! ; 
the series will be summable to s if and only if 


sin (« sin t +5 ) 
(4.3.1) / o(t) e—§(1—cos t) 


dt— 0. 





in =¢ 
sin 5 


Here we may, on the usual grounds, omit the 3 ¢ in the argument of 
; , 1 
sin (ein a 5) 
and replace sin 3¢ in the denominator by }¢. The condition thus takes the form 
(4.3.2) / b(t) e-K-e08 0 = dt 0. 


The condition (4.3.2) may be simplified further. Since 1 — cos ¢ > 3? for 
small ¢, ¢(¢) = o(1), and 


"eo get? oat 
é é 
ee ft 1 u 


is bounded, we may ignore the part of the integral for which ¢ > £%. I 
t < &+ then 


du 








e—(l-eos 9) gin (€ sin t) — sin & = OC?) 





18 Proc. Nat. Acad. of Sci., 11 (1925), 284-287. See also E. Hille and J. D. Tamarkin, 


Math. Annalen, 108 (1933), p. 557. 
19 ‘Some new convergence criteria for Fourier series’, Annali d. R. Sc. di Pisa (2), 3 (1934), 


43-62. 
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and 


1 oni 


zg 3 
[ | H(t) | O(ét) dt = o( [ ta) = o(1). 


Hence a necessary and sufficient condition for summability™ is that 


1 


2 
g in tt 
(4.3.3) / ot) ao. 
0 


Suppose now that 


(4.3.4) ¢(t) = 0 {(i0e ; y} , 





Then 
. sin é - > 
J(é) -/ ¢(t) ; dt = [ + [- = J,(t) + Ja(é). 
Here 
1@) = of [* gat) = ott), 
0 
and 
a3 dt 
J2(€) = 0 [- tlog (1/t) = o(log 2) = o(1) ‘ 


Hence the series is summable (B), to s, whenever $(t) satisfies (4.3.4). It is this 
result, in a different and generalised form, which Littlewood and I use in the 
paper just referred to. Combined with Tauberian theorems, it yields interesting 
criteria for ordinary convergence. 

It is easy to deduce from (4.3.3) that Borel summation is not always effective 
at a point of continuity. The proofs that the Fourier series of a continuous 
function is not necessarily convergent depend, at bottom, on the fact that 


© wie 
i sin* &t di 
0 t 


is not bounded. Since this is equally true of 








g 8 
i sin gt a 
fi t 


the same is true of Borel summability. 


Nin 





Trinity CotteGcE, CAMBRIDGE, ENGLAND. 





*? When ¢(¢) = 0(1); in particular, when f(t) is continuous at 2. 
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ON SUMMATION OF DERIVED SERIES OF THE CONJUGATE 
FOURIER SERIES 


By A. F. Moursunp 
(Received September 6, 1933) 


1. Introduction. We have been unable to find in the literature a single 
theorem concerning the summability of the r** derived series of the conjugate 
Fourier series for the case 7 > 1. Our principal result in this paper is such a 
theorem for the N., summation method which we defined in an earlier paper.! 
Since the Riesz equivalent of the Cesaro method, (C, p + 6), 6 > 0, can be 
obtained by specialization of the kernel z,(¢) of the N., method, our theorem 
gives a new result for the Cesaro method. 


2. Notation. The following notation will be used throughout the paper. 
We consider only functions f(z) which are Lebesgue integrable [f(z) C L] on 


r—1 
(—7z, 7) and periodic of period 27 and at times require that = f(x) be of 


Tr— 


1 
bounded variation |S f(z) C B| We set 

a, = 1/n J§2, f(s) cos ns ds, b, = 1/7 7, f(s) sin ns ds. 
Then f(x) generates the Fourier series 


(2.1) ao/2 + >> (an cos nx + b, sin nz) 
n=1 
whose conjugate series is the series 
(2.2) > (— bn cos nz + a, sin nz) . 
n=1 


We designate by ¢,(x) and o[’)(x), respectively, the sums of the first n terms 
of (2.2) and of its r** derived series. In connection with the N,, method we 
use the notation that we used in defining the method.? Then N;z,,,; o\”) (x) rep- 
resents the N;,,, transform of o{”? (z). 

In defining functions to serve as sums for the derived series of the series (2.2) 
we use the notion of a generalized derivative in the sense of de la Vallée-Poussin’ 
given by the following definition. 





1On the Nevanlinna and Bosanquet-Linfoot Summation Methods, These Annals, Vol. 
35 (1934), p. 239-247. 
2 Loc. cit., note 1, §6. 
3Ch. de la Vallée-Poussin, Sur l’approximation des functions d’une variable réelle, 
Acad. Bruxelles, Bulletin 1908. 
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DEFINITION 2.1. If at a point z the function f(z) satisfies an equation of the 


form 


fla +s) + (— I)’f(z — 8) 


[r/2] 





. = > fo (z) =, + w(z, 8) = 


i=0 


where w(x, s) > 0 as s — 0, then f‘”(z) is the r** generalized derivative of f(z). 

It follows from the existence of the r generalized derivative that the 
(r — 27)", 0 < 2¢ Sr, also exist. When the ordinary derivative d’f(zx)/ds" 
exists it is identical with the generalized derivative f‘”(x). Throughout the 
paper we distinguish between ordinary and generalized derivatives in the man- 
ner just indicated. 





























We set 
(23) (3) = TVS £2 oe 2., 
(2.4) O(s,n) = cos s/2 — cos (n + 1/2)e . 
sin s/2 
[a] or—1—2s 
(2.5)  A,(s) = 1/r| ,(s) +(— 1)" 2 _ : =) fo (s) I; 
1/n? d’ 
(26) A*(s)= / A,(s) 2s cot s/2 ds; 
en ie ) gr l-2i 
(2.7) Bn) =(— 1) Zz ~ [ Goa 2p! ds © als, n) ds; 
i=0 
[r /2]—1 [r/2]-1 - : 
2 7 —— meet q2itt ; 
(2.8) C, D2 fr--20 (z) 2 Opa al awn 8/2 a, 
; . : (2i+ 1)! qth q2i-2i 
2.9 - _— 
(2.9) = d(i, n) 2 Qt! @i— lar cot s 8/2 a ang COS NS 
ql 
— ami sin ns] : 
[r/2]—1 [r/2]-1 2j—-2i 
(2.10) D,(n) = (r—1-2i) . d(j, 
(n) 2 (2) 2 ery Tap Hams 
and 
1 di 
Fi(ns) = i Zr+i(t) ae cos nis dt, 
(2.11) ' 


1 i 
Gi(ns) = [ Zraa(t) ti ¢ sin nts dt. 
0 dt’ 
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In (2.7), (2.8), and (2.10) whenever the upper limit of a summation is less than 
the lower limit that summation must be interpreted as zero. Thus Bo(n) = 0 
and C, = 0, D,(n) = Owhenr = 0,1. We show later that B,(n) = 0. 

Using the notation just given we define f(r) at a point where f(z) 


exists by 
DEFINITION 2.2. Forr = 0,1, 2,---, 


f(x) = lim A,(s) a cot s/2ds — C,. 


e—0 € 


Our f(x) is identical with f(z) and our f(z) is essentially the same as }’(z) as 
these limits are usually defined. 


3. Expressions for o{’’(x) and N.,,,057(x). It is well known that 
(3.1) on(z) = 1/27 | f(s) A(x — 8,n) ds. 


Differentiating (3.1) r times we have, since f(x) is of period 2r, 





~ O(r — s, n) ds 


a(n) = 1/2e r For 


(3.2) 


1/27 I [(— 1)" f(z + 8) + f(x — 8)] = O(s, n) ds. 


In obtaining from (3.2) the expression for o‘’)(x) which we use in this paper 
we refer to the following lemmas, proofs of which depend on elementary com- 
putations and hence are omitted. 

Lemma 3.1. For n a positive integer 


O(s, n) 


9 = sins + sin2s+.--- + sinns; 





24 
a O(s,n) = 0 when s = 0,2; 
¥ q2itl 
qari 98, 2) ds = 0. 
LemMaA 3.2. WhenOSsS3r 
[FJ 
Z a; cot’—!-% 5/2 


+=0 





£ cot s/2 = (— 1) arn cot’t! s/2 + 


2% 


where the a’s are positive constants: hence = cot s/2 = 0 whens = z. 


ds? 
Lemma 3.3. B,(n) = C, — D,(n). 








than 


%) 
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er 


CONJUGATE FOURIER SERIES 185 


With the aid of Lemma 3.3 we obtain from (3.2) after adding and subtracting 
B,(n) the equation 


(3.3) o!'(z) = . A (a) = — 0(s, n) ds — C, + D,(n). 


We define the n* partial sums of the rt derived series of the series (2.2) for 
non-integral, as well as for integral, values of n by the right hand member of 


(3.3). 


Then we have 


Ner41 os: (2) = [ Zr41(t) dt £- Ax(s) = O(s, nt) ds 


Tv 


— C,+ [ 2r41(t) D,(nt) dt = i A (s) = — cot s/2 ds 


1/n2 


1/n2 
(3.4) —C, + [ Zr4i(t) dt [ A (a) & = O(s, nt) ds 
0 0 


r 


r! . di 
a 2 T¢nol [ Zr41(t) dt i- ii <.. =o on 8/2 — —— cos nts ds 


1 tg ir 1 
+f 2r41(t) a [ A,(s) ¢ sin nts ds + / 2r41(t) D,(nt) dt. 
0 1/n2 ds” 0 


Since 


d‘ Jsin — sin 
(3.5) ds‘ _ saa wh om dt i nt, 
we have finally, after changing the order of integration in parts of (3.4), 


Nii 0 (2) = f A fa) & a - cot s/2ds — C, 
1/n2 
1 1/n2 dt 
0 ds’ 


(3.6) . r! fe 4- "] A,(s)/s? —— cot s/2 Fi(ns) ds 
/n2 


a il a! (r — 2)! 


+ ry + I |a (s)/s* G,(ns) ds + [ 2,11(t) D,(nt) dt 


= [7 A,(s) = — cot 8/2 ds — C, + Ki+ K.+ K;+ Ks+ Ks+Ke. 
1 





_ 4. Preliminary lemmas. We give here some rather simple lemmas concern- 
ing the function cot s/2 and its derivatives. The proofs of these lemmas, which 
depend largely on Lemma 3.1, are obvious and hence are omitted. 
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Lemma 4.1. The function cot s/2 = O(1/s), and for 7,7 = 0, the function 





= cot s/2 y 
es = 0(si-‘) as s— 0. 
asi cot s/2 
Lemma 4.2. For r > 0 the function = ‘ Sa decreases steadily from 
22 cot s/2 


2"/r! to 0 as s increases from 0 to 7.4 
Lemma 4.3. For i > 0 the function 1/(s‘ cot* s/2) increases steadily from 
(1/2) to «© as s increases from 0 to zr. 
_-* 
(—1)"7 ates cot 3/2 


Lemma 4.4. For r 0 and 0 < 7 S r the function 
0 > 0 an $:s e functi # cot 6/2 
increases steadily from (1/2)" (r — 7)! to © ass increases from 0 to r. 


Lemma 4.5. The function =, O(s, nt) | = cot s/2 -~ 0ass— 0. 








,. £1 d" 
Lemma 4.6. The function a E A(s, nt) | & cot s/2| ts uniformly bounded 


with respect to s, n, and t providedn = 0,0 Ss S 1/n?,and0 St £1. 


5. Lemmas concerning certain limits. From the definition of a non-abso- 
lutely convergent improper integral it follows that 


8 
Lemma 5.1. Jf f(x) C L on (e, M) for alle > 0 and [ f(x) dx — 0 as 
of a 


M d 
a, B — 0 then / f(x) dx = lim f(x) dx exists. 
0 


e—0 € 


Lemma 5.2. If g(x) is monotone and bounded on (0, €), « > 0 and 


) B 
/ fle) de> 0.08 a, 80 then | f(x) g(x) dx ~ 0asa,B- 0. 


a 


Proof. The second mean value theorem enables us to write 


f ‘ 8 
/ f(x) g(x) dx = g(a) / f(x) dx + (8) / f(z) dx (a SE SZ8). 


The lemma follows. 
In the remaining lemmas of this paragraph we assume that f® (zx) exists. 


8 r 
LemMa 5.3. / A,(s) = cot s/2 ds > 0 as a, 8B > 0. 





4 We use the word “steadily” to qualify the words ‘“‘increasing’’ and ‘“‘decreasing’’ when 
the function is never stationary. 
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B ° 
Lemma 5.4. ForO SiSr+1, [ A,(s) cot‘ s/2 ds > 0 as a, 8B > 0. 
Proof. By Lemmas 4.2, 5.3, and 5.2 


cot’t! 3/2 


B B r 
| A,(s) cot’t! s/2 ds = [ A,(s) - cot s/2- - ds —> 0 
2 F aq cot s/2 
as a, 8 > 0; and then for 7 S 7, 
3 8 
| A,(s) cot’ s/2 ds = [ A,(s) cot’*! s/2 - cot gi ds >Oasa,B—->0. 


B = 
wera , es 
Lemma 5.5. For0 SiS 7, [ A,(s)/s* es cot s/2 ds > 0 as a, 8 > 0. 


a 


Proof. By Lemmas 4.4, 5.4, and 5.2 








6 ae 
i A,(s)/s ds’— 
B a cot s/2 
ne r+1 a 
= i A,(s) cot’*! 5/2 - cot! 3/2 ds—Oasa,B— 0. 


8 
Lemna 5.6. [ A,(s)/s’ ds > 0 as a, B > 0. 
Proof. By Lemmas 4.3, 5.4, and 5.2 


B B 1 
r = re , anal 0. 
| A,(s)/s" ds i A,(s) cot’ s/2 Fou et ds > 0 asa, B > 


6. Lemmas arising from properties of z,,;(¢). ‘The lemmas of this paragraph 
depend essentially on the fact that z,4:(¢) is an N.,,,; kernel. We use the nota- 
tion that we used in defining the Nz, method.° 

Lemma 6.1. ForO Si<r 


1 di 
i t E ert o| “ vt dt | <K/v, (K = const.). 
0 





LemMa 6.2. 





1 r+1 
tT [er areal] ot dt| 3 K/v + Zeus), (K = const.) . 
0 dit 
Proofs of Lemmas 6.1 and 6.2.6 Since z,+:(¢) is an N:,,; kernel the functions 
dtl qrti-i 


a té 2p41(t) (Gi <r), a3 Zr4i(t) a<jsr+1), 





* Loe. cit., note 1, §6. 
° Throughout the proofs of lemmas of this paragraph sin may be replaced by cos. 
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are of bounded variation on (0, 1). Lemma 6.1 follows. Also 


1 qrt 
[i to [¢” z,41(t)] sin vt dt | 
0 


et 


(r+1 
<2), pert B 





1 di, dt ; 
dt Oi 2r41(t) sin vt dt 














1 r+1 
+ / ert : 2,41(t) sin ut am < K/v + Z,4:(v). 
0 dt't 
Lemma 6.3. For i S r the functions F;(v) and G;(v) are of bounded variation 


on (0, «). 
Proof. Using Lemmas 6.1 and 6.2 and properties of z,4;(é) we see that the 


total variation of i on (0, ©) is 


[ ay teal) © - sin ut dt 
-[ jefe f 
4. f 1/v | f {5 [t§z,4:(é)] + se ain — caatb] sin vt dt | dv 


O(1) + [ K/v? dv = O(1) when ‘<r | 


dv 








dv 





d di 
‘[ rT [té z,41(t)] sin ut dt 








ae 
| t > [t’ z,41(t)] cos vt dt 











- O(1) + [ K/v? + Z,41(v)/v dv = O(1) when i=? 


The proof for F;(v) is similar. 
Lemma 6.3 enables us to set 


F;(ns) = Pi,(ns) — Pi,(ns) , 
Gi(ns) = Qi (ns) — Qi,(ns) , 
where the P’s and Q’s are positive, bounded, monotone decreasing functions 


of ns for 0 S$ ns. We note that the P’s and Q’s are uniformly bounded with 
respect to n and s, and for a fixed n become monotone decreasing functions of 


s for son (0, ©). 
Lemma 6.4. Fori Sr 


| Fi(v) | S$ K/v, | Gi(v) | S$ K/v, (K = const.). 


Proof. In the proof of Lemma 6.3 we showed that 


1 dt : 
| ai [t‘ z,41(é)] sin vt dt|. 


0 


(6.1) 





G;(v) 
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; Pe. ' 
Since for 0 S 7 S 7, the function a [t‘z,4:(t)] is of bounded variation on (0, 1) 


the lemma follows for G,(v)._ The proof for F;(v) is similar. 
Lemma 6.5. ForO Sisr 


1 
sin 
[no Z i as nts at] +0 as no, 


Proof. Using (3.5), properties of z,+:(¢), and integrating by parts we have 


1 di. 1 | 
| | Zr41(t) 7a: 50 nts dt [¢ a [t‘z,41(t)] sin mat dt | | 


SK/nr_ (K = const.) . 


= 1/x‘ 








On 


he 


7. Special lemmas for existence theorems. In this paragraph we give 
lemmas that we use in proving our theorems concerning the existence of f‘"(x). 


Lemma 7.1. Wherever ft? (x) exists A,(s) - cot s/2 = O(1) ass — 0. 
Proof. Wherever f‘"+» (x) exists we see using Definition 2.1 to expand ®,(s) 


that 


A ds) = = cot s/2 = Sat. Uf (2) + w(z, s)] s7* = cot s/2 


and the lemma follows. 


Lemma 7.2. For0 < 2v <7, Ay-vo(8) © 





— cot s/2 = O(1) as s— 0 wherever 


J (x) exists. 
Proof. Wherever f‘”(x) exists, f’—» (x)"exists and again using Definition 2.1 


and expanding ©, »,(s) = ,-2(s) we have 


e={ 
(— 1) 1)" oo (r—1—2i) 
~ cot s/2 = aS a ait (x) 





d —2 
é r=20(8) 


dgt—2 T 








' gs’ qr-2v evra qr-2" 7 
+ w(z, 8) = mle cot s/2 = o| +1-2 % cot 3/2 = O(1) ass— 0. 


In the statements and proofs of Lemmas 7.3 to 7.8 (inclusive) we assume, as 
everywhere in this paper, that f(x) C L and is of period 27 and in addition that 
/ ° end r 
(x) is such that = f(z) C B. Then = f(x) exists almost everywhere and, 
- x 
taken where it exists, belongs to L; and all generalized derivatives used in the 
definition of f(x) become ordinary derivatives and are of period 27. 


r—2i 


"s gral 2i 
deh" 


Lanne $4 2; Gs 1 S A,(s) i oto = (C,. 


7=0 s=r 





Leva 7.3. For0 < 2i < &,(s) = 0 whens = =. 
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Proof. Since by Lemma 3.2 the derivatives of even order of cot s/2 are zero 
when s = z, wesetr —1—j =2a+1. )°[=j then becomes )\'7/211_ 7), 
lemma follows upon using Lemma 7.3, differentiating the portion of A,(s) which 
does not vanish, and changing the order of summation. 


Lemma 7.5. Wherever - f(x) exists’ 


fle + 8) = Dy it i fla) + 06, z) 


where, as s — 0, 





d'v(s, x) as o(s’-*), i= 0, 1, 2, eee »f =, 
ds' 
. d’ 
Lemma 7.6. Wherever Pe f(x) exists, we have ass — 0, 
di ; 
— A,(s) = o(s’-), 4=0,1,---,r-—1. 
ds* 


Proof. Follows upon using Lemma 7.5 to expand ®,(s). 


Lemma 7.7. When0 Sj <1, = A,(s) 


di 


ds™-i cot s/2 — 0 as s — 0 wherever 
= f(x) exists. 
Proof. Follows immediately from Lemmas 3.2 and 7.6. 


LemMMA 7.8. The limit 
~*~ A &,(s) cot s/2 ds 
exists almost everywhere. : 


Proof. Taken wherever it exists a f(x) C L, also 





- f(x +s) - 





i 


The lemma follows from Plessner’s lemma concerning the existence of f(z).° 


# §,(s) = (- {2 


8. Final lemmas. Our summability theorem follows immediately from the 
following lemmas. We use here the notation of (3.6). 





7E. W. Hobson, The Theory of Functions of a Real Variable, Vol. I (34 Edition), 
ae | 


d 
pp. 369-370. Since 
dz! 





f(x) C B, the lemma follows from Hobson’s results. 


* A. Plessner, Zur Theorie der konjugierten trigonometrischen Reihen, Mitteilungen des 
Mathematischen Seminars der Universitit Giessen, Heft 10, (1923). 
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Lemma 8.1. Ki —~O0asn— . 
Proof. Integrating by parts and using Lemmas 4.5, 4.6, and 5.3 we have 


1 d [ora ( ) dt t 9 d’ ( d’ 
_— ~ ; pai ; Ape <a acne ID de 
K, = | 2r4.1(t) t ; r\S j 4 co s/ ° 8 8, ni) | cot 8/2 ds 
1/n2 


7 +19 # ofan / 

= | 241(t) au} A’ (s) Fer O'% nt) as cot s/2| 
Ut gy d fat a’ 

— i A*(s) aig O(s, ni) | © cot o/2} as} 


= [o(1) asan— =) 241(t) dt = o(1). 


Lemma 8.2. Ky and Ky —0asi—Oandn—- ~. 
By (6.1), Lemma 5.5, and the second mean value theorem we have 








Proof. 
fori Sr 
6 d’-? 
| A,(s)/s' ——. cot s/2 Fi(ns) ds 

1/n2 ds* . 

5 dt-t 

= | A,(s)/s‘ —— cot s/2 {Pans _ Pa(ns)} ds 
1/n2 ds™~* 


r— 


@) t 
= Pa(/n) [ A,(s)/s? e — cot s/2 ds 
1/n2 ds’ 





ao png 
— Pig(1/n) A,(s)/s' _ cot s/2 ds (1/n? S a, a2 S 8) 


1/n2 





= o(1) asi—Oandn-«. 


The lemma follows since Ko is a finite sum of terms of the kind treated above and 


Ks can be handled in a similar manner. 
Lemma 8.3. K; and Ks; >0asn— & fora fixed 6. 
Proof. By Lemma 6.4, for 0 < 7 S71, 


r—i 


. ad 
A, i 
i (s)/s a cot s/2 F;(ns) ds 


= Kins [ 
6 


The lemma follows since K; is a finite sum of terms of the type considered above 


and Ks can be treated in a similar manner. 


Lemma 8.4. K,-0asn— o. 
Proof. Follows from Lemma 6.5 since Kg is a finite sum of terms of the type 


treated in that lemma. 














ds —~ 0asn — & for a fixed 6. 





A,(s)/s' oo cot s/2 
ds’ a 





9. Existence theorems for jf‘ (x). In the theorems given here we give 
sufficient conditions for the existence of f‘” (zx). 
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TueoreM 9.1. If f(x) C L on (—7, x) and is of period 2x, then f' (x) exists 
_— the generalized derivative f+?(x) exists and consequently wherever 


= 
ri * f(z) exists. 


yt . It follows from Lemma 7.1 that the limit involved in the definition of 
fF‘ (x) exists as an ordinary L integral taken over (0, 7). 
TuHeoreM 9.2. Wherever f‘” (x) exists the limits f(x), (0 < 2v < 1), also 


exist. 
Proof. . As a consequence of Lemma 7.2 the limit involved in the definition of 


J‘"-®) (x) exists as an ordinary L integral taken over (0, 7). 





THEOREM 9.3. [Principal — theorem.] If f(x) C L on (—z, zn), is of 
period 27, and is such that = - = f(a) Cc B then 
f(z) = lim (—1)" “es  &, (s) cot s/2 ds 
e—0 


and exists almost everywhere. 
Proof. Integrating by parts we have 


a A (s) < = cot s/2ds = Ss (— We 4 fa = es — 3/2 


7=0 


7 


€ 


+ (—1) ef & . &,(s) cot s/2 ds. 
By Lemmas 7.4, 7.7, and 7.8 
f(z) = lim (v/s [ a ®,(s) cot s/2 ds 


e—0 


and exists almost everywhere. 


10. Summability theorem. The following theorem gives our principal result. 
THEOREM 10.1. Jf f(z) C L on (—7, x) and is periodic of period 2 then the 
N., sum of the r®,r = 0,1, 2,--- , p — 1, derived series of the conjugate Fourier 


series is f‘” (x) wherever f‘” (x) exists. 
Proof. It follows from (3.6) and Lemmas 8.1, 8.2, 8.3, and 8.4 that wherever 


F(z) exists 

Negi oy (x) > f(z) asn— @ ; 
and then, since every N-, kernel is an N., kernel, r < p,° it follows that when 
p>r 

N., 00 (2) > f(z) asn— @. 


The theorem follows. 





® Loc. cit., note 1, § 6. 
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Since choice of zp(t) = (p + 4) (1 — #)?**"1, 6 > O, as kernel reduces the N,, 
method to the Riesz equivalent of the Cesaro method, (C, p + 6), Theorem 
10.1 contains a new result for the Cesaro method.” 

We plan to give additional theorems concerning the summability of the r 
derived conjugate series in a later paper. 


Tue UNIVERSITY OF OREGON, 
EvuGENE, OREGON 





10 This result is the best of its kind obtainable, for R. E. A. C. Paley in his paper, ‘On the 
Cesaro Summability of Fourier Series and Allied Series,’’ Proceedings of the Cambridge 
Philosophical Society, Vol. 26 (1930), pp. 173-203, shows that the conjugate Fourier series 
is summable (C, 1 + 6), 6 > 0, but not necessarily (C, 1) to f(x) wherever that limit 
exists. 

The index of summability in our theorem can be lowered if f(z) is such that 


me | 


dz! 





f(z) C B on (—7, =). 
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SUR LA DIMENSION DES PRODUITS CARTESIENS 
Par W. Hurewicz (Amsterdam) 
(Received September 24, 1934) 


On ne connait que trés peu de résultats généraux sur les proprietés géométri- 
ques de l’espace-produit X X Y,! des espaces topologiques X et Y.2_ En parti- 
culier, en ce qui concerne la dimension de l’espace X X Y, il est comme on sait 
trés facile de montrer 
(1) dim (X X Y) S dim X + dim Y ,! 


tandis que la relation “logarithmique”’ 
(2) dim (X X Y) = dim X + dim Y 


(qui a priori semble bien probable) est en général en défaut, méme pour les 
espaces compacts, comme |’a prouvé M. Pontrjagin® en construisant deux espaces 
compacts de dimension 2, dont le produit Cartésien est de dimension 3. Le but 
du memoire présent est de démontrer que la relation (2) est valable dans le cas 
particulier, ou, X étant un espace compact de dimension arbitraire, Y est un espace 
séparable (non nécessairement compact) de dimension 1.° Il en résulte immé- 
diatement que d’une maniére plus générale la relation (2) est encore juste, lorsque 
X est un espace compact quelconque et Y est produit Cartésien d’un nombre 
fini d’espaces de dimension 1.7 

En tenant compte de la relation (1) triviale et du fait que tout espace de dimen- 
sion positive finie contient un sous-ensemble de dimension 1, on voit facilement 
que la proposition que nous venons de formuler équivaut au théoréme suivant: 

THEOREME. X étant un espace compact et Y étant un espace séparable de 
dimension positive, on a toujours: 


(3) dim (X X Y) > dim X .™ 





1 On entend par “‘l’espace-produit”’ (ou bien “produit Cartésien’’) X X Y l’espace formé 
par les couples (z, y), z étant un élément de X, y—de Y, et les voisinages des couples étant 
définies de la fagon connue. L’expression ‘‘Produit Cartésien est due 4 M. C. Kuratowski, 
voir son livre ‘“‘Topologie I’’ (1933), p. 7 et 79. 

* Dans cet ouvrage tous les espaces sont supposés métrisables. 

’ La notion de la dimension est prise dans le sens habituel de M. M. Brouwer, Menger et 
Urysohn. 

4 Voir p. ex. C. Kuratowski, l.c., p. 141. 

5C. R. 190 (1930), p. 1105-1107. 

6 La validité de la relation (2) pour dim Y = 0 résulte immédiatement de (1). 

’ En particulier, le produit d’un nombre fini n d’espaces compacts de dimension 1 est 
toujours de dimension n. C’est un théoréme que j’ai établi dans un mémoire antérieur. 
Nous y reviendrons plus loin (voir!’), 

78 Dans la démonstration on peut supposer que X est de dimension finie, car autrement 
la relation (3) devient triviale. 
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La démonstration s’appuie sur un résultat important de M. Alexandroff. 
Avant de formuler ce résultat rappelons quelques définitions fondamentales: 
X étant un espace compact, une représentation continue de X sur la surface 
sphérique & n dimensions S, est dite essentielle, s’il n’est pas possible de la 
ramener par une modification continue 4 une représentation ‘“constante,’” qui 
fait correspondre un point fixe de S, 4 tous les points de X.5 Un espace com- 
pact de dimension finie n s’appelle cyclique, lorsqu’il existe une représentation 
continue essentielle de X sur S,.° Cela posé, le théoréme de M. Alexandroff” 
peut étre énoncé de la fagon suivante: 

X étant un espace compact de dimension finie, zl existe toujours un espace 
cyclique X’ de méme dimension qu’on obtient de l’espace X, en y remplagant un 
ensemble fermé F par un point p; d’une fagon plus précise X’ s’obtient de X 
par une transformation continue qui fait correspondre un point fixe p de X’ a 
tous les points contenus dans F, les images de tous les autres points étant dis- 
tincts de p et distincts deux 4 deux (la transformation considerée est done une 
homéomorphie sur X — F). Si l’on considére maintenant le produit Cartésien 


X’X Y, Y étant un espace quelconque, on aura 
X’X Y= (X’-p)XVY+pxXY. 


Le second membre p X Y est un ensemble fermé dans la somme X” X Y, et sa 
dimension (= dim Y) est évidemment au plus égale 4 celle du premier membre; 
il en résulte d’aprés le théoréme bien connu sur la dimension des ensembles- 


sommes: 
dim (X’ X Y) = dim [(X’ — p) X Y]. 
Or, X’ — p étant homéomorphe 4 un sous-ensemble de X, l’ensemble 
(X’—p)XY 


est une image homéomorphe d’une partie de l’espace X X Y, et il s’ensuit de la 
rélation précedente: 


dim (X’ X Y) S dim (X X Y). 





* Rappelons encore que, f et F étant deux représentations continues du méme espace X 
sur S,, elles se déduisent l’une de l’autre par une déformation continue, pourvu que les 
points-images f(x) et F(x) ne soient antipodes pour aucun z e X. En effet, cette condition 
étant remplie, on peut transporter les points images de f(x) en F(x) (ou inversement) en les 
faisant décrire les arcs géodesiques joignant ces points. I] en résulte que, f étant une 
représentation essentielle (resp. non essentielle) de X sur S,, toute représentation continue 
de X sur S, suffisamment voisine de f jouit de la méme propriété. 

*M. Alexandroff (voir Math. Ann 106, p. 218) donne une autre définition des espaces 
cycliques et démontre ensuite (1.c. p. 223, Hauptsatz) qu’elle est équivalente avec celle que 
nous venons de formuler. 

° Voir P. Alexandroff, 1.c. p. 220. 














196 W. HUREWICZ 


Sil’on a donc dim (X’ X Y) = dim X, on aura 4 plus forte raison dim (X X Y)> 
dim X; par conséquent il suffit d’établir la rélation (3) pour le cas, o& X est un 


espace cyclique, ce que nous allons supposer dans la suite. 
Soit done X un espace compact cyclique de dimension finie n, et soit Y un 


espace séparable de dimension positive. Supposons qu’on ait: 
(4) dim (X X Y) =n. 

La dimension de Y étant différente de zéro, on peut trouver dans Y deux en- 
sembles disjoints fermés A et B, tels qu’il soit impossible de décomposer Y en 


deux ensembles disjoints fermés, dont l’un contienne A lautre B. Soit maintenant 
f une représentation continue essentielle de X sur S,. Nous définissons une 


représentation continue F de l’ensemble 
M = xX X (A+ B) 
en posant pourzeX,yeA 
F(a, y) = f(@) 
et pourrze X,yeB: 
F(z, y) = c = const, 


c étant un point queleonque déterminé de S,. 

Nous allons prolonger la représentation F dans l’espace X X Y tout entier, ce qui 
est possible en vertu le théoréme suivant:" Soit H un espace séparable de dimen- 
sion n, M—un ensemble fermé dans E, g—une représentation continue de M sur 
S,. Il existe alors une représentation continue de l’espace entier E sur S, 
coincidant avec ¢ dans tous les points de M. L’hypothése (4) permet d’appli- 
quer ce théoréme 4 l’espace X X Y et Alafonction F. Il existe donc une repré- 
sentation continue @ de l’espace X X Y sur S,, coincidant dans M avec la repré- 
sentation F. Désignons pour y e Y par 6, la représentation de X, définie par 


l’équation: 
0,(x) = A(z, y) 
et considérons l’ensemble P, formé des points y « Y, pour lesquels 0, est une 
représentation essentielle. D’aprés la définition de la fonction 9 on a: 
PDA, Y—POB. 
D’autre part, il est facile de voir que les ensembles P et Y — P sont tous les 


deux fermés: en effet, y étant un point fixe de Y et ym (m = 1,2 --- ) une suite 
de points convergeants vers y, les fonctions 6,,, convergent uniformément vers 





11 Pour les espaces compacts c’est une conséquence presque immédiate d’un théoréme de 
M. Alexandroff (1.c. p. 170). Une démonstration plus simple et valable pour les espaces 
séparables généraux se trouve dans mon mémoire “Uber Abbildungen topologischer Raume 
auf die n-dimensionale Sphiire’’ (4 paraitre dans Fund. Math. 24). 
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la fonetion 6,, par conséquent, si la représentation 6, est essentielle (resp. non 
essentielle), pour n suffisamment grand la fonction @,,, l’est également.® 

Les ensembles P et Y — P jouissent done des proprietés qui ont été exclues 
par le choix des ensembles A et B. L’hypothése (4) conduit ainsi 4 une con- 
tradiction, et notre théoréme est démontré. 

Citons une de ses conséquences immédiates: 

(a) Le produit Cartésien d’un nombre fini n de continus compacts a une dimension 
égale ou superieure a n. 

C’est une proposition que j’ai établie dans un mémoire antérieur™ et qui est 
beaucoup moins profonde que le théoréme général. On la prouve directement 
d’une maniére assez simple™ sans utiliser le théoréme difficile de M. Alexandroff 
qui a joué un role si important dans le raisonnement précédent. 

Une autre conséquence immédiate de notre théoréme est la proposition 
suivante: 

X étant un espace compact de dimension finie, Y un espace séparable de dimension 
positive, l’espace produit X X Y n’est homéomorphe a aucun sous-ensemble de X.“ 
Il n’est pas sans intérét de remarquer que pour le cas, ol Y est compact cette 
proposition se déduit aussi trés facilement de la proposition (a). En effet, si 
espace X X Y était homéomorphe 4 une partie de X, les espaces 


X X Y* (n= 1,2... )# 
le seraient également, et il en résulterait dim (X X Y") S dim X et A plus forte 


raison 

dim Y" < dim X (n=1,2.---), 
ce qui est incompatible avec la proposition (a), puisque tout ensemble compact 
de dimension non nulle contient un continu, et par conséquent dim Y" 2 n. 
Rémarquons que cette derniére preuve ne suppose pas que X soit compact ou 
méme séparable. 


AMSTERDAM, HOLLAND. 





” Car, dans le cas contraire on pourrait supposer qu’il existe pour chaque indice m un 
point 2, e X,en sorte que la distance entre les points images @(%m, Yo) et O(Xm, Ym) soit 
superieure 4 un nombre fixe r > 0 (independant de m De plus, en utilisant la compacticité 
de X on peut admettre que les points z, covergent vers un point limite z,, ce qui nous 
améne 4 une contradiction évidente avec la continuité de la fonction 0(z, y). 

‘8 Voir Math. Ann. 102, p. 305-312.—Le théoréme cité plus haut sous 7 n’est qu’une 
autre forme de la proposition (a). 

4 En se servant de la terminologie de M. Frechet on peut dire que l’espace X X Y a un 
type de dimension superieur a celui de l’espace X. 

'® Nous désignons par Y*" le produit Cartésien de n espaces homéomorphes a Y. 
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TABLES OF IRREDUCIBLE POLYNOMIALS FOR THE FIRST FOUR 
PRIME MODULI 


By RaNnpDOoLPH CHURCH 
(Received August 10, 1933) 


There seem to be no complete lists giving irreducible polynomials for prime 
moduli. Dickson' gives an irreducible polynomial for each degree within 
certain limits for the moduli 2, 3, 5, 7, 11. Arnoux? lists the decomposition of 
all polynomials of degree less than or equal to three for the modulus 5. More 
complete and more systematic lists do not seem to exist. The following tables 
were constructed to satisfy this need. 

The notation of detached coefficients is used throughout; that is, the 
polynomial 


Hx" + ae” t+... + ay 


is written simply 
ApQ\Ag +++ An-1An. 


In the tables, the polynomials are primary; that is, a@ = 1. The left hand 
columns list all irreducible polynomials for the degree and modulus concerned. 
Each table is headed by the appropriate value of n, indicating the degree of the 
polynomials; naturally this is one less than the number of digits in the repre- 
sentation. The right hand columns, headed by e, contain the exponents to which 
the polynomials belong. For each irreducible polynomial, g(x), this exponent 
is the least integer e such that 


z—1=0 (mod p, ¢(z)) . 
It will be recalled that those integers e occur as exponents, and only those, which 
have the property that 
p> —1=0 (mod e) 

holds for n equal to the degree of g(x) but for no smaller power of p. The 
extent of the tables may be summarized: 

for p = 2 up to and including n = 1 

for p = 3 up to and including n = 


1 
7 
for p = 5 up to and including n = 5, 
for p = 7 up to and including n = 4 





1 L. E. Dickson, Linear Groups, Teubner, Leipzig, 1901, p. 44. 
? G. Arnoux, Essais de psychologie et métaphysique positive, Assoc. Frang., 31 (1902), 
pp. 202-227, 


198 











IRREDUCIBLE POLYNOMIALS 199 


The irreducible polynomials for each degree were obtained by listing all 
polynomials of that degree, forming from those of lower degree the composite 
polynomials, and retaining those not occurring on the second list. The expo- 
nents were obtained by dividing ¢(x) into x*, with increasing e, until the residue 
1 was obtained. This work was shortened by the knowledge of the exponents 
to which the primary polynomials corresponding to g(g«x) and ¢(1/zr) belong 
when the exponent of g(x) is known, g* being any power of a primitive root, 
modulo p. 

Every precaution has been taken to insure the accuracy of the tables. Natu- 
rally the number of polynomials belonging to each exponent e was checked against 
the formula for this number: y,(e) = g(e)/n. It can easily be shown that if 
y(x) is irreducible of degree n and belongs to the exponent e, and if it has the 
final coefficient a,, then 

p"—1 


(—1)*a, = g e 





where gis a primitive root. This also provided a partial check. The determina- 
tion of the exponents provided in itself a very satisfactory control of the irre- 
ducibility of the polynomials. Finally, for nearly all exponents, the polynomials 
belonging to them were multiplied together to give the known expression for this 
product. In the few cases where this was not done, linear transformation checks, 
or checks depending on theorems to be proved elsewhere, were applied. 


IRREDUCIBLE POLYNOMIALS FOR THE Mopvutus 2 













































































n=1 e n=6 e 11010011 | 127 110001011 | 85 
11010101 | 127 110001101 | 255 

10 1000011 | 63 11100101 | 127 110011111 | 51 

lj 1 1001001 | - 9 11101111 | 127 110100011 | 85 

aa? P 1010111 | 21 11110001 | 127 110101001 | 255 
1011011 | 63 11110111 | 127 110110001 | 51 

lll|} 3 1100001 | 63 11111101 | 127 | 110111101 | 85 
ages F 1100111 | 63 111000011 | 255 
1101101 | 63 n= 8 e 111001111 | 255 

1011 7 1110011 | 63 111010111 | 17 

1101 7 1110101 | 21 pe hi Rn 111011101 | 85 

; 111100111 | 255 

cas ‘ mete . 100101011 | 255 reper ge 
100101101 | 255 

10011 | 15 10000011 | 127 100111001 | 17 LSSSEOEE | 300 
11001 | 5 10001001 | 127 pee | of) eo = 
W111) 5 10001111 | 127 101001101 | 255 an 4 

page . 10010001 | 127 101011111 | 255 

—__—____ 10011101 | 127 101100011 | 255 1000000011 | 73 
100101 | 31 10100111 | 127 101100101 | 255 1000010001 | 511 

101001 | 31 10101011 | 127 101101001 | 255 1000010111 | 73 

101111 | 31 10111001 | 127 101110001 | 255 1000011011 | 511 

110111 | 31 10111111 | 127 101110111 | 85 1000100001 | 511 

111011 | 31 11000001 | 127 101111011 | 85 1000101101 | 511 

111101 | 31 11001011 | 127 110000111 | 255 1000110011 | 511 
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IRREDUCIBLE POLYNOMIALS FOR THE Mopu.us 2—Continued 
1001001011 | 73 || n= 10 e || 11000010011 |1023 n = 11 
1001011001 | 511 | '| 11000010101 |1023 
1001011111 | 511 || — 10000001001 |1023 11000100011 | 33 || 100000000101 
1001100101 | 73 |} 10000001111 | 341 11000100101 |1023 || 100000010111 
1001101001 | 511 10000011011 |1023 11000110001 | 341 || 100000101011 
1001101111 | 511 10000011101 | 341 11000110111 |1023 || 100000101101 
1001110111 | 511 10000100111 {1023 11001000011 |1023 || 100001000111 
1001111101 | 511 10000101101 |1023 11001001111 |1023 |} 100001100011 
1010000111 | 511 10000110101 | 93 11001010001 | 341 || 100001100101 
1010010101 | 511 10001000111 | 341 11001011011 |1023 || 100001110001 
1010011001 | 73 10001010011 | 341 11001111001 |1023 |} 100001111011 
1010100011 | 511 10001100011 | 341 11001111111 |1023 || 100010001101 
1010100101 | 511 10001100101 |1023 11010000101 | 93 || 100010010101 
1010101111 | 511 10001101111 {1023 11010001001 |1023 || 100010011111 
1010110111 | 511 10010000001 |1023 11010100111 | 93 || 100010101001 
1010111101 | 511 || — 10010001011 |1023 11010101101 | 341 || 100010110001 
1011001111 | 511 || 10010011001 | 341 11010110101 |1023 || 100011000011 
1011010001 | 511 10010101001 | 33 11010111111 | 341 || 100011001111 
1011011011 | 511 10010101111 | 341 11011000001 |1023 |} 100011010001 
1011110101 | 511 10011000101 |1023 11011001101 | 341 || 100011100001 
1011111001 | 511 10011001001 | 341 11011010011 |1023 || 100011100111 
1100000001 | 73 10011010111 |1023 11011011111 |1023 || 100011101011 
1100010011 | 511 10011100111 |1023 11011110111 | 341 || 100011110101 
1100010101 | 511 10011101101 | 341 11011111101 |1023 || 100100001101 
1100011111 | 511 10011110011 |1023 11100001111 | 341 || 100100010011 
sanemaaes | ues 10011111111 |1023 11100010001 | 341 |} 100100100101 
‘emianeis | on 10100001011 | 93 11100010111 |1023 || 100100101001 
10100001101 |1023 11100011101 |1023 || 100100110111 
1100111011 | 511 10100011001 |1023 || 11100100001 |1023 || 100100111011 
1101001001 | 73 10100011111 | 341 11100101011 | 93 || 100100111101 
1101001111 | 511 10100100011 |1023 11100110101 | 341 || 100101000101 
1101011011 | 511 10100110001 |1023 11100111001 |1023 || 100101001001 
1101100001 | 511 10100111101 |1023 11101000111 |1023 100101010001 
1101101011 | 511 || — 10101000011 |1023 11101001101 |1023 || 100101011011 
1101101101 | 511 10101010111 |1023 11101010101 |1023 || 100101110011 
1101110011 | 511 10101100001 | 93 11101011001 |1023 || 100101110101 
1101111111 | 511 10101100111 | 341 11101100011 |1023 100101111111 
1110000101 | 511 10101101011 |1023 11101111011 | 341 100110000011 
1110001111 | 511 10110000101 {1023 11101111101 |1023 |} 100110001111 
1110100001 | 73 || 10110001111 [1023 || 14110000001 | 341 || 100110101011 
1110110101 | 511 || 10110010111 |1023 aan fre ct 
1110111001 | 511 10110011011 | 341 " 
1111000111 | 511 |} 10110100001 {1023 |} 17770010011 |1023 |) 100111000111 
1111001011 | 511 10110101011 | 341 PLIOI0L001 | 341 || 100111011001 
mci ot cacihans tte 11110110001 |1023 || 100111100101 
| ‘ 11111000101 | 341 || 100111101111 
1111010101 | 511 |) 10111000001 | 341 |) — 44171011011 {1023 || 100111110111 
1111011001 | 511 || 10111000111 [1023 11111101011 | 341 || 101000000001 
1111100011 511 | 10111100101 |1023 11111110011 |1023 101000000111 
1111101001 | 511 || 10111110111 |1023 11111111001 |1023 || 101000010011 
1111111011 | 511 || — 10111111011 {1023 11111111111 | 11 || 101000010101 
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IRREDUCIBLE POLYNOMIALS FOR THE Moputus 2—Concluded 
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101000101001 |2047 || 101110010101 |2047 || 110100011101 |2047 | 111001111101 /2047 
101001001001 |2047 || 101110101111 |2047 || 110100100111 2047 | 111010000001 |2047 
101001100001 |2047 || 101110110111 |2047 || 110100101101 |2047 | 111010010011 |2047 
101001101101 |2047 || 101110111101 [2047 || 110101000001 |2047 | 111010011111 |2047 
101001111001 |2047 || 101111001001 |2047 || 110101000111 |2047 | 111010100011 {2047 
101001111111 |2047 || 101111011011 |2047 || 110101010101 |2047 || 111010111011 |2047 
101010000101 |2047 || 101111011101 |2047 || 110101011001 |2047 | 111011001001 | 89 
101010010001 |2047 || 101111100111 |2047 || 110101100011 |2047 || 111011001111 |2047 
101010011101 |2047 |} 101111101101 |2047 || 110101101111 |2047 || 111011011101 |2047 
101010100111 {2047 || 110000001011 |2047 || 110101110001 |2047 || 111011110011 |2047 
101010101011 |2047 |} 110000001101 |2047 || 110110010011 |2047 || 111011111001 |2047 
101010110011 |2047 |} 110000011001 |2047 || 110110011111 |2047 || 111100001011 |2047 
101010110101 |2047 || 110000011111 |2047 || 110116101001 |2047 || 111100011001 |2047 
101011010101 {2047 |} 110000110001 | 89 || 110110111011 |2047 || 111100110001 |2047 
101011011111 |2047 |} 110001010111 |2047 || 110110111101 |2047 || 111100110111 |2047 
101011100011 | 23 |} 110001100001 |2047 || 110111001001 |2047 |) 111101011101 (2047 
101011101001 |2047 || 110001101011 |2047 || 110111010111 |2047 || 111101101011 (2047 
101011101111 |2047 |} 110001110011 |2047 |) 110111011011 |2047 || 111101101101 |2047 
101011110001 |2047 || 110001110101 | 23 || . 110111100001 |2047 || 111101110101 |2047 
101011111011 |2047 || 110010000101 |2047 || 110111100111 |2047 || 111101111001 | 89 
101100000011 |2047 || 110010001001 |2047 || 110111110101 [2047 || 111110000011 |2047 
101100001001 |2047 || 110010010111 |2047 |} 110111111111 | 89 || 111110010001 |2047 
101100010001 |2047 || 110010011011 [2047 || 111000000101 |2047 || 111110010111 |2047 
~ 101100110011 |2047 || 110010011101 |2047 || 111000011101 |2047 || 111110011011 |2047 
101100111111 |2047 || 110010110011 |2047 || 111000100001 |2047 || 111110100111 |2047 
101101000001 |2047 || 110010111111 |2047 || 111000100111 |2047 || 111110101101 |2047 
101101001011 |2047 || 110011000111 |2047 || 111000101011 |2047 || 111110110101 |2047 
101101011001 |2047 |} 110011001101 |2047 || 111000110011 |2047 || 111111001101 |2047 
101101011111 |2047 || 110011010011 |2047 || 111000111001 |2047 || 111111010011 |2047 
101101100101 |2047 || 110011010101 |2047 || 111001000111 |2047 |) 111111100101 |2047 
101101101111 |2047 || 110011100011 |2047 || 111001001011 [2047 |) 111111101001 |2047 
101101111101 |2047 |) 110011101001 |2047 || 111001010101 [2047 || 111111111011 | 89 
101110000111 |2047 || 110011110111 |2047 || 111001011111 |2047 |, 
101110001011 |2047 || 110100000011 |2047 || 111001110001 |2047 | 
101110010011 |2047 |} 110100001111 |2047 || 111001111011 |2047 | 
IRREDUCIBLE POLYNOMIALS FOR THE MopULus 3 
n=1 e 1022] 13 10111 | 40 12121/ 10 101201 | 242 
1102} 13 10121 | 40 12212} 80 101221 | 242 
- 1112} 13 10202 | 16 102101 | 242 
a ; 1121} 26 11002! 80/| n=5 e 102112 | 121 
1201} 26 11021 | 20 102122 | 11 
n=2 e 1211| 26 11101 | 40 100021 | 242 102202 | 121 
1222] 13 11111 5 100022 | 121 102211 | 242 
101 4 11122 | 90/| 100112/ 121 102221 | 22 
112 8|| n=4 € 11222} 80 100211 | 242 110002 | 121 
122| 8 12002 | 80 || 101011} 242 || 110012| 121 
"ae ; 10012 | 80 12011 | 20 101012 | 121 110021 | 242 
_ 10022 | 80 12101 | 40 101102 | 121 110101 | 242 
1021 | 26 10102 | 16 12112} 80 101122 | 121 110111 | 242 
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IRREDUCIBLE POLYNOMIALS FOR THE Mopu.us 2—Continued 
1001001011 | 73 } n = 10 e || 11000010011 |1023 n= 11 
1001011001 | 511 | || 11000010101 1023 
1001011111 | 511 || 10000001001 |1023 11000100011 | 33 || 100000000101 
1001100101 | 73 || 10000001111 | 341 11000100101 |1023 || 100000010111 
1001101001 | 511 |} — 10000011011 |1023 11000110001 | 341 |} 100000101011 
1001101111 | 511 || 10000011101 | 341 11000110111 |1023 || 100000101101 
1001110111 | 511 || 10000100111 |1023 11001000011 |1023 || 100001000111 
1001111101 | 511 || 10000101101 [1023 11001001111 {1023 || 100001100011 
1010000111 | 511 || 10000110101 | 93 11001010001 | 341 || 100001100101 
1010010101 | 511 10001000111 | 341 11001011011 |1023 || 100001110001 
1010011001 | 73 10001010011 | 341 11001111001 |1023 |} 100001111011 
1010100011 | 511 10001100011 | 341 11001111111 |1023 || 100010001101 
1010100101 | 511 10001100101 |1023 11010000101 | 93 || 100010010101 
1010101111 | 511 10001101111 |1023 11010001001 |1023 || 100010011111 
1010110111 | 511 10010000001 |1023 11010100111 | 93 || 100010101001 
1010111101 | 511 10010001011 |1023 11010101101 | 341 || 100010110001 
1011001111 | 511 10010011001 | 341 11010110101 |1023 || 100011000011 
1011010001 | 511 10010101001 | 33 11010111111 | 341 |} 100011001111 
1011011011 | 511 10010101111 | 341 11011000001 |1023 || 100011010001 
1011110101 | 511 10011000101 |1023 11011001101 | 341 || 100011100001 
1011111001 | 511 10011001001 | 341 11011010011 {1023 || 100011100111 
10011010111 |1023 11011011111 |1023 || 100011101011 
pore fo 10011100111 |1023 11011110111 | 341 || 100011110101 
1100010101 | 511 10011101101 | 341 11011111101 {1023 || 100100001101 
1100011211 | 511 10011110011 |1023 11100001111 | 341 || 100100010011 
coiiiomeen | ant 10011111111 |1023 11100010001 | 341 || 100100100101 
sane Van 10100001011 | 93 11100010111 |1023 || 100100101001 
scliidiatic Vane 10100001101 |1023 11100011101 |1023 || 100100110111 
10100011001 |1023 11100100001 |1023 || 100100111011 
1101001001 | 73 10100011111 | 341 11100101011 | 93 || 100100111101 
1101001111 | 511 10100100011 {1023 11100110101 | 341 |} 100101000101 
1101011011 | 511 10100110001 |1023 11100111001 |1023 |} 100101001001 
1101100001 | 511 10100111101 |1023 11101000111 |1023 100101010001 
1101101011 | 511 10101000011 |1023 11101001101 {1023 || 100101011011 
1101101101 | 511 10101010111 |1023 11101010101 |1023 || 100101110011 
1101110011 | 511 10101100001 | 93 11101011001 |1023 || 100101110101 
1101111111 | 511 10101100111 | 341 11101100011 |1023 100101111111 
1110000101 | 511 10101101011 |1023 11101111011 | 341 100110000011 
1110001111 | 511 10110000101 |1023 11101111101 |1023 100110001111 
1110100001 | 73 10110001111 |1023 11110000001 | 341 |} 100110101011 
1110110101 | 511 || — 10110010111 |1023 cir snr a rine 
1110111001 | 511 10110011011 | 341 o 
1111000111 | 511 cteeene teen 11110010011 |1028 || 100111000111 
1111001011 | 511 10110101011 | 341 11110101001 | 341 || 100111011001 
1111001101 | 511 || 10110111001 | 341 ESESee Tee: ame | RE 
11111000101 | 341 || 100111101111 
1111010101 | 511 10111000001 | 341 | — 44413011011 |1023 || 100111110111 
1111011001 | 511 || 10111000111 |1023 11111101011 | 341 || 101000000001 
1111100011 | 511 | 10111100101 |1023 11111110011 |1023 || 101000000111 
1111101001 | 511 |/ 10111110111 {1023 11111111001 |1023 || 101000010011 
1111111011 | 511 || 10111111011 |1023 11111111111 | 11 || 101000010101 





























2047 
2047 
2047 
2047 
2047 
2047 
2047 





2047 
2047 
2047 
2047 
2047 
2047 
2047 
89 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
89 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 
2047 

89 
2047 
2047 
2047 
2047 
2047 











IRREDUCIBLE POLYNOMIALS 


IRREDUCIBLE POLYNOMIALS FOR THE Moputvus 2—Concluded 
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101000101001 |2047 |} 101110010101 |2047 || 110100011101 |2047 |) 111001111101 |2047 
101001001001 |2047 |} 101110101111 |2047 |} 110100100111 |2047 | 111010000001 |2047 
101001100001 |2047 |) 101110110111 |2047 || 110100101101 2047 | 111010010011 2047 
101001101101 |2047 |} 101110111101 |2047 || 110101000001 |2047 | 111010011111 '2047 
101001111001 |2047 |} 101111001001 |2047 || 110101000111 |2047 || 111010100011 2047 
101001111111 |2047 |} 101111011011 |2047 || 110101010101 |2047 || 111010111011 [2047 
101010000101 |2047 |} 101111011101 |2047 || 110101011001 |2047 | 111011001001 | 89 
101010010001 |2047 || 101111100111 |2047 || 110101100011 |2047 || 111011001111 |2047 
101010011101 |2047 || 101111101101 |2047 || 110101101111 |2047 | 111011011101 (2047 
101010100111 |2047 || 110000001011 |2047 |} 110101110001 |2047 | 111011110011 |2047 
101010101011 {2047 | 110000001101 /2047 || 110110010011 |2047 | 111011111001 2047 
101010110011 |2047 |) 110000011001 |2047 || 110110011111 |2047 || 111100001011 |2047 
101010110101 |2047 |; 110000011111 |2047 || 110110101001 |2047 |, 111100011001 |2047 
101011010101 |2047 || 110000110001 | 89 || 110110111011 |2047 || 111100110001 |2047 
101011011111 |2047 |} 110001010111 |2047 || 110110111101 |2047 || 111100110111 |2047 
101011100011 | 23 || 110001100001 {2047 || 110111001001 |2047 || 111101011101 |2047 
101011101001 |2047 || 110001101011 |2047 || 110111010111 [2047 | 111101101011 |2047 
101011101111 {2047 |} 110001110011 |2047 || 110111011011 |2047 || 111101101101 12047 
101011110001 |2047 || 110001110101 | 23 |) . 110111100001 |2047 || 111101110101 |2047 
101011111011 |2047 || 110010000101 |2047 || 110111100111 [2047 || 111101111001 | 89 
101100000011 |2047 || 110010001001 |2047 || 110111110101 [2047 | 111110000011 |2047 
101100001001 |2047 || 110010010111 |2047 |} 110111111111 | 89 | 111110010001 |2047 
101100010001 |2047 || 110010011011 |2047 |} 111000000101 |2047 111110010111 |2047 
101100110011 |2047 || 110010011101 |2047 || 111000011101 |2047 | 111110011011 {2047 
101100111111 |2047 |} 110010110011 |2047 || 111000100001 [2047 || 111110100111 |2047 
101101000001 |2047 |} 110010111111 |2047 || 111000100111 |2047 |, 111110101101 |2047 
101101001011 |2047 |} 110011000111 [2047 || 111000101011 |2047 | 111110110101 |2047 
101101011001 |2047 |} 110011001101 |2047 || 111000110011 |2047 | 111111001101 (2047 
101101011111 |2047 || 110011010011 |2047 || 111000111001 |2047 | 111111010011 |2047 
101101100101 |2047 || 110011010101 |2047 || 111001000111 |2047 | 111111100101 |2047 
101101101111 |2047 || 110011100011 |2047 || 111001001011 |2047 | 111111101001 |2047 
101101111101 |2047 |} 110011101001 |2047 || 111001010101 2047 | 111111111011 | 89 
101110000111 |2047 || 110011110111 |2047 || 111001011111 |2047 | .| 
101110001011 |2047 || 110100000011 |2047 || 111001110001 |2047 | | 
101110010011 |2047 |) 110100001111 |2047 || 111001111011 |2047 | | 
IRREDUCIBLE POLYNOMIALS FOR THE MopvU.ts 3 
net e 1022} 13 10111 | 40 12121 101201 | 242 
i. 1102/ 13 10121 | 40 12212 980 101221 | 242 
1112/ 13 10202} 16 102101 | 242 
- 7 1121| 26 11002] 80|| n=5 102112 | 121 
1201 | 26 11021} 20 102122} 11 
na6 ft“ 1211 | 26 11101 | 40 100021 | 242 102202 | 121 
——— 1222] 13 11111 5 100022 | 121 102211 | 242 
101 4 11122 | 80 100112 | 121 102221 | 22 
112 8) n=4 e 11222} 80 100211 | 242 || 110002| 121 
_ 22) 8] 12002 | 980 || 101011} 242 || 110012! 121 
ito | 10012 | 80 12011} 20 101012 | 121 | 110021 | 242 
— | 40022} 80 12101} 40 101102 | 121 || 110101 | 242 
1021; 26|/ 10102! 16 | 12112} 80 || 101122 | 121 ‘| 420111 | 242 


























202 RANDOLPH CHURCH 
IRREDUCIBLE POLYNOMIALS FOR THE Mopu.tus 3—Continued 

110122 | 121 1012001 | 182 1122002 | 104 || 10001012 | 1093 |} 10120021 | 2186 
111011 242 1012012 728 1122122 104 || 10601102 | 1093 |} 10120112 | 1093 
111121 242 1012021 364 1122202 728 || 10001111 | 2186 10120202 | 1093 
111211 242 1012112 728 1122221 364 |} 10001201 | 2186 || 10121002 | 1093 
111212 121 1020001 52 1200002 728 || 10001212 | 1093 10121102 | 1093 
112001 242 1020101 52 1200022 56 || 10002112 | 1093 10121201 | 2186 
112022 121 1020112 728 1200121 364 |} 10002122 | 1093 10121222 | 1093 
112102 11 1020122 728 1201001 364 || 10002211 | 2186 |} 10122001 | 2186 
112111 242 1021021 364 1201111 182 || 10002221 | 2186 10122011 | 2186 
112201 242 1021102 56 1201121 182 || 10010122 | 1093 10122022 | 1093 
112202 121 || 1021112 728 1201201 364 || 10010222 | 1093 10122212 | 1093 
120001 242 1021121 91 1201202 728 || 10011002 | 1093 10122221 | 2186 
120011 242 1022011 364 1202002 728 || 10011101 | 2186 |} 10200001 | 2186 
120022 | 121 1022102 56 1202021 28 || 10011211 | 2186 || 10200002 | 1093 
120202 121 1022111 182 1202101 364 || 10012001 | 2186 || 10200101 | 2186 
120212 121 1022122 728 1202122 728 || 10012022 | 1093 10200112 | 1093 
120221 242 1100002 728 1202222 728 || 10012111 | 2186 10200202 | 1093 
121012 121 1100012 56 1210001 364 |} 10012202 | 1093 || 10200211 | 2186 
121111 | 242 1100111 | 364 1210021 | 364 || 10020121 | 2186 |} 10201021 | 2186 
121112 12] 1101002 728 1210112 728 || 10020221 | 2186 10201022 | 1093 
121222 121 1101011 28 1210202 728 || 10021001 | 2186 |} 10201121 | 2186 
122002 121 1101101 364 1210211 91 10021112 | 1093 10201222 | 1093 
122021 242 1101112 728 1211021 182 || 10021202 | 1093 10202011 | 2186 
122101 242 1101212 728 1211201 91 10022002 | 1093 10202012 | 1093 
122102 121 1102001 364 || 1211212 728 || 10022021 | 2186 10210001 | 2186 
122201 22 1102111 91 1212011 91 10022101 | 2186 10210121 | 2186 
122212 121 1102121 91 1212022 728 || 10022212 | 1093 10210202 | 1093 
gall 1102201 364 1212121 14 || 10100011 | 2186 10211101 | 2186 

: 1102202 728 1212122 728 || 10100012 | 1093 || 10211111 | 2186 
1000012 | 728 1110001 | 364 1212212 | 728 |} 10100102 | 1093 || 10211122 | 1093 
1000022 | 728 1110011 | 364 1220102 | 728 || 10100122 | 1093 || 10211221 | 2186 
1000111 | 364 1110122 | 728 1220111 | 182 || 10100201 | 2186 || 10212011 | 2186 
1000121 364 1110202 728 1220212 728 || 10100221 | 2186 || 10212022 | 1093 
1000201 52 1110221 182 1221001 182 || 10101101 | 2186 || 10212101 | 2186 
1001012 728 1111012 728 1221002 104 |} 10101112 | 1093 10212112 | 1093 
1001021 | 364 1111021 | 182 || 1221112 | 104 |} 10101202 | 1093 || 10212212 | 1093 
1001101 91 1111111 7 1221202 728 |} 10101211 | 2186 10220002 | 1093 
1001122 104 1111112 728 | 1221211 364 10102102 | 1093 10220101 | 2186 
1001221 182 1111222 728 || 1222022 728 || 10102201 | 2186 || 10220222 | 1093 
1002011 364 1112011 91 1222102 728 || 10110022 | 1093 || 10221122 | 1093 
1002022 728 1112201 182 1222112 104 || 10110101 | 2186 || 10221202 | 1093 
1002101 182 1112222 728 1222211 364 || 10110211 | 2186 || 10221212 | 1093 
1002112 104 1120102 728 1222222 728 || 10111001 | 2186 || 10221221 | 2186 
1002211 91 1120121 91 10111102 | 1093 10222012 | 1093 
1010201 52 1120222 728 n=7 e 10111121 | 2186 || 10222021 | 2186 
1010212 | 728 1121012 | 728 10111201 | 2186 || 10222111 | 2186 
1010222 728 1121102 728 || 10000102 | 1093 10112002 | 1093 || 10222202 | 1093 
1011001 91 1121122 104 || 10000121 | 2186 || 10112012 | 1093 || 10222211 | 2186 
1011011 364 1121212 728 || 10000201 | 2186 || 10112021 | 2186 || 11000101 | 2186 
1011022 | 728 1121221 | 364 || 10000222 | 1093 || 10112111 | 2186 || 11000222 | 1093 
1011122 728 1122001 91 || 10001011 | 2186 || 10112122 | 1093 11001022 | 1093 


















































IRREDUCIBLE POLYNOMIALS 


IRREDUCIBLE POLYNOMIALS FOR THE Mopu.tus 3—Concluded 
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| 2186 || 12121022 

























































































11001112 | 1093 |} 11110001 | 2186 |) 11211022 | 1093 || 1093 
11001211 | 2186 || 11110012 | 1093 |} 11211122 | 1093 1093 || 12121102 | 1093 
11002012 | 1093 || 11110111 | 2186 || 11211212 | 1093 2186 | 12121121 | 2186 
11002022 | 1093 |} 11110112 | 1093 || 11211221 | 2186 1093 || 12122012 | 1093 
11002121 | 2186 |} 11110211 | 2186 |} 11212012 | 1093 1093 || 12122122 | 1093 
11002202 | 1093 || 11110222 | 1093 || 11212112 | 1093 2186 |) 12200101 | 2186 
11010001 | 2186 || 11111011 | 2186 || 11212202 | 1093 1093 || 12200102 | 1093 
11010022 | 1093 || 11111021 | 2186 || 11220001 | 2186 2186 || 12201011 | 2186 
11010121 | 2186 || 11111201 | 2186 || 11220112 | 1093 2186 || 12201022 | 1093 
11010221 | 2186 || 11111222 | 1093 || 11220211 | 2186 2186 || 12201121 | 2186 
11011111 | 2186 || 11112011 | 2186 || 11221022 | 1093 2186 || 12201122 | 1093 
11011202 | 1093 || 11112221 | 2186 |} 11221102 | 1093 2186 || 12201202 | 1093 
11012002 | 1093 || 11120102 | 1093 |} 11221112 | 1093 2186 || 12201212 | 1093 
11012102 | 1093 || 11120111 | 2186 || 11221121 | 2186 1093 || 12202001 | 2186 
11012212 | 1093 || 11120122 | 1093 || 11222011 | 2186 2186 || 12202111 | 2186 
11020021 | 2186 |! 11120212 | 1093 || 11222102 | 1093 2186 || 12202112 | 1093 
11020022 | 1093 || 11120221 | 2186 || 11222122 | 1093 2186 || 12202222 | 1093 
11020102 | 1093 || 11121001 | 2186 || 11222201 | 2186 1093 || 12210002 | 1093 
11020112 | 1093 || 11121101 | 2186 || 11222221 | 2186 1093 || 12210112 | 1093 
11020201 | 2186 || 11121202 | 1093 || 12000121 | 2186 2186 || 12210211 | 2186 
11020222 | 1093 || 11122021 | 2186 || 12000202 | 1093 2186 || 12211021 | 2186 
11021111 | 2186 || 11122112 | 1093 || 12001021 | 2186 1093 || 12211201 | 2186 
11021122 | 1093 |} 11122201 | 2186 |} 12001112 | 1093 2186 || 12211211 | 2186 
11021201 | 2186 || 11122222 | 1093 || 12001211 | 2186 1093 || 12211222 | 1093 
11021212 | 1093 || 11200201 | 2186 || 12002011 | 2186 2186 || 12212012 | 1093 
11022101 | 2186 || 11200202 | 1093 || 12002021 | 2186 1093 || 12212102 | 1093 
11022122 | 1093 || 11201012 | 1093 || 12002101 | 2186 2186 || 12212122 | 1093 
11022211 | 2186 || 11201021 | 2186 || 12002222 | 1093 1093 || 12212201 | 2186 
11022221 | 2186 || 11201101 | 2186 || 12010021 | 2186 2186 || 12212221 | 2186 
11100002 | 1093 || 11201111 | 2186 || 12010022 | 1093 1093 || 12220001 | 2186 
11100022 | 1093 || 11201221 | 2186 || 12010102 | 1093 1093 || 12220012 | 1093 
11100121 | 2186 |} 11201222 | 1093 || 12010121 | 2186 1093 || 12220022 | 1093 
11100212 | 1093 |} 11202002 | 1093 |/ 12010201 | 2186 2186 || 12220202 | 1093 
11101012 | 1093 || 11202121 | 2186 || 12010211 | 2186 2186 || 12221002 | 1093 
11101022 | 1093 || 11202211 | 2186 || 12011102 | 1093 1093 || 12221021 | 2186 
11101102 | 1093 || 11202212 | 1093 || 12011111 | 2186 2186 || 12221111 | 2186 
11101111 | 2186 || 11210002 | 1093 || 12011212 | 1093 1093 || 12221122 | 1093 
11101121 | 2186 || 11210011 | 2186 || 12011221 | 2186 2186 || 12221221 | 2186 
11102002 | 1093 || 11210021 | 2186 || 12012112 | 1093 2186 || 12222011 | 2186 
11102111 | 2186 || 11210101 | 2186 || 12012122 | 1093 | 1093 || 12222101 | 2186 
11102222 | 1093 |} 11211001 | 2186 || 12012202 | 1093 || 12121012 | 1093 || 12222211 | 2186 
IRREDUCIBLE POLYNOMIALS FOR THE Mopvu.uvus 5 

n=] e =2 e 124 12 n= 3 1033 | 124 1131 62 
ae 133 | 24 1042 | 124 1134 31 

10 102|} 8 134| 12 1011 1043 | 124 1141 | 62 

11]; 2 103} 8 141 6 1014 1101 | 62 1143 | 124 

12| 4 111 3 142 | 24 1021 | 1102 | 124 1201 | 62 

13| 4 112| 24 1024 | 1113 | 124 1203 | 124 

14] 1 123 | 24 1032 | 1114 31 || 1213 | 124 














204 





1214 
1222 
1223 
1242 
1244 
1302 
1304 
1311 
1312 
1322 
1323 
1341 
1343 
1403 
1404 
1411 
1412 
1431 
1434 
1442 
1444 


n=4 


10002 
10003 
10014 
10024 
10034 
10044 
10102 
10111 
10122 
10123 
10132 
10133 
10141 
10203 
10221 
10223 
10231 
10233 
10303 
10311 
10313 
10341 
10343 
10402 
10412 
10413 


10421 


IRREDUCIBLE POLYNOMIALS FOR THE Moputus 5—Continued 


RANDOLPH CHURCH 














31 | 
124 | 
124 | 
124 

31 
124 

31 

62 
124 
124 
124 

62 
124 
124 

31 

62 
124 

62 

31 
124 

31 


é 


16 
16 
312 
312 
312 
312 
48 
78 
624 
624 
624 
624 
39 


| 








48 
39 
208 
78 
208 
48 
156 
208 
156 
208 
48 
624 
624 
156 | 





10431 
10442 
10443 
11004 
11013 
11023 
11024 
11032 
11041 
11042 
11101 
11113 
11114 
11124 
11133 
11142 
11202 
11212 
11213 
11221 
11222 
11234 
11244 
11301 
11303 
11321 
11342 
11344 
11402 
11411 
11414 
11441 
11443 
12004 
12013 
12014 
12021 
12022 
12033 
12042 
12102 
12121 
12123 
12131 
12134 
12201 
12203 
12211 
12222 
12224 
12302 





156 
624 
624 
312 
624 


624 | 


104 
624 

52 
624 

78 
624 
312 
104 
208 
208 
624 
624 
208 
156 
208 
104 
312 
156 
624 

39 
624 
312 
208 

13 
312 

52 
624 
312 
624 
104 

26 
624 
624 
624 
208 

13 


624 | 
52 
312 


39 
624 


156 | 
624 | 


312 
624 


| 
| 














12311 
12312 
12324 
12332 
12333 
12344 
12401 
12414 
12422 
12433 
12434 
12443 
13004 
13012 
13023 
13031 
13032 
13043 
13044 
13102 
13121 
13124 
13131 
13133 
13201 
13203 
13232 
13234 
13241 
13302 
13314 
13322 
13323 
13334 
13341 
13342 
13401 
13413 
13423 
13424 
13432 
13444 
14004 
14011 
14012 
14022 
14033 
14034 
14043 
14101 


14112 








39 | 
208 
312 
624 
208 
104 
156 
104 
208 
624 
312 
208 
312 
624 
624 

13 
624 
624 
104 
208 

52 
312 

26 
624 

78 
624 
624 
312 
156 
624 
104 
624 
208 
312 

78 
208 
156 
208 
624 
312 
208 
104 
312 

52 
624 
624 
624 
104 
624 

39 
208 














14123 
14134 
14143 
14144 
14202 
14214 
14224 
14231 
14232 
14242 
14243 
14301 
14303 
14312 
14314 
14331 
14402 
14411 
14413 
14441 
14444 


n=65 


100041 
100042 
100043 
100044 
100102 
100114 
100124 
100132 
100143 
100201 
100212 
100222 
100231 
100244 
100304 
100313 
100323 
100334 
100341 
100403 
100411 
100421 
100433 
100442 
101022 
101023 
101032 


208 
104 
624 
312 
624 
312 
104 
156 
208 
624 
208 
156 
624 
624 
312 

78 
208 

52 
624 

26 
312 


e 
1562 
3124 
3124 
781 
3124 
781 

71 
3124 
3124 
1562 
3124 

284 
1562 

781 

781 
3124 

284 

781 
1562 
3124 
1562 

142 
3124 
3124 
3124 
3124 

284 














101033 
101103 
101104 
101141 
101142 
101203 
101204 
101212 
101213 
101301 
101302 
101312 
101313 
101401 
101402 
101443 
101444 
102001 
102004 
102012 
102013 
102021 
102024 
102112 
102114 
102121 
102122 
102131 
102134 
102202 
102203 
102211 
102213 
102242 
102244 
102302 
102303 
102312 
102314 
102341 
102343 
102411 
102413 
102423 
102424 
102431 
102434 
103002 
103003 
103011 
103014 


284 
3124 
781 
1562 
3124 
3124 
781 
3124 
284 
1562 
3124 
284 
3124 
1562 
3124 
3124 
781 
1562 
781 
3124 
3124 
1562 
781 
3124 
781 
1562 
3124 
1562 
781 
3124 
3124 
1562 
3124 
284 
781 
3124 
3124 
3124 
781 
1562 
284 
1562 
3124 
3124 
781 
1562 
781 
3124 
3124 
1562 
781 











103022 
103023 
103101 
103104 
103111 
103112 
103143 
103144 
103211 
103212 
103221 
103223 
103232 
103233 
103313 
103314 
103322 
103324 
103332 
103333 
103401 
103404 
103413 
103414 
103441 
103442 
104021 
104024 
104031 
104034 
104101 
104103 
104111 
104114 
104202 
104204 
104241 
104243 
104301 
104303 
104342 
104344 
104402 
104404 
104411 
104414 
110004 
110014 
110041 
110123 
110131 





‘3124 
3124 
1562 
781 
1562 
3124 
3124 
71 
1562 
3124 
1562 
3124 
3124 
3124 
3124 
781 
3124 
781 
3124 
3124 
1562 
781 
3124 
781 
142 
3124 
1562 
781 
142 
71 
1562 
3124 
142 
781 
3124 
781 
1562 
3124 
1562 
3124 
3124 
781 
3124 
781 
1562 
71 
781 
781 
1562 
3124 
1562 











IRREDUCIBLE POLYNOMIALS 


IRREDUCIBLE POLYNOMIALS FOR THE Mopvu.uvs 5—Continued 














121103 











205 


130233 |3124 








110142 |3124 || 112133 |3124 || 114102 /3124 284 || 123142 |3124 | 

110144 | 781 |! 112142 3124 || 114132 |3124 || 121131 |1562 || 123224 | 781 || 130241 |1562 
110202 | 284 || 112143 | 284 || 114141 [1562 |) 121144 | 781 || 123231 /1562 || 130242 |3124 
110213 |3124 || 112201 |1562 |} 114201 |1562 || 121201 |1562 || 123242 |3124 || 130304 | 781 
110232 (3124 || 112212 |3124 || 114204 | 71 || 121202 |3124 || 123303 |3124 || 130313 |3124 
110243 [3124 || 112214 | 781 || 114233 [3124 || 121223 |3124 || 123311 |1562 || 130323 (3124 
110244 | 781 || 112234 | 781 |} 114242 |3124 | 121232 | 44 || 123331 |1562 || 130331 [1562 
110301 |1562 || 112241 |1562 || 114314 | 781 || 121233 |3124 || 123341 | 142 || 130341 |1562 
110303 3124 || 112243 [3124 || 114321 |1562 | 121244 | 781 || 123344 | 781 | 130342 |3124 
110322 [3124 || 112301 |1562 || 114322 |3124 || 121304 | 781 || 123402 [3124 | 130343 |3124 
110331 |1562 |} 112311 |1562 |) 114331 |1562 |) 121334 | 781 | 123411 |1562 || 130401 | 142 
110333 |3124 || 112313 |3124 |} 114343 |3124 || 121342 |3124 || 123412 |3124 || 130414 | 781 
110343 |3124 || 112314 | 781 || 114401 |1562 || 121413 |3124 |) 123413 3124 | 130431 |1562 
110403 |3124 || 112323 |3124 || 114403 |3124 || 121422 |3124 || 123421 |1562 |! 130442 3124 
110411 |1562 || 112334 | 71 || 114424 | 781 || 121424 | 781 || 123433 | 284 || 130444 | 781 
110421 |1562 || 112342 |3124 || 114431 | 22 || 121432 |3124 || 123444 | 781 || 131003 |3124 
110432 |3124 || 112422 |3124 || 114434 | 781 || 121441 |1562 || 124001 | 142 || 131011 |1562 
110441 |1562 || 112433 |3124 || 114442 |3124 || 122003 |3124 || 124011 |1562 || 131012 |3124 
110442 |3124 || 112441 |1562 || 120003 |3124 || 122004 | 781 || 124022 |3124 || 131013 [3124 
110444 | 781 || 113002 |3124 || 120013 |3124 || 122033 |3124 || 124023 |3124 || 131022 |3124 
111003 | 284 || 113004 | 781 || 120042 |3124 || 122043 |3124 || 124024 | 781 || 131034 | 781 
111013 3124 || 113034 | 781 || 120104 | 71 || 122112 |3124 || 124034 | 781 || 131042 \3124 
111021 |1562 || 113044 | 781 || 120111 |1562 || 122123 | 284 || 124043 |3124 || 131112 |3124 
111022 |3124 || 113103 |3124 || 120134 | 781 || 122124 | 781 || 124114 | 11 || 131121 |1562 
111024 | 781 || 113111 |1562 || 120141 |1562 || 122132 |3124 || 124123 |3124 || 131123 |3124 
111032 |3124 || 113134 | 781 || 120143 |3124 || 122141 | 142 |} 124132 |3124 || 131133 |3124 
111044 | 781 || 113142 | 284 || 120201 |1562 || 122142 |3124 || 124133 |3124 || 131144 | 781 
111102 |3124 || 113143 |3124 || 120212 |3124 || 122214 | 781 || 124202 | 284 || 131201 |1562 
111114 | 781 || 113211 |1562 || 120222 |3124 || 122224 | 781 || 124203 |3124 || 131231 /1562 
111123 |3124 || 113222 |3124 || 120234 | 781 || 122233 /3124 || 124221 |1562 || 131243 |3124 
111212 | 44 || 113224 | 71 || 120242 |3124 || 122301 [1562 || 124231 |1562 || 131303 |3124 
111224 | 781 || 113231 [1562 || 120243 |3124 || 122312 [3124 || 124232 |3124 || 131304 | 781 
111231 |1562 || 113241 |1562 || 120244 | 781 || 122333 |3124 || 124244 | 781 || 131322 |3124 
111234 | 781 || 113243 | 284 || 120321 |1562 || 122341 |1562 || 124304 | 781 || 131332 3124 
111301 |1562 || 113304 | 781 || 120332 |3124 || 122344 | 71 || 124313 |3124 || 131333 | 44 
111311 |1562 || 113312 |3124 || 120343 |3124 || 122403 /3124 || 124321 |1562 || 131341 |1562 
111312 |3124 | 113321 |1562 || 120344 | 781 || 122414 | 781 || 124402 |3124 || 131402 | 284 
111324 | 71 || 113323 |3124 || 120401 |1562 || 122421 |1562 || 124412 (3124 || 131403 3124 
111334 | 781 || 113324 | 781 || 120402 |3124 || 122422 |3124 || 124414 | 781 | 131434 | 781 
111401 | 142 || 113332 |3124 || 120424 | 781 || 122423 |3124 || 124423 | 284 || 131441 |1562 
111404 | 781 || 113342 [3124 || 120431 |1562 || 122434 | 781 || 124433 |3124 || 132001 |1562 
111423 |3124 || 113412 |3124 || 120432 |3124 || 122444 | 781 || 130002 |3124 || 132002 |3124 
111431 /1562 |! 113422 |3124 || 120441 |1562 || 123014 | 781 || 130012 |3124 || 132032 |3124 
111433 |3124 || 113434 | 781 || 121002 |3124 || 123021 |1562 || 130043 |3124 || 132042 |3124 
111442 |3124 || 114001 |1562 || 121012 |3124 || 123033 |3124 || 130103 |3124 || 132102 |3124 
112012 |3124 || 114011 |1562 || 121013 |3124 || 123034 | 781 || 130104 | 781 || 132111 |1562 
112023 [3124 || 114012 |3124 || 121014 | 781 || 123102 |3124 || 130121 |1562 || 132122 |3124 
112032 [3124 || 114014 | 781 || 121023 |3124 || 123113 |3124 || 130133 |3124 || 132123 |3124 
112034 | 781 || 114024 | 781 || 121031 |1562 || 123114 | 781 || 130134 | 781 || 132124 | 781 
112104 | 781 || 114033 |3124 |} 121043 |3124 || 123133 |3124 || 130144 | 781 || 132131 |1562 
112113 |3124 || 114044 | 781 || 121102 /3124 || 123141 |1562 || 130224 | 781 |) 132141 |1562 

















































































































206 RANDOLPH CHURCH 
IRREDUCIBLE POLYNOMIALS FoR THE Moputus 5—Concluded 
132204 | 781 |! 133343 [3124 || 140001 |1562 || 141101 |1562 {| 142304 | 781 || 143414 | 781 
132213 13124 || 133403 |3124 || 140011 |1562 || 141104 | 71 || 142311 |1562 || 143431 |1562 
132232 |3124 || 133411 [1562 || 140044 | 781 || 141122 |3124 || 142313 |3124 || 143442 |3124 
132241 | 142 || 133412 |3124 || 140102 |3124 || 141132 |3124 || 142331 |1562 || 143443 | 284 
132244 | 781 || 133432 13124 || 140114 | 781 || 141134 | 781 || 142342 |3124 || 144004 | 781 
132311 |1562 || 133443 |3124 || 140124 | 781 || 141143 |3124 || 142344 | 781 || 144011 |1562 
132321 |1562 || 133444 | 781 |) 140133 |3124 || 141204 | 781 || 142401 |1562 || 144013 |3124 
132332 |3124 || 134004 | 71 || 140141 |1562 || 141213 |3124 || 142412 |3124 || 144014 | 781 
132413 |3124 || 134014 | 781 || 140143 |3124 || 141214 | 781 || 142432 |3124 || 144021 |1562 
132421 |1562 || 134021 |1562 || 140144 | 781 || 141221 | 142 || 142442 | 284 || 144032 |3124 
132422 | 284 || 134022 |3124 || 140202 |3124 || 141231 |1562 || 142443 |3124 |) 144041 |1562 
132433 |3124 || 134023 |3124 || 140204 | 781 || 141313 | 44 |] 143001 |1562 || 144102 |3124 
132443 |3124 || 134031 |1562 || 140223 |3124 || 141321 |1562 || 143003 |3124 || 144104 | 781 
132444 | 71 || 134042 [3124 |! 140232 |3124 || 141331 |1562 || 143031 |1562 || 144121 |1562 
133011 |1562 || 134103 |3124 || 140234 | 781 || 141334 | 781 || 143041 |1562 || 144131 |1562 
133024 | 781 || 134111 |1562 || 140242 [3124 || 141403 |3124 || 143113 |3124 || 144134] 11 
133031 |1562 || 134113 |3124 || 140303 | 284 || 141411 |1562 || 143123 |3124 || 144143 |3124 
133032 |3124 || 134122 | 284 || 140312 |3124 |) 141422 |3124 || 143131 |1562 || 144211 |1562 
133103 |3124 || 134132 |3124 || 140333 |3124 |) 142013 |3124 || 143201 |1562 || 144223 |3124 
133112 |3124 || 134201 |1562 || 140341 |1562 || 142022 |3124 || 143213 |3124 || 144224 | 781 
133113 |3124 || 134212 |3124 || 140342 |3124 || 142031 |1562 || 143221 |1562 || 144234 | 781 
133114 | 781 || 134224 | 781 || 140422 |3124 || 142033 |3124 || 143222 |3124 || 144242 |3124 
133124 | 781 || 134302 |3124 || 140434 | 781 || 142123 |3124 || 143224 | 781 || 144301 | 142 
133132 | 284 || 134303 | 284 || 140441 |1562 || 142132 /3124 || 143233 |3124 || 144304 | 781 
133141 |1562 || 134324 | 781 || 140443 |3124 || 142144 | 781 || 143243 |3124 || 144332 (3124 
133202 |3124 || 134333 |3124 || 141002 | 284 || 142204 | 781 || 143314 | 781 || 144343 /3124 
133214 | 781 || 134334 | 781 || 141012 |3124 || 142211 /1562 || 143321 | 142 || 144403 /3124 
133234 | 781 || 134341 |1562 || 141021 |1562 || 142212 |3124 || 143323 |3124 || 144433 |3124 
133241 |1562 || 134411 | 22 || 141023 |3124 || 142214 | 781 || 143334 | 781 || 144444 | 781 
133244 | 71 || 134422 |3124 || 141024 | 781 || 142222 |3124 || 143342 | 284 
133321 |1562 || 134432 |3124 || 141033 |3124 || 142231 | 142 || 143344 | 781 
133334 | 781 | 134433 |3124 || 141041 |1562 || 142243 |3124 || 143402 |3124 
IRREDUCIBLE POLYNOMIALS FOR THE MopvuLus 7 
n=1| e 1146} 146|]|}n=3]| e 1062 | 342 1163 | 171 1263 | 171 
122 | 24 | 1065 | 171 1165 | 171 1264 | 342 
10 123 | 48 1002 | 18 1101 | 114 1201 | 38 1304 | 342 
11 2 125 | 48 1003 9 1103 | 171 1203 | 171 1306 | 57 
12| 6 131 8 1004 | 18 1112 | 342 1214 | 342 1311 | 38 
13/ 3 135 | 48 1005 | 9 1115 | 171 1216 | 57 1314 | 342 
14 6 136 | 16 1011 | 114 1124 | 342 1223 | 171 1322 | 342 
15 3 141 s 1016 | 57 1126 | 57 1226 | 57 1325 | 171 
16 1 145 | 48 1021 | 38 1131 | 38 1233 | 171 1333 | 17. 
apy ice 146 | 16 1026 | 19 1135 | 171 1235 | 171 1334 | 342 
152 | 24 1032 | 342 1143 | 171 1242 | 342 1335 | 171 
101 4 153 | 48 1035 | 171 1146 | 57 1245 | 171 1336 | 19 
102 | 12 155 | 48 1041 | 114 1151 | 114 1251 | 114 1341 | 38 
104 12 163 | 48 1046 | 57 1152 | 342 1255 | 171 1343 | 171 
113 | 48 164 | 24 1052 | 342 1153 | 171 1261 | 114 1352 | 342 
114| 24 166 | 16 1055 | 171 1154 | 342 1262 | 342 1354 | 342 
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IRREDUCIBLE POLYNOMIALS 


IRREDUCIBLE POLYNOMIALS FOR THE Moputus 7—Continued 





1362 
1366 
1401 
1403 
1413 
1416 
1422 
1425 
1431 
1432 
1433 
1434 
1444 
1446 
1453 
1455 
1461 
1465 
1504 
1506 
1511 
1513 
1521 
1524 
1532 
1534 
1542 
1545 
1552 
1556 
1563 
1564 
1565 
1566 
1604 
1606 
1612 
1615 
1621 
1623 
1632 
1636 
1641 
1644 
1653 
1654 
1655 
1656 
1662 
1664 





342 

57 
114 
171 
171 

19 
342 
171 

38 
342 
171 
342 
342 

19 
171 
171 
114 
171 
342 

19 
114 
171 
114 
342 
342 
342 
342 
171 
342 


171 
342 
171 

57 
342 

57 
342 
171 
114 
171 
342 

19 
114 


171 
342 
171 

57 
342 
342 


n=4 


10011 
10012 
10014 
10023 
10025 
10026 
10053 
10055 
10056 
10061 
10062 
10064 
10103 
10106 
10111 
10112 
10121 
10135 
10145 
10151 
10161 
10162 
10203 
10205 
10211 
10214 
10224 
10236 
10246 
10254 
10261 
10264 
10305 
10306 
10316 
10322 
10326 
10333 
10334 
10335 
10343 
10344 
10345 
10352 
10356 
10366 
10405 
10406 








10412 


é 





400 
1200 
1200 

480 

480 

160 

480 

480 

160 

400 
1200 
1200 

96 
32 

400 

600 

200 
2400 
2400 

200 

400 

600 

96 
96 

200 
1200 

600 

800 

800 

600 

200 
1200 

96 
32 

800 
1200 

800 
2400 

240 
2400 
2400 

240 
2400 
1200 

800 

800 

96 
32 











1200 


10414 
10422 
10433 
10443 
10452 
10462 
10464 
10503 
10505 
10515 
10524 
10525 
10531 
10533 
10536 
10541 
10543 
10546 
10554 
10555 
10565 
10603 
10606 
10613 
10621 
10623 
10632 
10635 
10636 
10642 
10645 
10646 
10651 
10653 
10663 
11001 
11003 
11013 
11026 
11031 
11042 
11054 
11056 
11062 
11063 
11101 
11103 
11105 
11111 
11112 
11124 


2400 











11134 
11136 
11141 
11152 
11153 
11161 
11163 
11166 
11201 
11204 
11213 
11223 
11225 
11232 
11233 
11236 
11241 
11244 
11245 
11252 
11254 
11266 
11321 
11323 
11324 
11331 
11332 
11334 
11351 
11355 
11356 
11362 
11364 
11365 
11405 
11406 
11412 
11415 
11422 
11423 
11434 
11443 
11455 
11463 
11504 
11511 
11523 
11533 
11542 
11545 
11551 


240 
800 
400 
1200 
2400 
100 
480 
800 
200 


2400 
2400 
2400 


2400 


1200 


2400 








600 | 








11556 
11562 
11566 
11602 
11605 
11614 
11625 
11626 
11631 
11643 
11646 
11652 
11653 
11654 
11664 
11665 
11666 
12002 
12006 
12016 
12025 
12032 
12044 
12051 
12055 
12064 
12066 
12101 
12102 
12116 
12123 
12126 
12134 
12135 
12136 
12141 
12142 
12143 
12151 
12154 
12165 
12203 
12205 
12213 
12214 
12224 
12226 
12231 
12246 
12253 
12266 


| 800 |) 


1200 
160 
240 

2400 
600 

2400 
800 

40 





160 
600 
2400 


600 
2400 
800 


160 
800 
2400 
1200 
75 
100 
2400 
1200 
800 
200 
600 
800 
2400 
800 
60 
2400 
800 
400 
1200 
2400 


240 
480 
2400 
2400 
480 
1200 
1200 





2400 | 


300 | 


/1200 | 


100 


l 


1 
i 























12303 
12304 
12311 
12323 
12325 
12332 
12345 
12346 
12351 
12354 
12356 
12361 
12363 
12365 
12402 
12403 
12406 
12412 
12414 
12421 
12431 
12435 
12442 
12454 
12456 
12462 
12465 
12466 
12521 
12522 
12526 
12531 
12532 
12534 
12552 
12553 
12555 
12561 
12563 
12564 
12601 
12612 
12626 
12636 
12643 
12644 
12652 
12655 
12664 
12665 
13004 


2400 
1200 
1200 

800 

300 
2400 
160 


600 
800 


200 
1200 


75 
1200 


1200 


1200 

















2 








O8 RANDOLPH CHURCH 
IRREDUCIBLE POLYNOMIALS FOR THE MODULUS 7—Continued 
13005 | 480 13441 20 14165 |2400 14563 |2400 15313 |2400 16024 | 300 
13011 | 400 13443 |2400 14204 |1200 14566 | 800 15315 |2400 16026 | 800 
13015 |2400 13445 |2400 14205 |2400 14622 | 150 15321 | 100 16032 | 150 
13022 | 300 13455 |2400 14206 | 800 14624 | 600 15324 | 600 16041 | 400 
13023 |2400 13456 | 800 14211 | 400 14625 |2400 15326 | 800 16056 | 800 
13031 50 13465 |2400 14214 15 14631 | 100 15335 | 480 16063 |2400 
13044 |1200 13501 | 80 14222 | 75 14632 | 600 15336 | 800 16101 | 400 
13053 |2400 13506 | 800 14232 | 240 14634 |1200 15342 | 120 16103 |2400 
13065 |2400 13512 | 600 14233 |2400 14653 | 480 15353 |2400 16105 |2400 
13103 |2400 13513 {2400 14244 |1200 14654 | 600 15355 |2400 16111 | 100 
13106 | 800 13516 | 800 14251 | 400 14656 | 800 15361 | 200 16113 | 480 
13115 |2400 13521 | 200 14255 |2400 14661 | 40 15402 |1200 16116 | 800 
13126 | 800 13522 | 300 14263 |2400 14662 |1200 15403 |2400 16122 |1200 
13135 |2400 13525 |2400 14264 | 300 14666 | 800 15406 | 800 16123 |2400 
13142 |1200 13533 | 480 14265 | 480 15002 |1200 15412 | 300 16131 | 400 
13151 | 400 13535 |2400 14302 {1200 15006 | 160 15415 |2400 16144 | 240 
13155 |2400 13544 | 120 14314 | 150 15014 |1200 15416 | 160 16146 | 800 
13161 | 400 13553 |2400 14325 |2400 15016 | 800 15424 |1200 16154 | 150 
13166 | 160 13556 | 800 14335 |2400 15021 | 100 15426 | 800 16161 | 10 
13204 {1200 13562 | 600 14341 | 25 15025 |2400 15432 |1200 16162 |1200 
13205 |2400 13611 | 40 14346 | 800 15034 | 150 15441 | 80 16201 | 200 
13206 | 800 13612 |1200 14353 |2400 15042 |1200 15445 |2400 16204 | 600 
13213 |2400 13616 | 800 14354 |1200 15055 |2400 15451 | 50 16216 | 160 
13214 | 300 13623 | 480 14361 | 400 15066 | 800 15462 | 30 16222 | 240 
13215 | 480 13624 | 600 14363 | 480 15101 | 200 15464 |1200 16224 | 300 
13221 | 400 13626 | 800 14402 | 600 15102 | 600 15511 | 400 16231 | 400 
13225 |2400 13641 | 100 14404 | 600 15115 | 480 15513 |2400 16234 |1200 
13234 |1200 13642 | 600 14415 |2400 15121 | 100 15514 | 120 16235 |2400 
13242 | 240 13644 |1200 14425 |2400 15124 | 240 15522 | 600 16242 | 60 
13243 |2400 13652 | 75 14426 | 800 15131 | 400 15523 |2400 16243 |2400 
13252 | 150 13654 | 600 14431 | 20 15132 {1200 15525 | 480 16246 | 800 
13261 | 400 13655 |2400 14433 |2400 15133 |2400 15541 | 200 16253 |2400 
13264 | 30 14004 |1200 14435 |2400 15144 | 60 15542 |1200 16255 |2400 
13302 |1200 14005 | 480 14442 |1200 15145 |2400 15544 | 300 16263 |2400 
13311 | 400 14015 |2400 14444 |1200 15146 | 800 15551 | 25 16312 | 120 
13313 | 480 14023 |2400 14446 | 800 15153 |2400 15552 | 600 16314 {1200 
13323 |2400 14034 |1200 14451 | 80 15156 | 800 15556 | 800 16315 |2400 
13324 |1200 14041 | 25 14452 | 300 15166 | 800 15601 | 400 16321 | 200 
13331 | 50 14052 | 300 14463 | 480 15203 |2400 |, 15614 |1200 16325 |2400 
13336 | 800 14053 {2400 14501 80 15205 |2400 15615 | 480 16326 | 160 
13345 |2400 14061 | 400 14506 | 800 15216 | 800 5622 |1200 16341 | 400 
13355 |2400 14065 |2400 14512 | 600 15223 |2400 15625 |2400 16342 | 300 
13364 | 75 14103 |2400 14523 |2400 15236 | 800 15633 |2400 16344 | 600 
13402 | 600 14106 | 800 14526 | 800 15241 | 400 15634 | 150 16351 | 200 
13404 | 600 14111 | 400 14534 | 120 15254 |1200 15646 | 800 16353 |2400 
13413 | 480 14116 | 160 14543 | 480 15256 | 800 15656 | 800 16354 | 75 
13421 | 80 14121 | 400 14545 |2400 15263 | 480 15662 | 75 16405 |2400 
13422 | 300 14125 |2400 14551 | 200 15264 |1200 16001 | 400 16406 | 800 
13432 {1200 14132 |1200 14552 | 300 15303 |2400 16003 | 480 16413 |2400 
13434 {1200 14145 |2400 14555 |2400 15304 | 240 16012 |1200 16425 |2400 
13436 | 800 14156 | 800 14562 | 600 15311 | 200 16013 |2400 16433 |2400 
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— 


16444 |1200 
16452 |1200 
16453 |2400 
16462 |1200 
16465 | 480 | 


16504 
16512 
16516 
16521 
16526 





1200 
1200 
160 
400 
800 


16532 











16561 


150 


16535 |2400 
16543 |2400 
16553 |2400 


25 





16602 | 240 
16605 |2400 
16614 | 600 
16615 |2400 
16616 | 800 


16622 


600 | 


16623 |2400 
16624 | 300 
16633 |2400 


16636 


160 


16641 | 40 
16655 |2400 
16656 | 800 
16664 | 600 
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THE FUNDAMENTAL GROUP OF A GROUP MANIFOLD 
By P. A. Situ 
(Received August 15, 1934) 


The study of the interrelations between group structures and topological 
structures is one of the interesting recent developments of group theory. It has 
become well known that a space © which is at the same time a continuous group 
cannot be of arbitrary topological structure. Schreier, for example, proved that 
the so-called fundamental group G of © must be abelian. Our purpose is to 
show further that the ‘‘size’”’ of @ is limited by the dimension of @, that is, by 
the ‘number of parameters.’’ We shall, in fact, prove that the maximum num- 
ber of linearly independent elements of G cannot exceed the dimension of ©. 

The proof depends on certain results of Hopf and of Alexandroff, applied to a 
preliminary construction—essentially simple although involving a number of 
details—by means of which the covering manifold of G@ is made compact by the 
addition of specially chosen ideal elements. 


I. Preliminary Construction 


1. The topology of a complex is completely determined by its defining rela- 
tions. This is obvious for finite complexes but for infinite complexes depends, 
strictly speaking, on additional conventions. We shall agree to consider each 
infinite simplicial complex K as immersed in a Hilbert parallelotope: 0 S 2; $ 
1/i (¢ = 1, 2, --- ), and this in such a way that distinct vertices lie in distinct 
coérdinate axes. Assuming that at most a finite number of cells of K are inci- 
dent to any one cell of K, the particular property which we desire is now 
determined: if p', p?, --- are points contained respectively in the distinct cells 
el, e?, .-- of K, then the set {p', p’, --- } has no limit point in K. For evi- 
dently p* — 0, where 0 is the origin, and 0 is contained in no cell of K. Corol- 
lary: under the same incidence hypothesis, a closed compact subset of K will 
meet at most a finite number of cells of K. 


2. Now let M be a finite or infinite simplicial n-complex satisfying the con- 
ditions 

(a) At most a finite number of cells of M are incident to any one cell of M; 

(b) M is a simple n-circuit.? 


3. It follows from (b) that M is identical with the sum of its closed n-cells. 
Suppose that z!, 2’, --- — x where all the z’s are points of M. Thenif 





1 Abstrakte kontinuierliche Gruppen (Abh. math. Seminar, Hamburg, 5 (1927), pp. 15-82.) 
* For definition see Lefschetz, Topology, pp. 46-7. (The complex L is to be taken to be 
zero.) The same definition holds equally well for infinite complexes. See chapter VII. 
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fe, h, ... , B* are those closed n-cells which contain z, it follows from §1 that 
almost all the zs lie in H* + --- + E* and hence infinitely many 2‘’s lie in 
some one of these cells. 


4. As a consequence of (a), we may assume that the ordering Z!, E?, .-- of 
the n-cells of M is such that, for each 7, H* has at least one face in common 
with at least one of the cells E', --- , H*". In fact, choose EZ! arbitrarily. 
Since each (n — 1)-cel! is the face of two n-cells, we can choose an E? having 
a face common with Z'. Suppose our ordering proceeds as far as E', .-. , Ee 
where g is less than the total number of n-cells; its further progress will be 
balked only if each face of each E* of the set E', --- , E% is also a face of 
another #' of the set. But this would imply 


Fi4 ...4+ Et—350 (mod 2) 
which contradicts the definition of simple circuit. 


5. Let e' = 0 and e (¢ = 2, 3, --- ) be a definitely chosen face which E* has 
in common with say E* (i’ < 7) and let 


hk 
Fh = >> (Fi+e); 
i=1 
for each h, F* is simply connected. This is obvious for h = 1. Assume it for 
h=m-—41. A closed path in F”, which begins and ends at a point O, say in 
E', can be deformed into a similar path in F”—! + e”, then to one in Ff" and 
then, by hypothesis, to O. Hence F” is simply connected. 


6. Let C be a closed compact subset of M; then for a sufficiently large 7, 
C Cc F*, For, C can meet at most a finite number of E‘’s on account of §1 
(Corollary). Hence for 7 large enough 


CoM4+...4 =P, 


7. Concerning the fundamental group G of M, we shall assume that it is 
abelian and has a finite basis, each element of which is of infinite order. 

Let O be a definitely chosen point in M, say a point in Z'. We may take for 
the generators of G a set of closed paths 


Wi, eee » Om 


each beginning and ending at O, and such that no linear combination of them can 
be deformed toO. The general group element of G is then \:@: + «++ + Am@m, 
the \’s being arbitrary integers. 











212 P. A. SMITH 


8. The covering space. We now recall briefly the definition of the uni- 
versal covering space A of M.* The points of A are pairs of the form (z, w,) 
where x is an arbitrary point of M, and w, is an arbitrary path Oz. The 
points (x, wz) and (y, w,) are regarded as identical if, and only if, = y and 
Ww; — w, = 0; the latter relation means that the closed path wz — w, is deform- 
able to O. The point (z, w,) is said to cover x, and the totality of points which 
cover x is identical with the set of points 


(a, Mw + +++ + Amwm + Ww’) 


where w® is an arbitrary but fixed path Ox and the X’s are arbitrary integers. 
We shall denote this set by A(z). If EF is a point set in M, denote by A(E) 
the set {A(x), x e FE}. 

Let V be a simply connected set in M and w® a fixed path from O to a fixed 
point z°in V. Let y be an arbitrary point of V and wu, an arbitrary path xy. 
The point (y, w® + u,) of A is independent of the choice of u, since V is simply 
connected. Consequently, the totality Vo of these points is in (1, 1) corre- 
spondence with the points of V. In particular, if V is a closed p-cell of M, 
the correspondence may be thought of as defining a closed p-cell Vo in A. 


9. Suppose that w® is replaced by Ayo: + --- + Amwm + w®. Denote the 
resulting set in A by V),.-.,,,. Then if there is a point common to Vj, ..- ., 
and Vy; --- um, it must be simultaneously of the forms 


(x, Ar@1 + +++ + AmWm + w), (2, M1@1 + +++ + UmOm + w) 


which requires that \; = wi (@ = 1,---,m). It follows that {V),...),,} isa 
denumerable aggregate of mutually exclusive sets. In particular, if V is a 
closed p-cell of M, the sets V),..-,,, are a denumerable set of mutually exclusive 
p-cells of A. These cells are said to “‘cover”’ V, and clearly 2 V),--- rm = A(V). 

It follows readily from elementary consideration based on the preceding 
remarks that A is an infinite complex satisfying (a) (b) of §2. In particular A is 
the sum of its closed n-cells. 


10. We shall call \ = (O, A101 + --+ + Amwm) a lattice point of Aand dy, - ++, Am 
its codrdinates. Often a lattice point will be denoted simply by its coérdinates, 
and we shall write \ = (Ai, --- , Am). The distance between lattice points \ and 
u will be defined by the euclidean formula 





d(d, uw) = + Vi — wn)? + ++ Am — Bm)? 


11. Now let us choose a definite % > 0 and consider the set F*. For the 
present we shall not specify 7 further than to agree that, when M is finite, 7 is 
to equal the total number of n-cells so that M = F*. Let us denote the cell 





* See, for example, Veblen, Analysis Situs (second edition), p. 152. 
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Fi. rm ($9) by 2. Each Q) contains its associated lattice point 4. Each Q) 
is moreover the sum of a finite number of n-cells of A plus certain of their faces, 
and hence each Q, is the sum of a finite number of closed n-cells of A. Since 
F* is simply connected, the sets Q, are mutually exclusive (§9). 


12. It is not necessarily true, however, that the Q,’s are mutually exclusive. 
But since % is a finite subcomplex, it will, on account of (a), §2, be met by at 
most a finite number of Q)’s. Hence there exists a number A such that if 
4, € 0, d(0,») < A. Now QQ, is zero or not according ast Q\_, % is or is 
not, and since d(A — yu, 0) = d(A, uw) we have the result, 

13. There exists an A independent of \ and yu such that the relation Q, 2, ¥ 0 
implies d(A, uw) < A. 

13.1. Corollary. There exists an integer N such that at most N Q)’s meet 
any one of them. 


14. We shall study particularly the set 2 = ) oF Q, = A(F*), an infinite sub- 
complex of A, identical with the sum of its closed n-cells. In case M is finite, 
Q = M (811). 


Suppose \!, A*, --+ is an infinite sequence of distinct lattice points. Then the 
set 2 = Qy + Qe +.--- is closed in Q. For, suppose 7', 72, --- — 7 where 
rie Mand re Q. Let da, do, --- , be be the closed n-cells of A which contain r. 


Then (§3) infinitely many 7’’s are contained in one of these cells, say ¢.. Since 
0° is the sum of its closed n-cells, and the 7’’s are in 2°, ¢, must be a cell of 02°. 
Hence 7 € 2° and 2° is closed. 


15. If Eis a closed set in M, then dim A(Z) = dim E, where “‘dimension”’ is to 
be taken in the Menger-Urysohn sense. 
Proof. We may write 


E=BE4 ER +... 


and each E’E is closed. A(E‘E) is the sum of a denumerable number of non- 
overlapping closed sets, each homeomorphie with E‘E. (See §§8-9) Hence® dim 
A(E‘E) = dim (E‘E). Now dim (E'E) S dim £; hence the dimension of 
YA(E‘E), that is, of A(Z) cannot be greater than that of £.6 On the other hand, 
at least one set Ei‘ E—and hence at least one set A(E'E)-must be of same dimen- 
sion as F.7. Hence dim A(Z) = dim E. 

16. Let 2°, Q®, ... be successive regular subdivisions of Q = 2, so chosen 
that mesh Q@ — 0 with 1/7. Denote the closed n-cells of 2 by ®{, #3, ---. 

Let D, be a hypersphere of radius r in a cartesian S,,, center at the origin 0. 
Let D = Dy, and let D®, D®, ..- be successive simplicial subdivisions of D, 








‘A-y= (Ar = ice * > Am — Um). 

* Menger, Dimensionstheorie (to be denoted hereafter by M.), p. 92. 
*M., first theorem on p. 93. 

" Otherwise dim (Z‘Z) < dim E (M., first theorem on p. 93). 











214 P. A. SMITH 


each a regular subdivision of the preceding and such that mesh D® +0. The 
subdivisions are to be cut out on D by flat spaces through 0. Two additional 
requirements are to be satisfied: 

(a) In case m > n, no vertex of any subdivision is to lie in the space z,,; = 

-- = 2 = 0. 

(b) A ray from 0 through an arbitrary vertex of the system of subdivisions is 
to contain at least one and hence infinitely many lattice points of S,,. 

The possibility of choosing the D®’s to satisfy (b) becomes clear when we 
observe that the radial projections of the lattice points of S,, on D cover D 


densely. 


17. We define certain subsets of S,, and Q. 

The closed cells of D® are Y" (i = 1, --- , ta). 

X* consists of the points of S,, on, or exterior to D;, and contained in the set 
of rays subtended at 0 by Y%. 

X' = >>; X* = D, plus its exterior region. 

X} = the interior region of D,. 

X', X", X} are the sets of lattice points of S,, contained respectively in X’, 
X", X1; X* and X} are mutually exclusive and together contain all the lattice 
points of S,,. 

X" consists of those lattice points of @ which have the same codrdinates as 


lattice points of X"; similarly define X" and X*. Define further, 


xi = 25 Q (A eX!) 
x 

x* = ))% (\ ¢ X") 
r 
r 


x! 4 X* is the totality of lattice points of 2; hence for each h, 
9=X>4+xX* =X} + x}. 


18. A given point 7 of Q is contained in at most a finite number of the sets 
a ae 
For, suppose on the contrary that 7 ¢ X" (i = 1, 2, --- ). Then we can write 


née Qs C Xx = 1,2%,---) 


since each X is a sum of Q)’s. From the definition of the X”’s it is clear that 
d(0, \‘) — © and hence infinitely many of the points \‘ are distinet; hence 
infinitely many distinct Q;’s contain x, which contradicts 13.1. 








le 
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19. Each X} is the sum of a finite number of closed n-cells, &* of 2%. Let 
the lower indices of the @3’s be rearranged so that for each h, 


Xp = Oi 41 + ®i 42 + arpa + on 
and let 
(1) Wi = Xi =1,---%); = OG =H, 4-1, --- jr). 
It will be understood from now on that any ®: mentioned from now on will 


be one of those appearing in (1). 
For each h, the sets Vi, ¥, --- are closed (for the X’s this follows from 14) 


and their sum is Q. 


20. Every infinite product Vi, v? , °*: is either zero or a single point. 
Proof. In case the product contains infinitely many ®’s, our assertion follows 
from 16. If there are infinitely many X’s, the product is zero by 18. 


21. If 2, 2, meet &2, &} respectively and, if 62 &} ¥ 0, then d(A, u) < 3A 
where A is the constant of 13. 
Proof. We can choose lattice points X’, u’ in 2 such that 
6? CQ)., &, CG... 
Hence 2Q,» * 0 and by 13 d(\’, u’) < A. Since, by hypothesis, QQ. ¥ 0, 
0,0," # 0, we have d(d, \’) < A, d(u, wu’) < A and from these inequalities follows 
the desired one. 


22. Let ’X" denote X* plus all the @”’s which meet X*. Then if ’X}’X} #0, 
there exist lattice points A, » in X}, X} respectively such that d(A, u) < 3A. 

Proof. If ‘X* and ’X*, meet, we can choose &* and 5 meeting X{, X respec- 
tively, and meeting each other. Since 6% meets X*, &% will meet say Q, where 
QC X}. Similarly, 6} meets say ®,, &, C X'. Our assertion now follows 


from 21. 


23. If y', --- , y? are arbitrary points in Yil,ees, Yi¢ respectively, and if 
Yjle-..e Y¥¢ = 0, then.inf (>>% ;_, d(y', y)) > 0. 
Proof. = d(y’, y’) is a non-negative continuous function of the points 


y', ++ , y® defined over a closed bounded subset of S,,; hence it assumes its 
lower bound, and this lower bound ean only be zero when y! = --- = y%; this, 
however, would imply Yile.--0¥j2 #0. 
23.1. Let 2’, ..-. , 27 (r = 1, 2, --- ) be infinite sequences of points in 
XG}, -+- , XF 2 respectively, and such that 
lim d(0, z’") = © (h=1,---,@Q). 


Then if Scced Yi2 = 0, lim Te out d(x", x”) = ©. 


ro 
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Proof. ri e---0 Yi¢ = 0 implies Xi} e--- o X52 = 0 (§17). Let y"* be 
the radial projection of z*on D. Then y”« Y73. Now suppose that for every 
B > 0, there is an arbitrarily large r for which p ae d(x™, x*) < B. This 
inequality implies d(x, x") < B, and hence for large values of r, the radial 
projections of zx”, x* on D are near together because, by hypothesis, 2, x" are 


at large distances from 0. Hence inf : , a(y™, y*)) = 0 which by 23 implies 


Yjle.--e Via # 0; this is a contradiction. 


24. If x", --- , 7 (r = 1,2 --- ) are infinite sequences of lattice points of 
Qin Xj}, --- , X¢e respectively and, if for each h lim (0, A*) = o, and if 
Yite...e¥{a = 0, then lim Dinar dr", A*) = @, 


Proof. Let x* be that lattice point of X7s which has the same codrdinates 
as \"*. Then since distances are preserved under this correspondence, our asser- 


tion follows from 23. 


25. If Yjle---« Yj2 = 0, there exists an R such that X’Xj1¢---« Xi4 = 0 


forr > R. 
Proof. Suppose that for a certain fixed r the product in question is ¥ 0; let 


7 be a point in the product. Since the X’s are sums of Q)’s we can write 
relh, CX’, 7€1 CXF}, +++, ree C XGE 
and by 13, 
d(r, \") < A, d(r*, MK) < A (h,k = 1,---,q) 


so that 


q 
(1) > d(r,#) <@A. 
h,k=1 
Now suppose, contrary to conclusions, that the r chosen above can be arbitrarily 
large. We could then choose sequences of lattice points 


A, Ni, +> (r = 7, 72, --- , an increasing sequence) 


contained respectively in X’, X71, +--+, X{2. In each case, we have 


q 
(2) dD dn, rv) < GA. 
h,k=1 
On the other hand, since \” € X’, we have lim d(0, \°) = o; and, since 


t—00 


d(x", r’") < A, we have lim d(0, \"") = © which contradicts (2). 


t—00 
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95.1. Corollary. If X’ Xj} e@..-8 X74 * 0 for arbitrarily large values of r, 
then Yjte--- 0 Yje #0. 

25.2. If Y= YVjle---eY; ¢ ¥ 0, then there exist arbitrarily large values of 
r for which X’X%! e.--@ Xie ~ 0. 

Proof. Y is a closed cell of some subdivision of D. Let y be a vertex of Y. 
Then by 16 (b) the ray Oy contains an infinite sequence of lattice points, and each 
of these from a certain rank on is contained in X7! --. Xie = X; hence, for 
every given 7, almost all of them are contained in X’X. The corresponding 
lattice points of 2 are contained in X’ Xj! --- Xi¢ and our conclusion follows. 


26. Fundamental sequences.’ Let a, = {a, b, --- , c} be a finite set of 
distinct integers chosen from the set 


1, +++ 5 thy e+* y Jn (§19) 


and let the product Vj V,« ---eW~ be denoted by ¥2,. We shall call the infinite 
sequence of sets 


(1) G1, G2, +*° 


a fundamental sequence (f.s.) if 

(a) W2,We,0--- ei, ~ Oforh = 1,2,---. 

(b) Each a; is “maximal” relative to property (a); that is, (a) fails to hold if 
any a; is replaced by an a, such that a; C a,. 
Each point a of 2 is associated with a unique f.s. in the following way. Let 
Vow t+ Ve, be all the W4’s which contain a. Let a, = {an, ---, cn}. Then 
aeWVe, Vi0° .--, and the a,’s therefore satisfy (a). For h sufficiently large, the 
factors of W2, consist only of ®%’s, by 18, and, since mesh Q” — 0, we have 
a=WiW2,6.... Nowif a; > ai,some factor say Vi of ¥j,, will fail to con- 
tain a, and consequently W2,0---eWj,e--- = (Wie---) (Wi, Vi,°---) = Oand 
hence (b) is satisfied. Thus a, a2, --- is a f.s.; we shall call it the “f.s. of a.” 

If (1) is a f.s. and if at least one of its sets, say a, contains an integer, say 
a, of the set 7, + 1, --- , Jr, then (1) is the f.s. of a unique point of 2. For, if 
k>h 


Wea Wi, +++ Wa, 8% 


and hence W* is closed and compact. Since ¥!D WV? D --- , it follows that 
Wh? 0... = We... = Yepttle... 0. Let a bea point of [J V., ‘For p 


@ ao 


sufficiently large, no X? contains a (by 18) and hence the factors of ¥, consist 





* See for example M., p. 182 et seq. and p. 280 et seq. We use the expression ‘‘funda- 
mental sequence”’ instead of ‘‘chain’”’ (Kette) since the latter word has been appropriated 
for use in combinatorial topology. 











218 P. A. SMITH 


exclusively of &%’s when h > p. Hence II vi, =a. Finally, the factors of 


each WV are all the v"’s which contain a, otherwise some a, would not be 


maximal. 

From the preceding paragraph it follows that a f.s. which corresponds to no 
point of Q will involve only integers of the sets 1, --- , %. Such f.s.’s will be 
called ideal. If a1, a2, --- is ideal, we will have 


wh = Xi, = XiXpe--- oX%, {a,b, --- ,¢c} = a. 


27. Fundamental sequences can of course be defined equally well for D with 
aid of the sets Y". It is easy to see that since D is compact, the correspond- 
ence between points of D and f.s.’s of D is (1, 1). We shall show further that 


every ideal f.s. of Q is identical with a f.s. of D and vice versa. 
Proof. Let a, a2, --- be an ideal f.s. of ©. Then for every r and h(r = h) 


Xie --- eo Xho --- 0X2 40. 


Since Xi C X’, we have 
r 


X'Xi,¢ +++ Xp 0--- Xs, #0 (r >h). 

Hence XX}, ¢ --- « X}, # 0 forr = h, hh + 1,---. Hence by 25.1, 

Yiie---° Ya, #0, (kh = 1,2,---). To see that each a; is maximal for D, 

suppose a, D ay. Then since Xi,¢--- >, a Xi, = 0 for some h, (ap 

being maximal for 2), we have Y3,¢--- Yo,eor® ll = 0 by 25.2. Hence 
a, is maximal for D. 

Suppose, conversely, that a, a2, --- is a fis. of D. Then since 


Yi,e---¢ Yi, # 0 (h = 1, 2,--- ) we have Xi, --- X32, ¥ O by 25.2. 
Let a, >a,. Then, by hypothesis, Y2,*--- Yor? re ~ 0 for some 
h; hence by 25 we can choose an integer r > h such that 


re wl h 
xX Xo.° ++ Xo¢ eX, = e: 
Then 
14 r 4 < i 
Xa,ecee ox eo XG, SO Xoo ++ o Xe ee oO XOX, 
1 h oo 
C Xp, e+ XZ oe o XO, X= 0. 
Hence a, is maximal for Q. 


28. Let us consider the ideal fundamental sequences of @ as defining a set of 
ideal points which are to be added to Q forming an enlarged space which will be 
denoted by 2. Each point of 2now hasauniquef.s. In the following lemmas it 
will be convenient to use Greek letters when referring to points or sequences of @ 








f 
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and Latin letters for those of D. Thus the relation a = {a:, az, «-- } implies 
that a is a point of Q and its f.s. is a1, a2, --- . For D we would have written 
a= { ay, G2, oo% F 


29. We define an h-neighborhood® U;(a) to be the totality of points 
6 = {fi, Be, --- } such that 6; C a; (¢ = 1,--- ,h). Un(@) is defined in the 
same way. It is easy to verify the fact that U,(a) is the sum Y of the sets 
y* which contain a, minus the boundary points of Y. We shall show that, with 
the topology defined by its h-neighborhoods, is compact. 


30. The point a = {ai, ae, --- } is contained in WV} if his an integer of the 
set a». This follows from §27 in the case of a 4, in the case of a X* we shall 
take this statement to be a definition. 

Let C,(a) be the sum of all the ¥4’s which contain a, and let Cj (a) be the 
sum of all the @%’s which meet C;(a). Obviously C,(a) & Cj (a). 

30.1. Un(a) & Cr(a). 

Proof. If £ is a point of U;(a) then §; © a; (¢ = 1, --- , A) and hence each 
factor of Vi, is also a factor of Va, and therefore contains a. Now C,(a) con- 


tains all the W"’s which contain a; hence Vi, CS Ci(a) and hence é € C;(a). 


31. Suppose that the points a and a of 2 — Q and D have identical funda- 
mental sequences. If C,(a) = X* + X$ + --- + X%*, then C,(a) = 
yi4 VY} 4... + Y* and conversely. 

Proof. X* contains a or not according as Y’ contains a or not (see §27). 


32. If C, (a) = Y + ... + Y%, then let CX (a) = X23 +... + X%h. 
C,(a) is the radial projection of CX (a) on D. Under the hypothesis of 31, the 
lattice points in Cp, (a) are in (1, 1) correspondence with those in CX (a), corre- 
sponding points having the same codrdinates. This follows from 31 and the 
definition of the sets involved. 


33. If a ~ b and It, m* (s = 1, 2, --- ) are lattice points in C% (a), C7 (0), 
respectively, then lim d(I*, m*) = o. 


8-0 


For, it will be seen that J* and m* become increasingly distant from 0 as 
8 — «, while their radial projections on D converge to a and b respectively. 


34. If Ci (a) C;(8) ¥ 0, a and B being ideal, then lattice points \, » can be 
chosen in C;,(a), Cy(8) such that d(A, u) < 3A. , : 
Proof. C;(a) and C;,(8) are sums of X*’s; clearly C),(a) and C;,(8) are the sums 





°M., p. 184, 





Oo Mat 
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of the corresponding 'X‘’s (see 22). Consequently we can choose ‘Z% 'X* such 
that 


X* Oo Ci(a), x*' © C,(8), Kix? #0. 


The conclusion now follows from 22. 


35. If a ¥ B, there exists an § such that Ci (a) C'(8) = Ofors > 3. 
Proof. Suppose first that a and 6 are both ideal. If the statement is false, 
we would have for some sequence 8; < 82 < ---, 


Ci (a) C3(8) #0 (s = 8, 82, ---), 


By 34 there are lattice points \’, u* in C,(a), C,(8) with d(A*, u*) < 3A. 
The corresponding lattice points It, m™ in S, are in CX(a), Cx(b) by 31, and 
d(lt, m*) < 3A (s = 8, 82, ---) which contradicts 33. 

The proof in the case that one or both of the points are non-ideal offers no 
difficulty. 


36. If a and B are ideal and if C,(a@) C,(8) = 0, and if d*, w* (s = 1,2 .-.--) 
are lattice points in C;,(a), C;,(8) such that lim d(0, A*) = lim d(0, u*) = «©, then 


8-70 8 


lim d(A’, uw’) = o. 


Proof. Suppose C;(a) and C;(8) each consist of a single X, say C;(a) = X', 
C.(8) = X}. Then X}X* = 0 and therefore Y} Y} = 0 by 25.2 and the result 
follows from 24. The general case offers no additional difficulty. ; 


37. If Cr(a) Ci(8) = 0, then there exists an § such that no X{ can meet both 
Ch(a) and C;,(8) if s > 8. 

Proof. There is no difficulty when at least one of the points a, 6 is non-ideal. 
Assume both to be ideal. The hypothesis C,(a) C,(8) = 0 obviously implies that 
a # 8. Moreover, C,(a) C,(b) = 0, for if Y} (say) in C,(a) meets Y% in C,(b), 
then (25) Xi meets X* and by 31 these two X’s are in C;(a), Cy(8) respectively, 
so that we would have C;(a) C,(8) # 0. It follows that there is a t > 0 such 
that d(p, q) > t when p and q are arbitrary points of C,(a) and C,(b). Now 
suppose, contrary to conclusion, that for s = s;, 2, --- , (an increasing sequence) 
Xj, meets both C;,(a) and C,(8). Since the C’s are sums of X’s and the latter 


are sums of 2’s, we can choose lattice points \*, u*, o*, 7° with 
r\* €Xj,, u, € X5,, o° €Ci(a), rT? e C,(B) 


and hence d(X*, o*) < 3A, d(u’, r*) < 3A by 13. Let I*, m!, s*, t* be the corre- 
sponding lattice points of S,, and let 15, mj be the radial projections of /*, m* on 
D. Then since l* « X{, and m* « X{,, we have d(lj, m3) > 0 whens = s,i— ®. 
Since d(s*, I’) < 3A and d(t, I*) < 3A, it is clear that d(t3, 83) — 0, which is im- 
possible since ¢3, sp are in C,(a), C,(b) respectively. 
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38. If a ¥ B, there exist integers r and § such that if § = {&, f, ---} and 
» = {m, m2 +++} are points in U;(a), U,(8) respectively, then for every s > §, 
t, and 7, have no common element. 

Proof. Choose an r by 35 such that C}(a) C/(8) = 0. By 37 choose § =r 
such that no X¢ will meet C,(a) and C,(8) when s > §. We assert now that no 
6! will meet both C,() and C,(8) when s > §; for, if so, then some #5 would also 
meet both sets, since every ®{ is contained ina ®; ifr Ss. It would follow that 
(’ (a) C; (8) ¥ 0 contrary to choice of r. Thus, no ¥{ (s > 8) meets C,(a) and 
C,(8) and hence by 30.1 no ¥; meets both U,(a) and U,(8) whens > §. Hence 
no‘ can contain both and » when s > Sand hence &, and », (s > 3) can have no 
common integer. 


39. As a consequence of the preceding result, we can now assert that with the 
topology defined by the h-neighborhoods, & is a compact separable space. This 
follows from the theory of fundamental sequences, particularly, the work of 
Alexandroff. It is clear that the topology which the U,’s define on @ is iden- 
tical with that which exists a priori. 

Let the totality of ideal points be denoted by A; by 27 there is a (1, 1) corre- 
spondence D <> A such that corresponding points have identical fundamental 
sequences. Now consider A as a subspace of ©. A set of neighborhoods for 
A is then {AU;(a)} (kh = 1, 2,--- , @eA). Let a be the point of D corre- 
sponding to a, so that a; = ai (¢ = 1, 2, ---). An arbitrary point & of AU;(a) 
is ideal and hence corresponds to a point x in D, and since x; = §; & a; = ai, 
we have zx e U,(a). Conversely, every point in U;(a) corresponds to one in 
U;(a). Thus neighborhoods correspond to neighborhoods, and A< D is a 
homeomorphism. 

In case the original complex M is finite so that M = A (§14) we have now the 
theorem, 

If the fundamental group of M is abelian and generated by m independent elements 
of infinite order, then the universal covering space can be “‘closed’”’ in such a way that 

the ideal set is homeomorphic with an (m — 1)-sphere. 


40. We now examine the convergence relations between 2 and A. Denote by 
U;,(a) those points of the ray set subtended by U,(a) which are on or exterior 
to D, (§16). 

40.1. Ifr = hand if a, ware corresponding points under D + A, then for every 
lattice point in Uj (a), there is one in U;(a) having the same coordinates. 





? See M., p. 182 et seq. The stated property of @ is a result of conditions a) b) c) d) 
of M., p. 187, which hold for the fundamental sequences of © and their finite segments. 
a) and b) are satisfied trivially; c) follows readily for segments of non-ideal f.s.’s; for ideal 
f.s.’s use the fact that they are in (1, 1) correspondence with the f.s.’s of D; d) is precisely 
our result 38, 
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Proof. Let u and n be integers > 0 and such thatn S u. Ifa, =a, = 
(p,q, «++ 7), then 


(1) U,(a) = Y2 + Y"% + --- + Y? — (boundary points) 
and 
(2) Ura) CXS + Xo +e: +X 


and hence if 1 is a lattice point of U%(a), 1 is contained in certain of the X’s, 
say X",.-.., X% appearing in (2). The set (s, --- , ¢) is a subset of (p, --- ,r) 
and the corresponding X’s are the only X’s which contain I, since the radia] 
projection of J on D falls in U,(a) and is therefore contained in no Y7 other 
than those in (1). It follows that if \ is the lattice of 2 corresponding to |, 
then ) is contained in each of the sets X*, --- , X" and in no other X*%. Since 
\ is in X*, it is in no 64 if k S n (see 17). Hence in the f.s.\ = {M, Ag, ---}, 
we have A, = (s, --- , ¢) and hence A, € an. Tosummarize, if le UR (a), u being 
any integer = n, then A, © an. 
Now let r,be an integer 2 h. It follows from definitions that 


Uj(a) & U(a) C Ujzi(a) --- C Uj(a). 


Hence if 1 « Uj,(a), then alsol « Ui (a), n = 1, --- , h. Hence, by the result 
above, An & an (n = 1, --- , hh) andd € U;(a). 


41. In the following lemmas we shall denote by i, 1 corresponding lattice 
points in Q, S,, (equal coérdinates) ; by a, a corresponding points of A, D (equal 
f.s.’s); and by lp the radial projection of J on D. 

41.1. A necessary and sufficient condition that \!, 2, --- — @ is that (a) 
d(0, \*) — & and (b) that lj — a. 

Proof. Suppose \*‘— a. Then for each h, almost all the *’s are in C;(a) 
(30.1). Hence almost all the l’s are in CX(a) (32). Hence &lmost all the 1}’s 
are in C,(l) and hence 13 1. Obviously d(0, \*) = d(0, 1‘) > o. 

Suppose now that (a) and (b) are satisfied. Then for each h, almost all the 
l’s are in U;,(a) for every r = h. Hence (40.1) almost all the \*’s are in U;(a). 


42. If \1, \*, --- > a@ and if w!, w?, --- are lattice points and K a constant 
such that d(u', A*) < K, then yp‘ —> a. 

Proof. By 14.1, 13 +a, d(0l‘) + «. Moreover, d(l', m*) < K, and hence 
it is clear that m5 — a and d(0, m‘) — ~. Hence by 41.1, n> a. 


43. If \ « Ux(a) (@ ideal) then Q, C U;(a). 

Proof. By hypothesis, \, © ag, qg = 1,---,h. Since a, consists only of 
integers of the set 1, --- , 72, the same is true of \, (q = 1, ,h). Hence) is 
contained in no ®{’s ifqg Sh. Therefore, Vf, (q S h) is the pueda of all the 
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x3’s containing A, ie., VX, = XX,. Since each X$ is the sum of &,’s and since 
heXi,e +++ « X},, we have 

(1) 2, Xj,e-+- eX, OX. 

Moreover, no point of 2 can be in any X{ (1 S$ q S h) other than the factors of 
the Xj.’s in (1). For, if one point of Q is in X4, so is every point, \ in particu- 
lar. Finally, no 2, in X* can meet any 7(1 S ¢ Sh) (see 17 and19). Hencean 
arbitrary point + of Q) is contained in precisely the same V9’s (q = 1, --- , A) 
as \ is and hence w ¢€ U;(a). 


44. If , 2, --- ~ a and if £ is a point of Q:, then £ — a. * 
Proof. U,(A) contains almost all the \‘’s and hence by 43, almost all the 
E's, 


45. If M, 2, --- + a@and if £' e Q&:, then & > a. 

Proof. We shall use the fact that © is metric (theorem of Urysohn). For 
each 7, choose in Q,; a point o* within a distance 1/7 from &*. Then co‘ — a by 
44, and hence £* > a. 


46. The space 2*. We shall now assume that n < m, Let * be the flat 
n-space in S,, defined by 


Cai = aed = Im = 0. 


0* intersects D™ in a (non-simplicial) subdivision D*” of the (n — 1)-sphere 
D*. Each closed (n — 1)-cell of D*™ is the intersection of a Yj with Q*. We 
may assume that the lower indices of the Y”’s are so arranged that the (n — 1)- 
cells of D*™ are 


yy" = a*Y% ((=1,---,% Su). 

We now refer to the property (a) of 16. As a result of this, together with the 
fact that the cells of D™ are intersections of D by flat spaces through 0, it be- 
comes apparent that Q* either fails to meet a given Y% or else intersects it in a 
closed (n — 1)-cell. As a result, the Y*"’s which contain a given point p of D* 
have the same lower indices as do the Y"’s which contain p and therefore, if 
{p}p» and {p}, are the fundamental sequences of p regarded as a point of D* 
and D respectively, then {p}p+ = {p}p for every p in D*. 


47. Let X¥* = 0* X* (¢ = 1, --- 7*) and X%" = o* Xi. x%* consists of the 
points of Q* interior to D,. Now subdivide X>" into a finite number of closed 
n-cells F?" (¢ = i* 4.1, .-- , j*) of diameter < 1/h and let 


Gi = Xt @=1,---, hf); = FP G=%+4+1,---, 7h). 
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For each h, 2* = >); Gt" and obviously every infinite product Gf} Gt? « -.. is 
either zero ora point. We assert that the space 02* (Q* plus its ideal points defined 
by means {G*"}) is homeomorphic to the closed n-cell R* 4+- D* when R* is the 
region of 2* interior to D*. This hardly needs proof; briefly, the radial con- 
traction p’ = p/(1 + p) carries the whole of 2* into R*, and carries the system 
{G*"} into an equivalent system for R*. In particular, each X%" is carried 
into a piece of R* which abuts on D* and which becomes closed when a portion 
of D* is added to it. In this way we obtain a covering system for R* + D* = R*, 
and the resulting f.s.’s are in (1, 1) correspondence with the points of R* owing 
to its compactness. Thus, there is a (1, 1) correspondence R* <> %*, correspond- 
ing points having identical f.s.’s, and since neighborhoods can be defined in 
terms of the f.s', the correspondence is a homeomorphism. 

It is clear that the homeomorphism R* <> &* induces one between ideal sets, 
A*<> D*. Letus recall the homeomorphism D <= A of 39. Let A’ be the image 
in A of D* in D under D = A, and let T be the homeomorphism A’ <> A* ob- 
tained by combining the homeomorphisms 


A* <— D* and A’ = D*. 
Thus, 
a = T(a*) (a* ¢ A*) 
implies 
aed’, fa}, = {a*},-. 

48. The following lemma offers no difficulty (ef. 41.1). 

If A** (¢ = 1, 2, --- ) are points of 2* and a* is a point of A*, and if \**— a’, 
then d(0, »\**) — o and d(0, \5*) — a* where a* is the point of D with 
{a*} p+ = {a*}as. 

49. The space M*. Let M* be an n-dimensional torus and let wt, --- , ws 
be an independent set of generators of its fundamental group, each generator 


being a path beginning and ending at say O*. Let f be a continuous single- 
valued mapping of M* on M such that 


(a) f(0*) = 0, (b) fei) = o; (i =1,---,n,n<™m). 


If two closed paths of M* are equivalent, then their images in M are equivalent 
since f is continuous, and since the image of the sum of two closed paths is the 
sum of their images, we have 


(c) SA @F te + An@n) = A, @ + +++ + Ann - 


The universal covering space of M* is a cartesian S, and may therefore be 
taken to be 2*. Moreover, the lattice points of 2*, considered as a subspace of 
S,, can be taken as the lattice points of 2* considered as the covering space of 
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M*. These lattice points are of the form A = (Qj, -- 


S 

; o*. be the cube 

2 I —2< 2 <dAF4+ 3 (¢=1,---,n) 
1 z,=0 (@=n+1,---,m). 


50. If &*#, \** are points of 2*, the latter being lattice points, and if *‘ « Of.«, 
and if \*' — a* (a* e A*) then £** > a*, 
Proof. No difficulty (cf. 45). 


51. The mapping f of M* on M induces a mapping F of 2* on A. Let &* be 
an arbitrary point of 2* and think of 0* as the covering space of M*. We may 
ony, 
then write &* = (2*, w*) when w* is a path O*27* in M*. Let 
— = F(é*) = (f(2*), f(w*)) = a point of A. 


F is clearly single-valued and continuous and on account of 47(c), it follows that 
51.1. if \* is a lattice point of 2*, F(A*) is a lattice point of A (hence of Q) and 
its coérdinates are those of A*. 


52. dim F(Q*) S dim f(M*). 


Proof. Let ~ be a point of F(Q*). By definition of F, we can write 


“=~ 
E = (f(x*), f(w*)), (c* « M*, w* = O*2*) 
= (x, w) say, where x = f(x*) « f(M*). 
Hence, by 13,  « A(f{(M*)). Therefore F(Q*) & A (f(M*)) and hence 
dim F(2*) < dim A (f(M*)) 
<= dim f(M*) by 15. 


53. If 2, F(Q*) = 0, then 
4, F(M+,) #0 
Proof. Suppose é is a point of the first product. Then 
F(&) = (f(e*), f(w*)), say. 


If w* is replaced by 7,0* + --- + 7,0* + w*, the new é will be in F(Q},,); and 
since by 49(c), f(w*) is simultaneously replaced by 710: + --+ + Tawa + f(w*), 
the new é also lies in ,,; hence the second product is ¥ 0. 


» Tny O, -++ Q)). 


(r= (ty = 


54. There is a number B independent of X, u such that if ®,F(Q)) ¥ 0, then 
d(a, h) < B. ; 
Proof. Since F(*) is closed and compact in A, it meets at most a finite 


» AR, 0, a2 , 0). Let 
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number ‘of 2’s by §1 (Corollary). Combining this fact with 53, the proof 
now proceeds as that of 12.1. 


55. We shall now extend the definition of F to the whole of Q* by defining 

simply 
F(a*) = T(a*) for a* « A* (see 51). 

F is now single-valued over 2*; we assert that F is also continuous throughout. 
Since F is continuous over 2* and over A*, we need merely show that, if &** — a* 
(£** € O*, a* € A*), then F(é**) — F(a*). 

Proof. F(M*) is closed and compact in M; hence by 6 we can choose fi so 
large that f(M*) © F*. We may assume © to have been constructed with this 
choice of 7 (see 11) and hence that A(f(M*)) € Qby 13. We can therefore write 


(1) F(M*) Co. 
Now choose lattice points &** in Q* such that 
(2) EF! € Dyes (7 
Then by 50, A** — a* and by 48 
(3) d(0, A**) > @, dpi > a* 


pies 


where a* ¢ D*, {a*} 5+» = {a*},+. Nowa’ is, of course, a point of D and the \**’s 
are lattice points of S,,. Therefore 41.1 is applicable to the conditions (2). 
The result is that, if \* is the lattice point of 2 with same codérdinates as \*', 
then \‘ > a where a e Aand {a}, = {a*},. Thus 


la*}ae = [a*}pe = [a*}> = [aja 


and from the relation {a*},+ = {a},, in particular, we have a = T(a*) (51). 
Therefore a = F(a*). Moreover, by 51.1 \* = F(A**) and by (2) F(£*) ¢ F(Q}s'). 
We can also write (on account of (1)) F(é*) € ,; for suitable uw‘ and then 
2,,:F(QX+i) # 0. Hence d(A*‘, u**) < B by 54.1, which implies d(\‘, np‘) < B. 
Therefore un‘ — a by 42 and hence F(é**) > a by 45. 


56. Denote the homeomorphism 0* <> R* of 47 by 6. Then by the preceding 
result, F(Q*) is the single-valued continuous image of R* under F®; in particu- 
lar the correspondence between A* and D* under F@ is a homeomorphism. 

Now F(*) is a subset of @ by 55(1), and @ is separable by 39. Therefore the 
results of dimension theory can be applied to F(Q*). Suppose that dim F(*) < 
nm — 1. Then the non-singular image A* of the (n — 1-)sphere D* would be 
the boundary of a (singular) chain which, as a point set in Q, is of dimension 
<n. This situation, surely abhorrent to the intuition, is equally impossible 
mathematically, due to a theorem of Alexandroff... We have therefore the re- 
sult that, af f satisfies the conditions (a) (b) of 49, then dim F(Q*) = n. 





4 Untersuchungen tiber Gestalt etc., Annals of Math., 30 (1928-9), p. 175, Kor. III. 
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II. Application to Group Manifolds 


57. Let & be an n-dimensional space satisying (a) and (b) of §2 and the 
further condition 

(c) G has a denumerable complete set of neighborhoods which are n-cells.” 

Suppose now that the points of © are the elements of a group with continuous 
multiplication and division.” It is well known that the fundamental group G(@) 
is then abelian.'* We shall now show that G(G) cannot have more than n linearly 
independent elements. We shall assume that there are n + 1 linearly inde- 
pendent elements w, +++ , Uny: and eventually obtain a contradiction. 

Let Gn: be the subgroup of G(@) generated by uw, --- , Unis. Hopf has 
introduced the concept of the “covering space of © belonging to the subgroup 
G4,” and Schreier has introduced the concept of the “covering group of G.”’ 
A study of these concepts shows readily that they can be combined, and thus we 
form the “covering group © of G belonging to G,4:.’”’ The fundamental group 
of & is simply isomorphic with G,4:,!” and can therefore be generated by a set 
of independent elements 


(1) Wi, *** 5 Wn+1 


each of infinite order. We can show in much the same way in which we showed 
it for A, that G satisfies the conditions of §2. We may therefore take G = M, 
m=n-+1. Moreover, the neighborhood condition (c) stated above will hold 
equally well for @ = M (see footnote 12). 

Let tT, --- , & (0 S &} S 2) be the angular coordinates of the n-dimen- 
sional torus M*, Then for the generators of the fundamental group G(M*) we 
may take 

wa) eee ’ we 
where w* is obtained by allowing £} to increase from 0 to 27, holding the re- 
maining £3’s equal to 0. The w*’s are closed paths, beginning and ending at 
O* = (0, --- , 0). Now the first n w,’s of (1) can be defined by 


(2) & = 7,(€) (¢ =1,---,n) 
7(0) = 7:(2r) = 0 





” We add the condition (c) in order that we may draw on certain results of Hopf (Zur 
Topologie der Abbildungen von Mannigfaltigkeiten, zweite Teil, Math. Ann., 102 (1929). 
In the remaining footnotes we shall denote this paper by H.) 

18 We assume continuous division in order that we may refer to certain results of Schreier, 
—loc. cit. (The fact is, however, that our results require only continuous non-associative 
multiplication.) Continuous multiplication means here that the group product ab is 
continuous in the pair a, b. 

* Schreier (loc. cit.). 
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where the 7,’s are single-valued and continuous and 0 is the identity element of 
G = M. 
Let 
f(E*) = (El) 0 +++ © 7a(En) 


where the product on the right is the group product defined for G; f is a single- 
valued continuous mapping of M* on M and on account of (2) 


(3) f(0*) = O and f(w;) = » (@ = 1,---,n), 


58: We now use two concepts due to Hopf. The images under f of the group 
elements of G(M*) constitute a subgroup of the group G(M) and its index is 
called by Hopf the index of f. Now the subgroup in question is precisely that 
subgroup of G41 = G(M) generated by «1, --- , #, on account of 57 (3). There- 
fore the index of f is infinite. 

The other concept is that of the absolute grade of f; we need only state the 
following theorems, due to Hopf. 

(a) If the absolute grade of f is ¥ 0, then the index of f is finite.” 

(b) If the absolute grade of f is zero, then f can be continuously modified to 
f’ where the mapping f’ is such that f’(M*) is nowhere dense in M.” 

From (a) it follows that the absolute grade of f is zero. But by the use of (b) 
this leads to a contradiction. 

For, consider the mapping f’. We may assume that f’(O*) = 0, for, since M 
is a continuous group, we can define isotopic deformations of M into itself which 
will carry any given point into any other; thus f’ can be further modified so as 
to bring f’(O*) to 0,without affecting the nowhere-denseness of f’(M*). Wecan 
now write 


f'(O*) = 90, f'@)) = o; (j= 1,---,n). 


Therefore, if F’ is the corresponding mapping of 2* on A + A (see 5 and 55) we 
have by 56 


dim F’(&*) =n. 


On the other hand, let C = f’(M*). We can writeC = CH'4+ CEH? +..., 
the E‘’s being the n-cells of M. Each CE’ is closed and nowhere dense in E' 
since C is closed and nowhere dense in M; hence*! dim CE* < n and hence” 
dim f’(M*) = dim C < n; hence dim F’(Q*) < n by 52. Since F’(A*) is 
homeomorphic to an (n — 1)-sphere, dim F’(A*) = n —1. Hence® F’(*) <n. 
This is the contradiction which concludes the proof. 





18 H., p. 582. 

” H., p. 584, VII. 

20 H., p. 605, XIVb and XIVe. 
*1M., p. 244, 

2M., p. 92. 

2 M., p. 93. 
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59. For every n there exists an n-parameter continuous group whose funda- 
mental group contains n linearly independent elements,—namely the n-dimen- 
sional toroidal group. It seems likely that no other n-dimensional group 
satisfying this condition (or possibly the stronger condition that the fundamental 
group have a basis of n free elements) can exist. In this connection we can only 
prove at present that af © is n-dimensional and if G(@) contains n linearly inde- 
pendent elements, then © ts compact. 

Proof. Let w, +++ , Un be linearly independent elements of G(@) and let G 
be the continuous covering group of @ belonging to the subgroup G® generated 
by m1, -+: , Un (see 57). Then"® G(@) = G@. Now assume that @ is non- 
compact. Then @ is also non-compact. Taking G for M as in 57, the function 
f defines a mapping of M* on 6=M , and since M* is compact, its image set 
is a proper subset of M. Hence by the results of Hopf* the absolute grade of 
fis zero. This, however, leads to a contradiction by the argument in 58.% 


Cotumsp1a UNIvEeRsITY, New York Ciry. 





*H., p. 585, Satz IX. 

6 It must be observed that the inequality in 56 which must be used in the argument has 
been derived only under the assumption that m (the number of generators of G(M)) exceeds 
n, whereas in the present case m = n. Obvious modifications, however, of §§ 46-56 will 
yield a proof of the inequality in question for the case m = n. 
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UBER DAS PICK-NEVANLINNA’SCHE INTERPOLATIONSPROBLEM 
UND SEIN INFINITESIMALES ANALOGON 


By HerMaNN WEYL 


(Received August 7, 1934) 
Literatur und Fragestellung 


Das in der Ueberschrift genannte Interpolationsproblem verlangt die Kon- 
struktion der in der oberen z-Halbebene 3z > 0 regularen Funktionen w(z), 
die in diesem Gebiet der Bedingung Sw = 0 geniigen und an vorgegebenen Stellen 
im Bereich: z = ai, a2, --- vorgegebene Werte @’, B’’, --- annehmen. Fir 
eine unendliche Anzahl von Wertzuordnungen wurde die Frage zuerst behan- 
delt von R. Nevanlinna, Ann. Ac. Se. Fenn. 13, 1919. Als der Grenzfall, in 
welchem alle Punkte a;, a2, --- in den unendlichfernen Randpunkt der 
Halbebene zusammenriicken, ergibt sich das Stieltjes’sche Momentenproblem, 
das in dieser Auffassung von R. Nevanlinna in einer nachfolgenden Abhand- 
lung, ebendort vol. 18, 1922, bearbeitet wurde.! Die Rolle, welche im Inter- 
polationsproblem das Schwarz’sche Lemma spielt, wird hier vom Julia’schen 
Lemma iibernommen. Nevanlinna kommt, durch eine wichtige Bemerkung 
von Denjoy veranlasst,? auf beide Fragestellungen nochmals zuriick in seinem 
Beitrag zu den Commentationes i. h. E. L. Lindeléf, 1929. Das Stieltjes’sche 
Momentenproblem wurde in gleicher Allgemeinheit von E. Hellinger dadurch 
gelést,? dass er die dem Kettenbruch entsprechende Differenzengleichung in 
Analogie stellt mit einer, den Spektralparameter linear enthaltenden sich 
selbst adjungierten Differentialgleichung 2. Ordnung und darauf die Methode 
anwendet, die vom Verf. fiir solche Differentialgleichungen in seiner Habilita- 
tionsschrift, Math. Annalen 68, 1910, pp. 221-238, entwickelt wurde. Zweck der 
vorliegenden Arbeit ist es, das Problem im Gebiete der Differentialgleichungen 
anzugeben, das in ahnlicher Weise dem Pick-Nevanlinna’schen Interpolations- 
problem korrespondiert, und es—nach Abstreifung aller fir das Resultat 
irrelevanten Spezialisierungen—auf dem zuletzt angedeuteten Wege zu bewilti- 
gen. Ich setze den Gegenstand ab ovo und eingehend auseinander, weil er 
uns zu neuen Spektralproblemen fiir Differentialgleichungen fiihrt und weil ich 
an dem von Herrn Hellinger und mir eingeschlagenen Vorgehen eine wesent- 
liche Vereinfachung anzubringen habe. 





1 Nachdem die wesentlichen Resultate zuerst von H. Hamburger in drei Abhandlungen 
in den Math. Annalen 81, 82, 1920-1921, gewonnen waren; die Hamburger’schen Arbeiten 
kommen jedoch fiir uns hier methodisch nicht in Betracht. 

2 Comptes rendus, 188, 1929, p. 140 u. 1084. 

’Math. Annalen 86, 1922, p. 18. 
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§1. Das Interpolationsproblem auf eine Differenzengleichung reduziert. 
Uebergang zur korrespondierenden Differentialgleichung 


Wir betrachten analytische Funktionen w(z), welche in der oberen z-Halb- 
ebene, $z > 0, erklart sind und deren Werte selber der Bedingung Sw = 0 geniigen; 
sie mégen positive Funktionen heissen. Es sei die Aufgabe gestellt, alle solche 
Funktionen zu finden, welche an der Stelle z = a im Definitionsbereich den 
vorgegebenen Wert w = Bannehmen. Die Aufgabe hat nur dann eine Lésung, 
wenn $8 = 0 gilt. Ist J8 = 0, so ist w(z) = const. = B die einzige Lésung. 
Wenn aber $8 > 0 ist, erhalten wir nach dem Schwarz’schen Lemma fiir die 
durch 





w—-B z2z2-a 


are - - W(z) 


z2—-a@ 
eingefihrte Funktion W(z) die Ungleichung | W| < 1. Man nehme willkiir- 
lich eine positiv imaginare Zahl y, Sy > 0, zu Hilfe und setze 


w—y¥ 
W = —— 
ao 7 





die Bedingung | W| < 1 wird dadurch in Sw’ = 0 zuriickverwandelt. So werden 
wir zu dem Ansatz gefihrt: 


w—-B z-a w—y 
w—B 


w geniigt unserer Aufgabe dann und nur dann, wenn w’ eine beliebige positive 
Funktion ist. Die Gleichung (1) lautet in aufgeléster Form 


— (2-38 — SBa) w’ + (2-SBy — Say) } 
Sa-w' + (z-Sy — Jey) 


Die rekursive Anwendung dieses Verfahrens liefert die Lésung des Interpola- 
tionsproblems: diejenigen positiven Funktionen w(z) zu bestimmen, welche an 
den verschiedenen Stellen z = a1, a2, --- des Definitionsbereiches 3z > 0 
vorgegebene Werte 6’, 6’’, --- annehmen. Man beginnt mit w, = w. Der 
einzelne Schritt der Rekursion sieht so aus. Man habe n — 1 Zahlen (i, --- , 
8,1 gewonnen, welche den Ungleichungen geniigen 


36: > 0, -+, SRnu > 0, 


(1) 








z—-a w —¥F 





(2) w= 


und eine Formel 
— Analz) + Brs(z)-wnl(z) 
Cn-a(2) — Dya(z)-wn(z) 


Sie soll alle positiven Funktionen w(z), welche den ersten n — 1 Bedingungen 
gentigen, 





(3) w(z) = 


’ w(an-1) = poe ’ 


w(a,) = 6’, eee 






























Sith eee 


0 OR 0 


SRE tccbnixe! 
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232 HERMANN WEYL 


dadurch liefern, dass man fiir w,(z) eine willkiirliche positive Funktion einsetzt. 
Die weitere Forderung w(a,) = 8™ setzt sich vermége (3) in eine Gleichung 
Wn(@n) = Bn um; damit sie sich erfiillen lésst, muss 38, 2 0 sein. Ist 38n = 0, 80 
bricht das Verfahren dadurch ab, dass w,(z) = const. = 8, die einzige Lésung 
w(z) liefert, welche den ersten n Werte-Zuordnungen geniigt; mit w(z) sind 
auch die weiteren Werte 6+», ..- zwangslaufig festgelegt. Ist aber 38, > 0, 
so wihlt man ein positiv imagindres y, und erhalt durch die Substitution 


- Wnti(ZIBn < SBnan) + (z-SBnvn poe SBnann) 
Wns? San + (2Byn _ Yann) 
nach dem Vorbild von (2) das nachstfolgende w,4:: 


aah aan as A,(z) + B,A(z) + Wns 
er Cr(z) — Da(z)- Ways : 





(4) Wn = 





(5) 


Daher fiir A,, B, die Rekursionsformeln: 
ny => An-leSyn = Sanyn) = By-(23Bnyn eas FBnonYn) ’ 
B, = — Ana-San — B,-i(23Bn 7 SBnoin) ’ 


denen auch das Paar C,, D, geniigt. Ihr Unterschied kommt von den Anfangs- 
werten her: 


(7) Ap = 0,B) = 1; QO=1,D=0. 


z sei ein fester Wert in der oberen Halbebene. Lassen wir in der Formel (5) 
die Grosse wns; (unabhingig von z) iiber den Bereich Sw,4: = 0 frei variieren, so 
durchlauft w eine gewisse Kreisscheibe f, = f,(z). Nach der Herleitung sind 
diese Kreise ineinander eingeschachtelt und liegen alle in der oberen Halbe- 
bene fo: fp Df: f2---. Unterder Voraussetzung $6, > 0 (vy = 1,2, --- ,n) 
sind die Gleichungen w(a,) = B™(v = 1, --- , n) fiir die positive Funktion w(z) 
der Forderung aquivalent, dass der Wert w(z) fiir alle positiv imagindren z in der 
Kreisscheibe f,(z) gelegen ist. Denn geniigt w(z) dieser Forderung und fiihrt 
man durch (5) eine analytische Funktion wnz,:(z) ein, so erfillt diese die 
Bedingung Swnay; 2 0. 

Es entsteht nunmehr die transzendente Frage, wie weit die positive Funktion 
w(z) bestimmt ist,wenn die Stellen z= aj, as, --- , an denen w(z) vorgegebene 
Werte 6’, B’’, --- annehmen soll, in unendlicher Anzahl verhanden sind. Es ist 
vorausgesetzt, dass alle Ungleichungen $6, > 0 (v = 1, 2, --- , in inf.) 
erfillt sind. Das Hauptresultat der Nevanlinna’schen Theorie ist dies: 
Analog dem, was wir bei endlichem n gesehen haben, gibt es zwei Faille, den 
“Grenzpunkt’”’- und den “‘Grenzkreis’”’-Fall. Im ersten gibt es eine und nur eine 
Lésung unseres Problems; im zweiten erhalt man die allgemeinste Lésung in der Form 


(6) 


(8) wz) = ~A® + B@)-wa(2) 
C(z) — D(z)-w.(z) 
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wo A, B, C, D wohlbestimmte analytische Funktionen von z in der oberen Halb- 
ebene sind, wahrend fiir w,,(z) eine willkiirliche positive Funktion eintreten kann. 

Die Fallunterscheidung resultiert sofort aus der Betrachtung der Kreise 
t,: infolge der Einschachtelung ziehen sie sich entweder auf einen Punkt 
(Grenzpunkt) oder auf einen Kreis (Grenzkreis) f,, zusammen. Im ersten Fall 
muss der Wert von w(z) fir den betrachteten Argumentwert z notwendig 
dieser Grenzpunkt sein. Es entsteht die Aufgabe, einzusehen, dass die Unter- 
scheidung von Grenzpunkt und Grenzkreis unabhdngig ist von dem betrachteten 
Werte von z. 

Wiederum sei die positiv imaginaére Zahl z fest gewahlt. Um die Differen- 
zengleichungen (6) in Parallele stellen zu kénnen zu Differentialgleichungen, ist 
es bequem, dafiir zu sorgen, dass in diesen Rekursionsformeln die Koeffizienten 
in der Hauptdiagonale auf der rechten Seite iibereinstimmen. Das geschieht 
durch den Ansatz yn = —-B,, der mit der Forderung 3, > 0 in Einklang steht. 
Der in An, Bn, Cn, D, verbleibende willktrliche gemeinsame Faktor war in jenen 
Formeln so normiert, dass sich diese Gréssen als Polynome in z vom Grade n 
ergaben. Fiir die Differentialgleichung ist das ohne Belang; hier ist es vielmehr 
zweckmassig, dafiir zu sorgen, dass die Koeffizienten in der Hauptdiagonale 


= 1 werden. Man setze darum 
(9) An = et (237, es Say») -f(n) ’ B, = I (237, = ayy») -g(n) . 


Dann erhalten wir statt (6): 


” ” 





f(n) = fin —1) + gin — 1) Mere 

za, — b, 

(10) 4 
g(n) = g(n — 1) + fin — 1)-=3—2, 

\ za, — b, 

Hier ist 

(11) ees a = Sy, a = By’; 
b= Ja, b’ = Say, b” = Yay? 


gesetzt; tiberall ist der Index n hinzuzufiigen. 

Wie aus dem Folgenden hervorgehen wird, kommt es auf die besonderen 
Ausdriicke (11) nicht an, es ist—fir die korrespondierende Differentialgleichung 
—allein wesentlich, dass die beiden Determinanten 

p wi a’b a. b’a, q ‘oe a’’b’ Bat b’’a’ 
positiv sind. Mit den Ausdriicken (11) ist in der Tat p = Sa-Sy. q ist der 
imaginére Teil von 


ay: Sy? — ay? Sy = lay(y? — 7) — ayy — 7] 





, om 
=> (ay2F — ayy?) = ayy-~ a =aly|?-37, 





























A icnintintalilis 





By 
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also 
q = $a-Sy-|y?? > 0. 


In der Gestalt (10) ist der Uebergang zur Differentialgleichung trivial. Man 
ersetze die diskrete Variable n durch eine kontinuierliche s, die das Interval] 
von 0 bis + « durchlauft. z ist der gewéhnlich mit \ bezeichnete Spektral- 
parameter, fiir den nur positiv imaginire Werte zugelassen sind. 

a(s), a’(s), a’’(s); b(s), b’(s), b’’(s) 
sind stetige reelle Funktionen von s, welche den beiden Ungleichungen geniigen 
(12) p(s) = a’b — b’a > 0,7 q(s) = a’’b’ — ba’ > 0. 


Wir behandeln das System der zwei Differentialgleichungen 1. Ordnung fiir die 
unbekannten Funktionen f(s), g(s): 








df za’’(s) — b’’(s) 

ds g(s): za’(s) — b’(s) ’ 
(13) 

dg _ f(s): za(s) — b(s) 

ds za'(s) — b’(s) ° 


Der Spektralparameter z tritt hier linear gebrochen auf, wahrend er in die vielbe- 
handelten klassischen Eigenwertprobleme ganz-linear eingeht. Diejenige 
Lésung, welche die Anfangswerte f = 0, g = 1 fiir s = 0 besitzt, werde wie in 
meiner oben zitierten Habilitationsschrift durch den Buchstaben #8 gekennzeich- 
net, genauer (fs, gs); diejenige mit den Anfangswerten f = 1, g = 0 heisse 7 = 
(fur Gn) 

In den entsprechenden Differenzengleichungen (10) fiihrt (f5, gs) mittels (9) 
zu (A, B) und (f,, g,) zu (C, D). Die Gleichung (5) lautet darum 


_ —Soln) + go(n)-h 
fi(n) — gx(n) -h : 


Hier ist h anstelle von w,; geschrieben. w durchlauft die Peripherie des Kreises 
f,, wenn h die reelle Achse (incl. © ) beschreibt. (14) lasst sich in die Form setzen: 


(15) f(n) — h-g(n) = 0, 


wo w = (f,g) die aus den beiden Partikularlésungen # und 7 durch lineare Kom- 
bination entstehende Lésung 


f(n) = fo(n) + w-f,(n), g(n) = go(n) + w-g,(n) 


ist. w liegt also dann und nur dann auf der Peripherie von f,, wenn die zuge- 
hérige Lésung w an der Stelle n einer reellen Randbedingung (15) geniigt. In 
dieser Gestalt tibertrage ich die Definition auf die Differentialgleichung: w sei 
eine willkiirliche Konstante, und man betrachte die Lésung w = (f, g): 


(16) J(s) = fols) + w-f,(s), 





(14) 


g(s) = go(s) + w-g,(s) 
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der Differentialgleichungen (13) im endlichen Intervall 0 < s < 1. Sie geniigt 
an dem Ende s = / dann und nur dann einer reellen Randbedingung, wenn w auf 
einem gewissen Kreise (f:) liegt. In solcher Weise hatte ich in meiner Habilita- 
tionsschrift die Kreise (f;) eingefiithrt. Der Parameter w ist dort mit 1 bezeich- 
net.! 


§2. Green’sche Formel. Die Kreise f;, 


Wir benétigen die “Green’sche Formel’ fiir eine Lésung w = (f, g) der Gleich- 
ungen (13) und eine Lésung w* = (f*, g*) der entsprechenden Gleichungen mit 
dem Parameterwert z* statt z. Fiir die Ableitung der Determinante 


- G@o*) = fg* — of* 


nach s finden wir mittels einer leichten Rechnung, indem wir fiir die Derivierten 





4 ... ihre Werte aus den Differentialgleichungen einsetzen, den Ausdruck: 
D(s; ww*) 
—_ — * . ’ 
vomits (za’ — b’)(z*a’ — b’)’ 
wo 
(17) D(s; wo*) = p(s)f(s)f*(s) + 9(s)g(s)9*(s) 
ist. Darum lautet die gewiinschte Formel: 


a fe D(s; ww*) ds aa 
= @- 2. [ (za’(s) — 6(s)) (e*a’(s) — b(s)) ~ 


In dreierlei Weise findet sie Anwendung: 1) fiir z* = z, 2) wenn z und 2* zwei 
positiv imaginére Werte sind, 3) fiir z* = Z. Im Falle 1) kommt 


(ww*) 6 = 0, 


d.h. zwei Lésungen w und w* der Differentialgleichungen (13) haben eine kon- 
stante Determinante (ww*). Insbesondere ist (78), = (n8)o = 1, und wenn w 
die Lésung #(s) + w-n(s) bezeichnet, gilt auch (nw) = 1. Anwendung 3) 
liefert die fiir jede Lésung w unserer Gleichungen giltige Beziehung 


'  D(s; wa) 
” 3 | [ea'(e) — OF 


Hier sind wie im Folgenden stets Real- und Imaginarteil einer Grésse durch den 


angehingten Index 1 und 2 gekennzeichnet. Nunmehr erkennt man die 
Bedeutung der Voraussetzungen (12): sie garantieren, dass der “Dirichlet- 


—(wo*)s. 








ds = (wi we) § ° 





‘Die unsymmetrische Behandlung der beiden Partikularlésungen #, 7 ist hier nur 
scheinbar. Statt (16) kénnte man die allgemeinste Lésung w(s) = we-d(s) + wy-n(s) be- 
trachten. Da die Kreisscheibe f; aber sowohl den Punkt 0 wie den Punkt ~ ausschliesst, 
kann man statt der beiden homogenen Parameter ws» und w, entweder den inhomogenen 
w = w,/ws oder ws/w, benutzen. Wir entschieden uns fiir das Erste. 
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Ausdruck” D(s;wa) positiv-definit ist —Der Fall 2) der Formel (18) wird erst in 
§3 benutzt werden. 

Dass diejenigen Werte w, fiir welche die Lésung w, Gl.(16), am Ende / des 
Intervalls 0 < s S leiner reellen Randbedingung geniigt: 


(20) SY — h-gQ = 0, h reell, 
auf einem Kreise (f,) liegen, geht natiirlich aus der Gleichung (20) oder 
—fe(l) + hgo(D) 





AG) gyi hg,(l) 


unmittelbar hervor. Doch kann man dasselbe Resultat auch auf dem folgenden 
Wege gewinnen, der zugleich zu einer einfachen Berechnung des Durchmessers 
fiihrt. Bei festem reellen h ist f(l) — h-g(l) eine ganze lineare Funktion von w. 
Die Forderung, dass erstens der Real- und zweitens der Imaginar-Teil davon 
verschwindet, gibt daher zwei zueinander senkrechte Geraden (h), und (h), in 
der w-Ebene, die sich in dem gesuchten Punkte w schneiden. Die Linie (h); 
geht fiir alle h durch denjenigen Punkt w = w® hindurch, der durch die beiden 
Gleichungen f,(l) = 0, gi(l) = 0 gegeben ist; die Linie (A), durch denjenigen 
Punkt w = wo, der sich aus f2(l) = go(l) = O ergibt. Wenn h variiert, bewegt 
sich also w auf einem Kreise iiber dem Durchmesser w°w (geometrischer Ort 
des Scheitels eines rechten Winkels, dessen Schenkel durch zwei feste Punkte 
w® und w gehen). w® kann aus den beiden Gleichungen bestimmt werden 


(moi): = 0, (neor): = 0. 
Wegen (nw) = 1 oder 
(moi) — (m2) = 1, (m2) + (n201) = 0 
kann hier die zweite Gleichung durch (m2) = 0 ersetzt werden, sodass sich 
(mw) = 0, (md) + w(mn) = 0 


ergibt oder 
(me): + iw(mn) = 0. 
Ebenso folgt fiir wy die Gleichung (720) = 0 oder 
(n28): — wom m2) = 0. 
Daraus kommt fiir die Differenz w® — wy: 
a 
= ae 


Weil (m 2)o = 0 ist, erhalt man fiir den Nenner aus (19) den Ausdruck 


1 ‘ 
ee ates i D(s3nf) 4g 
0 


(m8): + i(w® — wo) (mm) = 0, w — Wo 





| za’(s) — bs)?” 


—. —- ie eee 
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wow ist folglich der vertikale Durchmesser des Kreises (f;), w® der héchste, wo 
der tiefste Punkt und sein reziproker Durchmesser 


*  D(s; nf) 
1/d; = @: : d 
(21) {dem I [za(s) — Vs) P 
Die Formel lasst unmittelbar erkennen, dass d; mit wachsendem | abnimmt. 
Die Tatsache, dass w(s) = #(s) + w-n(s) an der Stelle s = 1 einer reellen 
Randbedingung geniigen soll, lasst sich auch in der Gleichung (ww); = 0 aus- 
sprechen, die auf Grund von (19) der Relation 


, D(s; wa) 
a aay Raat = — (ove 


iquivalent ist. Man sieht sofort, dass die rechte Seite = we = Sw ist. Wir 
erhalten somit als Gleichung des Kreises (f;): 


. D(s; wa) 
«| ame rane 


Da der Koeffizient von ww@ hierin positiv ist, wird die vom Kreise (f;) begrenzte 
Kreisscheibe f; durch die Ungleichung beschrieben: 


'  D(s; we) ds 
= 3+ [rats bap = 9” 











(firw = 3+w-n). 





(mit dem Zeichen S$ und nicht etwa mit dem umgekehrten Zeichen =). Daraus 
ergibt sich nun sogleich die Tatsache der Einschachtelung: Ist l’ > l, so liegt der 
I 


l’ 
Kreis f» in €; Denn ist ze - i S We, so ist a fortiori 2: - S we, weil der 
0 0 
Integrand in (22) positiv ist. 
Die Kreisscheibe f; zieht sich mit unbegrenzt wachsendem 1 entweder auf 
einen Grenzpunkt oder einen Grenzkreis f,, zusammen, der in allen Kreisen f, ent- 


halten ist. Fiir einen Wert w, der zu f,, gehort, gilt darum 
' — D(s; wa) ds 
, z s 
a a ORS” 
identisch in 1, und darum konvergiert 
(23) Ma De ; wi) de 
o | za'(s) — b’(s) |? 
Die Gleichungen (13) haben demnach stets mindestens eine im Sinne des Aus- 
drucks (23) von 0 bis «© ,,quadratisch integrierbare nicht-verschwindende Lésung 


w. Die Formel (21) lehrt: der Grenzpunkt- oder der Grenzkreis-Fall liegt vor, je 
nachdem 





und ist S w/z. 








(24) [ D(s; nn) ds ee te it. 
» [easy — WG) I konvergiert oder divergier 





ere 


. i 
it 
e 


i 
: a 
‘By 
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Dass in diesem Kriterium gerade die Lésung 7 bevorzugt wird, ist zufallig. Im 
Grenzkreisfall ist ausser n(s) auch 8(s) + w-n(s) quadratisch integrierbar, wenn 
w irgend ein Punkt im Grenzkreis ist; folglich auch 3(s) und damit jede Lésung 
iiberhaupt. Die Fallunterscheidung lasst sich darum auch so aussprechen: im 
Grenzkreisfall sind alle Lésungen quadratisch integrierbar, im Grenzpunktfall 
nur die Multipla einer bestimmten Lésung. 

Den Anschluss an die Fragestellung, von welcher wir in §1 ausgingen, voll- 
ziehen wir durch die folgende Bemerkung. Driickt sich die in der oberen Halb- 
ebene %z > 0 definierte analytische und “positive” Funktion w(z) mittels einer 
ebensolchen Funktion w,(z) in der Gestalt aus 


— folz; 8) + go(z; 8)w, (z) 
Si(2; 8) — gy(zi 8) we(z) ’ 


so wollen wir sagen: w(z) habe die Eigenschaft E,. Sie ist der Forderung 
aiquivalent, dass der Wert w(z) fiir jeden positiv imaginaéren Wert von z in dem 
Kreise f,(z) liegt. Der Einschachtelungssatz besagt, dass durch E; die Funktion 
w(z) starker eingeschrinkt wird als durch Z,, wenn t > sist. (Man erinnere 
sich, dass im Differenzenproblem £, aus Z,-, entstand durch Hinzufiigung der 
neuen Bedingung w(a,) = 8.) Die Eigenschaft Z,, = lim E, besteht somit 


darin, dass alle E, erfiillt sind. Sie ist der Forderung gleichwertig, dass w(z) fiir 
alle Werte von z in f,,(z) liegt. 





w(z) = 


§3. Vergleich verschiedener Werte des Spektralparameters 


z, 2* seien zwei positiv imaginire Werte des Spektrumsparameters; wir wollen 
zeigen: Tritt fiir z der Grenzkreisfall ein, so auch fiir z*.—Unter Vertauschung von 
z und z* folgt daraus: Tritt fiir z der Grenzpunktfall ein, so auch fiir z*. Die 
Fallunterscheidung Grenzpunkt—Grenzkreis ist demnach unabhangig von dem 
Wert des Spektralparameters. 

Das Kriterium fir Grenzkreis ist die Konvergenz des Integrals (24). Beim 
Uebergang von z zu z* muss man beachten, dass in dem Integral der Nenner 


| za’(s) — b’(s) |? in | 2¥a’(s) — b’(s) |? 
abgeaindert wird. Fiir die Frage der Konvergenz des Integrals ist dies jedoch 


irrelevant auf Grund des folgenden elementaren 
HiLFssaTzEs: Sind z, z* zwei gegebene positiv imaginire Zahlen, so liegt 


za —b 
z*a — b 








fiir alle reellen Zahlenpaare (a, b) ¥ (0, 0) zwischen festen positiven Grenzen. 
Wir brauchen lediglich die obere Grenze. Sie ist 


(25) J2z-—*|+[ze—2| _ |z2— Z| 





| 2* — Z| fete] — [a2] 
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Man mache sich die einfache geometrische Bedeutung dieser Ausdriicke an dem 
Trapez mit den Ecken z, 2; z*, 2* klar ! 
Zum Beweise setze man 


c—Z 








‘ss = 

In dem abzuschaitzenden Quotienten 
c — 2* 
Q= c—z 








fihre man statt der Variablen c, welche die reelle Achse durchlauft, die Variable 
¢ auf dem Einheitskreis ein: | | = 1. Man erhalt dann 

















Q = BO’ = Ot 
zZ-—z 
und 
l2*— Z| —|2*—2| teats |2* —2|+4+]|2* —2| 
lz —2| lz—2| 


als untere und obere Grenze. Von den beiden Ausdriicken (25) ist der zweite 
das Reziproke der unteren Grenze, der erste entsteht aus der oberen Grenze durch 
Vertauschung von z und z*,. 

Das zum Parameterwert z* gehérige »* = (f;, 9+) kénnen wir aus dem zu z 
gehérigen » und #& mittels einer Integralgleichung bestimmen. Wir haben 
namlich nach (18) 


(L739. bad OeSn)s 





5 : D(t; nn*) dt 
ire aD; I (za’(t) — b’(t)) (2*a’(t) — b’(t)) ’ 
P ’ D(t; dn*) dt 
1+ (2—2")- I (za’(t) — b’(t)) (2*a"(t) — b’@) © 
Daraus durch Auflésung nach f*(s) und g?(s): 
ON _ a). [° L{ODG On") - fol) D(ts mo") g 
f(s) =f,(s) + ( — 2") i (eal) —b'@) era") — 6D) 


wey) «). [° 98) D(t; 9n*) — go(s)D(t;m*) 5 
ple. idaaerat i (ea'() — 0’ @)(e*a"() — BH) 


Diese Gleichungen fir (f*, g*) subsumieren sich offenbar unter das Schema 
einer Volterra’schen Integralgleichung 


(26) 
(S398 Bos gafo)s 








(27) 











g(s) = f(s) + I K(s, t)-¢(t) p(t) dt. 
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p > Ound f sind darin gegebene Funktionen. Wir setzen voraus, dass f und der 
Kern K quadratisch integrierbar sind, in dem Sinne, dass die Integrale 


[110 Pet ae, [ [x0 Po 000 ata 
0 0 0 


endliche Werte haben. Die Quadratwurzel aus dem ersten Integral werde zur 
Abkiirzung mit || f || beziechnet, und wenn als Grenzen a und 6 statt 0 und » 
genommen werden, mit || f||2._ Unsere Behauptung ist, dass alsdann auch ¢ im 
gleichen Sinne quadratisch integrierbar ist. Beweis: Man multipliziere die 
Integralgleichung mit p(s)@(s), integriere im Intervall a < s S b und wende 
dann auf die beiden Summanden rechts die Schwarz’sche Ungleichung an. So 
kommt, wenn 


es | K(s, t) |? p(s)p(t) dt ds = ki 


gesetzt wird, nach Kiirzung durch den Faktor || ¢ ||°: 
lle lle SIS Io + ke lle Ile, 
und wegen || ¢ ||3 S || ¢ [lo + [I elle: 
(1 — ke) lle lle SIF Ile + he lle (lc - 


k, strebt mit a — © gegen 0; a werde so angenommen, dass bereits ka < 1 ist. 
Dann enthalt die letzte Ungleichung eine von b unabhingige obere Schranke 
fiir || ¢ ||?. Daraus folgt die Konvergenz von || ¢ ||% samt der expliziten 
Abschatzung 


(28) (1 — ka) [le [lo S IF lle + he lle IIo. 


Es ist klar, wie dieses Schema auf (27) zur Anwendung kommt. Statt 
p(s)¢(s)@(s) hat man hier zu bilden 


p(s)f*(s)f*(s) + q(s)g*(s)g*(s) ‘4 D(s; n*#*) 
| z*a’(s) — b’(s) |? | z*a’(s) — b’(s) [> - 





und bekommt so 
D(s; n*4*) = D(s; n*) 
(29) + (¢= | D(s; A*)D(t; dn*) — D(s;09*)D(t; a*) 4, 
0 (za’(t) — b’(t))(z*a’(t) — b’(t)) 
Der immer wieder auftretende Nenner za’(s) — b’(s) werde zur Abkiirzung mit 
(z; s), sein absoluter Betrag mit | z; s | bezeichnet. Auf der rechten Seite wird 


man fir beide D(t) davon Gebrauch machen, dass zufolge der Schwarz’schen 
Ungleichung 





| D(t; dn*) |? < D(t; 88) -D(é; n*a*) , 


* | D(t; dn*) | dt a in ta 
/ | 23¢|-| 2%; ¢| S || F |[o-[] Ilo 





a aie sa, ae) dn ee oe 
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“ D(t; 3d) dt * Dt; n*a* 
[ PB = aoe, i Dts 0A") ay = (|| 9* |I4)?. 
1 


|2;¢|? |2*;¢|? 


ist, falls s S L. Hier wurde gesetzt 


Fir z liegt nach Voraussetzung der Grenzkreisfall vor; darum konvergieren die 
Integrale 


I| n Ilo, 


Dividiert man (29) durch | z*; s |? und integriert nach s zwischen 1 und L, so 
treten nicht sie nach Anwendung der Schwarz’schen Ungleichung auf der 
rechten Seite auf, sondern der Integrand erscheint multipliziert mit einem 
“stérenden Faktor’’ 


Il F IIc. 


za'(s) — b’(s) |? 
z*a’'(s) — b’(s)| ° 





(30) 


Er ist aber nach dem Hilfssatz ohne Einfluss auf die Konvergenz, da er unterhalb 
einer von s unabhidngigen Schranke m liegt. Man erhalt nach dem Schema 
(28): 


(31) (1 — ky) | n* [7 S m-|] a ||P + eel] a* [los 
wo , 
(32) k= milz2— 2 | (ll allo ll ell? + ile ilo Ul 9 ID) 


ist und / so gewahlt werden muss, dass k; < 1 ausfiallt. 
Uebrigens kann in dieser ganzen Ueberlegung # ersetzt werden durch ein 
w = 3+ w-7n, das einem Punkt wim Grenzkreis entspricht. Dann ist 


| o [0 S V we/ze- 


In unnatiirlicher Weise hatte ich in meiner Habilitationsschrift zur Bestim- 
mung von 7* die Randwert- statt der Anfangswert-Aufgabe benutzt und sie 
liberdies mit Hilfe der Eigenfunktionen gelést. Dieser Weg ist offenbar hier 
ungangbar; denn zu-den Differentialgleichungen (13) gehért kein verniinftiges 
Eigenwertproblem, weil fiir reelle z der Nenner (z; s) null werden kann. Herr 
Hellinger hatte die Darstellung durch Eigenfunktionen ersetzt durch die quellen- 
missige Darstellung mittels der Green’schen Funktion, blieb aber auch noch an 
der Randwertaufgabe hingen. In einer peinlichen Fallunterscheidung verrat 
sich das Kinstliche des Vorgehens. Der hier gegebene elementare Beweis 
erméglicht die explizite Abschatzung. 

Dies ist nicht ohne Belang. Im Grenzkreisfall werden die Punkte w, auf der 
Peripherie des Kreises f,(z) durch die Gleichung geliefert: 


e —fso + hos 


(s = 1;h reell) , 
fa — NQy 



























DiS oi ERE tes = ae 
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die Punkte auf der Peripherie des Kreises f,(2*) durch die entsprechende 
Gleichung 
_ - ft + hot 

fi — 9, 
Ordnet man die Punkte der beiden Kreise projektiv einander zu durch gleiche 
Werte von A, so erhalt man 


Wz 


~ (9*9), + (8*n):-w, : 
(n*8): + (n*n)i-w. 


Die hier auftretenden Determinanten (n*m); und (n*#); sind in (26) angegeben; 
fiir (8*n),, (8*8), gelten entsprechende Ausdriicke. Es geht daraus hervor, 
dass sie mit 1 — «© gegen bestimmte Grenzwerte streben. Nehmen wir fiir z 
einen festen Wert zo, z.B. z = 7, und bezeichnen das im Gebiet $z* > 0 
variable z* dann mit z, so ist, wie die explizite Abschatzung (31), (32) lehrt, 
die Konvergenz sogar gleichmdssig in z. Darum ergeben sich im Limes 
analytische Funktionen von z. Sie sind die Koeffizienten derjenigen linearen 
Substitution, welche die Kreisscheibe f,,(zo) in die Kreisscheibe f,,(z) tiberfiihrt. 
Bildet man die obere Halbebene durch eine lineare Substitution auf den Kreis 
f.,(zo) ab, so bekommt man eine in z analytische Substitution: 


— A(z) + B(z) we 
C(z) — D(z) w, ’ 


welche fiir jedes z die obere Halbebene Sw,, 2 0 auf den Kreis f,,(z) abbildet. 
Eine analytische Funktion w(z) von der Eigenschaft E,, muss darum die Gestalt (8) 
besitzen, wo w,,(z) eine analytische und “‘positive’’ Funktion ist. Umgekehrt hat 
jede analytische Funktion w(z) von dieser Gestalt die Eigenschaft £,,. 

Im Grenzpunktfall muss der Wert der gesuchten Funktion von der Eigenschaft 
E., notwendig der Grenzpunkt selbst w* = w(z) sein. Dass er analytisch von z 
abhangt, wiirde man am einfachsten erkennen, wenn aus unserm Beweise 
hervorginge, dass der Durchmesser d,(z) gleichmassig in z mit 1 — o gegen 0 
strebt. Aber dazu reichen unsere Ueberlegungen nicht aus, weil sie nur auf 
indirektem Wege zeigen, dass Grenzpunkt fiir z Grenzpunkt fir z* nach sich 
zieht und weil im Beweise von dem folgenden rein existentiellen, durch eine 
explizite Konstruktion nicht sicherzustellenden (und darum intuitionistisch 
anfechtbaren) Theorem Gebrauch gemacht wird: Wenn bei positivem Inte- 








L 
granden das Integral i fiir alle L unterhalb einer festen Schranke bleibt, existiert 
0 


L 
zu beliebig vorgegebenem positiven e ein 1 derart, dass / fiir alle L > lkleiner 
1 


als cist. Will man sich nicht auf indirekte funktionentheoretische Hilfsmittel, 
wie den Satz von Vitali stiitzen—und es ist ja mit der Zweck dieser Arbeit, 
solche von Nevanlinna konsequent benutzten funktionentheoretischen Ueber- 
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legungen durch die explizite Lésung von Integralgleichungen zu ersetzen—, so a { 
muss man einen Weg beschreiten, der die Randwertaufgabe heranzieht und darauf te 
beruht, dass ihre Green’sche Funktion ein beschrankter Kern im Sinne der Integral- é 
gleichungen ist. ; 
Wiederum sei w = (f,, go) die Lésung 3 + w-y. Wenn sie an dem Ende ;t 
3 = I des endlichen Intervalls 0 < s S 1 der reellen PME ih (20) 2 ; 
geniigt und w* die gleiche Bedeutung hat fir den Parameterwert z*, so bilde r f 
man (w*w)! und (w*n)§ mittels (18); durch Auflésung nach w* erhalt man, ie : . 
analog zu (27): d i : i 
na ae ee D(t; nw*) di ) dt . D(t; ww ie) a, ee f 

gq) [20 = 4.00 — 29) | t0 [PEG 5 pio) [PG : 















g.(s) entsprechend. 
Hier tritt als symmetrischer Kern die Green’sche Funktion 
Gyp(s,t), Ga(s, t) 
G.r(8, t), Gaq(8, t) 
auf, die durch die Gleichungen 
wel eye (< a. ee ee ni) (ts * 
fils)folt) (s St) Fi(s)go(t) (8 St) 
eda sein (ts a ie sig = g(t) (tS) 
gx(s)folt) (s St) gx(8) g(t) (s St) 


erklart ist. Soll die Abhangigkeit von dem Parameter w der gewahlten Lésung 
w in Evidenz gesetzt werden, so schreiben wir G™ anstelle von G. Die Gleich- 
ungen (33) lauten 


* wy [' Gonls, t) p(t) fet) + Goals, t) a(t) 93 (2) 
f%(s) = f,(a) — (2 — 2*)- [3 v(t) oe at, 

















(34) 
gz(s) = 


Mit zwei willkirlichen Funktionenpaaren £ = (z,(s), t2(s)), 1 = (Yp(8), Yo(8)) 
bildet man die zu G = G™) gehérige symmetrische Bilinearform K = K“, bezw. 
ihren /-Abschnitt: 


P 2 G»(s, t) w(s) v(t) zy(s) y(t) B= ?,q 
(35) Kit) = [ f* aees0e dt ds sai 


(werden die Integrale bis © ausgedehnt, so lassen wir den unteren Index | weg). 
Es gilt der folgende 

Satz K: Die Form K“™ hat, wenn w ein Punkt im Grenzkreis ist, die Schranke 
1/32; d. h. es ist 








| KV E, a] | < 1/32 


By 
At 
4] 
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fir alle | und fiir alle Funktionenpaare & wnd n, die den Bedingungen 





- 2 2 
I] & ||? = | p(s) | xp(s) | ss us) | tq(8) | ds <1, I] n ||? <1 
0 |z; 8| 
genuigen. 
Im Grenzpunktfall findet das Anwendung auf den Grenzpunkt w und das 
zugehérige w = & + w-n. Wir bestimmen eine quadratisch integrierbare 


Lésung w* = 0* + w*-n* der Differentialgleichungen (13) mit dem Parameter- 
wert z* dadurch, dass wir die Integralgleichungen (34) lésen, in denen G die zum 
Grenzpunkt w gehérige Green’sche Funktion G™ und die obere Integralgrenze | 
durch © zu ersetzenist. Hine solche Lésung erhdlt man einfach mittels der Neu- 
mann’schen Reihe. Sie konvergiert, wenn die Schranke des Kernes < 1 ist. 
Dies ist der Fall, wenn 


(36) |z — 2*|-m < Qz 


ist. Denn der Kern K der Integralgleichungen (34) unterscheidet sich von der 
Form K, (35), darin, dass im Nenner je ein Faktor (z; s), (2; ¢) durch (z*; s), beaw. 
(z*; t) ersetzt ist. Diese Faktoren kénnen aber in die willkirlichen Funktionen 
£ und 7 aufgenommen werden: mit 

—_ (z; 8) ve (z; 8) 

FW Ga) *? "= WV G8)" 








ist - 4 
Kilé, n) = Kilé, i ’ 
und darum folgt aus 
1 
| Kilé, n]| S a, Il Ell ‘| all 
die Ungleichung 


| Kile, al] S = -|EM Al S Z- Hell lal. 


Die Forderung (36) lautet, wenn man den expliziten Ausdruck (25) von m 
benutzt: 
2|2* —z| 


|2*—2| — |2*—2| 


<1. 





Wahlt man z fest = z und bezeichnet dann das variable z* wiederum mit z, 80 
bedeutet diese Ungleichung oder 








einen nichteuklidischen Kreis um den Punkt zp vom Radius 

1+r 1 

l—-r_ 3 |e * 

Die obere Halbebene ist dabei in Poincaré’scher Weise als nichteuklidische 
Ebene gedeutet. In einem nichteuklidischen Kreis um 2, dessen Radius kleiner 





1 
28 





. Eee 9 2a eee 


PICK-NEVANLINNA’SCHES INTERPOLATIONSPROBLEM 245 


ist als die feste Grenze 3 lg 2, konvergiert darum die Neumann’sche Reihe gleich- 
missig in 2, und so ergibt sich denn w und damit w = f.,(0) in seiner Abhangigkeit 
von z als eine analytische Funktion. Da die obere Grenze 4 lg 2 unabhangig ist 
yon dem Zentrum 2, kann man mittels derartiger Kreise von einem festen 
Radius < } lg 2 die analytische Fortsetzung tiber die ganze obere Halbebene 
vollziehen. Man kann darum auch auf dem hier angegebenen Wege, d.i. mittels 
der Randwertaufgabe zeigen, dass der Grenzkreisfall fiir ein zo den Grenzkreisfall 
fir alle andern z nach sich zieht. 

Um Satz K zu beweisen, zeigt man zuniichst, dass bei gegebenem | die Un- 
gleichung 
(37) | KOE, n)| S 1/92 far lel!Es1, = |ln|ld <1 


gilt, wenn w auf der Peripherie von f, liegt (Hilfssatz Ki). Legt man durch einen 
Punkt w der Kreisscheibe f; eine Sehne, so erscheint w als der Schwerpunkt 
zweier Punkte w’, w’’ auf der Peripherie: 


w= rw’ he rw"; r! > 0, 7!’ > 0, 7’ + gf! an Bi. 


Es ist dann 

KY? me 7K? + Ke, 
und so tibertragt sich die Ungleichung (37) von den Punkten w der Peripherie auf 
die Punkte im Innern von f,. Ein Punkt w des Grenzkreises liegt in allen 
Kreisen f,; darum gilt fiir ein solches w die Ungleichung (37) identisch in I. 

Um das in meiner Habilitationsschrift aufgestellte Muster zum Beweise des 
Hilfssatzes K; von der dort betrachteten selbstadjungierten Differentialgleichung 
2. Ordnung auf das System (13) zu iibertragen, muss man es zuvor ein wenig 
umwandeln und vereinfachen. Ich schildere es in der modifizierten Form 
sogleich an dem uns hier interessierenden System (13). 

Man stiitzt sich auf das allgemeine Kriterium: Fiir die aus einem stetigen 
komplexwertigen Kern K entspringende Bilinearform zweier willkirlicher 


Funktionen 2z(s), y(s): 
Ked= [' [Kenzo ad — (lal = [12 as) 
llyll £1, 


gilt die Schranke 

| K[z, y]| S 1/do im Bereich ||z|| S$ 1, 
wenn das Intervall || < Xo frei von Eigenwerten ist. Die Eigenwerte \ und 
zugehérigen Kigenfunktionen (x(s), y(s)) * (0, 0) sind dabei erklart durch das 
Gleichungspaar: 

1 

z(s) — af K(s, t) y@) dt = 0, 

0 


(38) : 
y(s) — i | K'(s, t) x(t) dt 
0 
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in welchem K‘(s, ¢) der Hermitisch konjugierte Kern K(t, s) ist.5 Ist K symme- 
trisch—nicht im Hermiteschen, sondern im Sinne der Gleichung K(é, s) = 
K(s, t),—so geniigt es zu zeigen, dass aus 


(39) a(s) — Xr [xe t) Z(t) dt = 0 


das Verschwinden von x(s) folgt, solange |X| < Xo ist. Denn in diesem Fall 
lautet die zweite der Gleichungen (38): 


1 
y(s) — if K(s, t) x(t) dt = 0, 
0 
wihrend sich aus der ersten ergibt 
1 
#(s) — i | K(s, t) g(t) dt = 0. 
0 ) 


Mit & = (x(s), y(x)) ist darum auch é' = (g(s), Z(s)) eine Eigenlésung zum 
gleichen Eigenwert >. Jede Eigenlésung ist die Summe einer geraden und einer 
ungeraden: ¢' = +£, bezw. &' = — & Die geraden Eigenlésungen geniigen 
der Gleichung (39), die ungeraden derselben Gleichung mit dem Parameter — \ 
statt + dA. 

Beweis des Hilfssatzes Ki: w liege auf der Peripherie von f; und (20) sei die 
zugehérige reelle Randbedingung, G das zugehérige G™. Die erste der Inte- 
gralgleichungen (38) lautet hier, wenn (2p, 2,) fiir x und (yp, ye) fiir y geschrieben 
wird: 





1d. G(s, t) v(t) y(t) 
2yu(s) — dr i 








(40) F (2; t)? dt = 0 (u, er? 3, q) . 
Der Uebergang von dem Funktionenpaar 
(41) Vuls) = yls)  Wuls) = tu(s) 

(z; 8) (2; 8) 


wird also durch den symmetrischen Kern 
G(s, t) V u(s) v(t) 
(2; 8) (2; t) 


vollzogen. Darum darf man bei Ermittlung der Eigenwerte \ annehmen, dass 
in (40) die Paare (41) konjugiert-komplex sind. Dies liefert 

















B,v=D),g 


(42) * dt =0. 


|2;¢|2 





1 Ly Gw(s, t) v(t) %,(t) 
Zy(s) — dr i 





® Dies ergibt sich bekanntlich durch Anwendung der Theorie der Eigenwerte und Eigen- 
funktionen auf den Hermiteschen Kern KK?: 


1 
KKt(s, t) = | K(s, r) Kt(r, t) dr. 
0 








+ . 
if | oe 
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7 Diese beiden Integralgleichungen sind dquivalent den beiden Differential- is 
. gleichungen im Intervall 0 Ss Sl: ; 3 
dz, _za’"(s) — b""(s) idk oneal q(s) #,(s) | et 

ds za’(s) — b’(s) ~* [za’(s) — b%(s) |?’ 

dz, __2a(s) — B(s) | p(s) p(s) ni 
ds ~ za'(s) — 0(6) ” ~ [eaa) — BG) |*” ug 
msammen mit den reellen Randbedingungen ; be . 
r(0) =0, tpl) — h- 2(0) =-0. yg | 
Fiigt man die konjugiert-komplexen Gleichungen hinzu, multipliziert die vier bi cy 


Gleichungen der Reihe nach mit 
Z,(s), ie £,(8), cai %q(8), 2,(8) 
und addiert, so ergibt sich 


d (XpFq — Lekp p(s) D(xy) + q(s) D(x_) 
Z( Qi + [za(s) — b(s)|[?. 0, 








wo 

D(z) == {nz? — Aa? + (2 — 2) ct} = B(AZ*) + | 7 ]*?- Qe. 
Integration nach s von 0 bis 1 liefert, da (%,, Z,) denselben Randbedingungen 
geniigt wie (xp, 2): 


(43) . p(s) D(z,) + 9(s) D(x) as ae 6. 
0 


|z;s/? 





D(x) ist aber positiv-definit, wenn | 4 | < Sz. Denn fihrt man durch 
# = | x |?-u die Richtungszahl u von 2? ein, so gilt 
D(z) = |2P-S@ + ru) 2/2 /-Qe - A), 


weil z + Au den Kreis vom Radius | \ | um den Punkt z beschreibt, wahrend u 
den Einheitskreis durchlauft. Unter dieser Voraussetzung | 4 | < Qz folgt 
demnach aus (43): p(s) = 2,(s) = 0, das Intervall | \ | < 3z ist von Eigenwerten 
frei.® 


§4. Analoge Behandlung des Differenzenproblems 


Die Uebertragung der in §§2-3 geschilderten Methode auf das Interpolations- 
problem, von welchem wir in §1 unsern Ausgang nahmen, fihrt einige Komplika- 





_*Man kann auf gleiche Weise auch direkt fiir die Punkte w im Innern von f, argumen- : & 
tieren. Dann tritt zu (43) der positive Beitrag hinzu: : 


(5) 2 | zg(Z) |2-h. 
s=i 






22 
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tionen mit sich, um derentwillen es nétig ist, die einzelnen Schritte zu rekapitu- 
lieren. Wir haben es zu tun mit den Differenzengleichungen (10), in denen die 
fists sechs reellen Funktionen a, und b, von n zunichst beliebig sind. 
1. Green’sche Formel. Mit einem noch zu bestimmenden Faktor H(n) bilden 
wir aus zwei Funktionenpaaren w = (f, 9), w* = (f*, g*) die Differenz 








Che (44) [A )(fo)9*(%) — gO)*O)Manty | 
aca 2 d.i. H(n) mal 
wa ae (45) fot — of ia + 1 — Hn — 1)/H(n))-(fo* — ofa. , 
13 ees 
LEER. Dabei soll (f, g) den Differenzengleichungen (10) geniigen, (f*, g*) den ent- 
y fe sprechenden Differenzengleichungen mit dem Parameterwert z*. Driickt man 
mit Hilfe dieser Gleichungen f(n), g(n);f*(n), g*(n) durch die Werte derselben 

Funktionen an der Stelle n — 1 aus und bestimmt darauf 1 — H(n — 1)/H(n) | 

so, dass (45) symmetrisch in w und w* wird, so kommt fiir (44): } 

. * 
ao (2 = #*)H (ni 2z*) — « Din; wo*) 
(za, i b,,)(z*a, i b,.) 
: mit 
| as D(n; wa*) = (ba’ — ab’)n-(ff*) a4 
+ 3(ba” — ab’) n-(fo* + gf*)na + (a” b’ — ba") n-(99*) n-1 
ferner 
(47) H(n — 1; 22*) _ L(n; 22*) 


H(n;zz*) — (za, — b,,)(z*a,, — bz) 


. * * Uy ” z+ 2 ye tA a? , ” 
L(n; 2z*) = zz*(a’? — aa”), — 5 (2a’b’ — ab” — ba’), + (6 — bb”),. 





Daraus ergibt sich vermége der Normierung H(0) = 1: 


1 mB L(v; 22*) 
a reer a OE mgr ae 


Setzen wir wiederum 





v=1 


fo* — of* = (wo*), 


so lautet die Green’sche Formel demnach 








H(v; 2z*)- D(v; ww*) : 
ves nabs? oF i= sis ena pate tics ee 
Da H(n; zz*) unter Umstinden unendlich wird, gibt man dieser Gleichung 
besser diejenige Gestalt, die aus ihr mittels Division durch H(n; zz*) hervorgeht: 
: 1 in 


y=] 


; H(v; 22%) /H(n; 22*) (0 <» Sn) 


Hes treten héchstens im Zahler, nicht im Nenner verschwindende Faktoren L auf. 


Nee 


pie De ea IES cath 


i PR ner 
3 She Se 
ok 
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Fir zwei Lésungen w, w* der Gleichungen (10), z* = z, gilt insbesondere 
(ww*), = (ww*)o/H(n; zz). 


Um ihnliche Schliisse zu ziehen, wie im Falle der Differentialgleichungen 
unter der Voraussetzung (12), miissen fiir w* = @ (z* = 2) die Gréssen D(n; wa), 
H(n; 22) positiv werden; d.h. die quadratischen Formen der reellen Variablen 


a, y: 


(50) (ba’ he ab’) x? fe (ba’’ :* ab’’) ry + (a’’b’ = ba’) y? 


und 

(a’? — aa’’) 2? — (2a’b’ — ab’’ — ba"’) zy + (6? — bb”) y° 
51 ; 
om = (a'r — by)? — (x — by) (az — By) 
miissen positiv definit sein. Diese beiden Voraussetzungen sind nicht unab- 
hingig voneinander: die zweite ist eine Folge der ersten. Beweis: Man rechne 
aus, dass die zweite Form die gleiche Diskriminante hat wie die erste. Beide 
sind somit gleichzeitig definit. Ausserdem ist der Wert der zweiten Form fiir 
t = b’,y = a’ gleich dem Produkt der beiden Hauptkoeffizienten 


ba’ — ab’, ab’ — b"a’ 
der ersten Form, mithin positiv, wenn diese definit ist. Wir machen also 
fortan betreffs der sechs Funktionen a,, b, die Voraussetzung, dass die Form (50) 
positiv definit ist. 

Die Unumginglichkeit der Voraussetzung des positiven Charakters der 
beiden Formen (50), (51) erhellt auch daraus, dass sie nétig ist, damit die Sub- 
stitution 
= (za’ i b’) w’ + (za’”’ Ay b’”’) 
(za — b) w’ — (za’ — b’) 


von der wir in §1 ausgingen, positiv imaginiren Werten z und w’ ein positiv 
imaginires w zuordnet. Denn berechnet man Sw = (w — ®)/2i, so ergibt sich 
ein Bruch, in dessen Nenner das Quadrat des absoluten Betrages des Nenners 
in (52) steht, dessen Zahler aber lautet: 


S2-[w'D'(ba’ — ab’) — 4(w! + @’)(ba”’ — ab’’) + (a"b’ — ba’) 
+ Jw’ [z(a"? — aa’) — 3(z + 2) (2a'b’ — ab!’ — ba’’) + (6 — bb”). 


Ferner itberzeugt man sich, dass fiir (11) die Form (50) in der Tat positiv 
definit ist. Denn ausser den schon berechneten 


ba’ — ab’ = Sa-Sy, a’’b! — ba’ = Sa-Sy-| 7 |? 


hat man 


(52) 





’ 


ba’’ — ab”’ = 29a-Sy- Ry, 
also wird die Diskriminante von (50) gleich 4($a)? (Sv)*. 
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Die quadratische Form L(n; zz) hat wegen ihres definiten Charakters zwej 
konjugiert komplexe Wurzeln an, &n; a, Sei diejenige mit positivem Imaginar- 
teil.’ Darum gilt 


L(n; zz) = (a’? — aa’’)n- (2 — an)(@ — Gn), 
L(n; zz*) = 3(a”? — aa’’)n-[(2 — an) (2* — Gn) + (@ — Gn) (2* — an). 


Es ist leicht, die Grenzfille einzuschliessen, indem man das Positiv-Sein der 
Form (50) als 2 0, nicht als > 0 interpretiert. 

Approximieren wir die Differentialgleichungen von §§2-3, indem wir die Vari- 
able s nur diskontinuierlich um den kleinen festen Betrag ¢ wachsen lassen, so 
erhalten wir unsere Differenzengleichungen—mit dem Unterschied jedoch, dass 
die Funktionen a, a’’; b, b’’ mit ¢ zu multiplizieren sind. Im Limes ¢ — 0 geht 
alsdann die Form (50) nach Division durch ¢ in die Form p(s)x? + q(s)y? iiber, 
die im Differentialgleichungs-Problem die entscheidende Rolle spielt, und alle 
Faktoren H werden zu 1. 

2. Kreis f,. w liegt auf (f,), wenn w(n) = 8(n) + w-n(n) fiir n einer reellen 
Randbedingung geniigt. Die Kreisscheibe f,, ist, wie aus (49) fiir w* = @ folgt, 
gekennzeichnet durch die Ungleichung 


(53) 32.) H(v; 22) D(v; wa) oe: 


‘se, — 8) FF 





v=1 


Daraus folgt, wie in §2, dass f,, mit wachsendem n zusammenschrumpft. 
Die Berechnung des Durchmessers d, geschieht nach dem gleichen Muster wie 
in §2. Indem man die Gleichungen 


(mor) = 0, (201) = 0 


fiir w® direkt ausschreibt, erhalt man: 


(49:) + iw (m2) = 0. 


Zusammen mit der entsprechenden Gleichung fiir w) kommt so 


(9) + i(w” — wo) (nna) = 0. 





Ks gilt 
(78), = 1/H(n; zz); H(n; 22)-(mm)n = 22-2(n), 
(54) x(n) = >) ar #) aa 


v=1 v 





7 Auf Grund dieser Bemerkung wird man sich wohl davon iiberzeugen, dass die allge- 
meine Theorie mit den sechs willkirlichen Funktionen a und b im Grunde nicht allgemeiner 
ist als die spezielle, auf dem Ansatz (11) beruhende. Die gréssere Willkir kommt nur 
dadurch hinein, dass man auf jeder Stufe des in §1 geschilderten rekursiven Algorithmus 
die positive Funktion w, noch einer gebrochenen linearen Transformation mit reellen 
Koeffizienten von positiver Determinante unterwerfen kann. 
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Der Durchmesser wow® steht jetzt nicht vertikal, fiir seine Grésse d, ergibt sich 
H(n; 22) aa 

| H(n; 22) | (mn) 

Der erste Faktor rechts besteht aus Teilfaktoren der Gestalt 





Sz-dn = 














| L(y; zz) | oe 2|z2-—a,||Z —a, | 
L(v; 22) |z—a, + |Z-—a,[ — 
Setzt man 
2 — Or! = r,(< 1), 
= — an 
so haben wir 
(55) Jed, = II; = 5 / 2 (n) =U (n) /2(n). 


Der Durchmesser nimmt mit wachsendem n ab aus zwei Griinden: II(n) nimmt 
ab, weil immer neue Faktoren < 1 hinzukommen; die Summe 2(n) nimmt zu, 
weil immer neue pgsitive Summanden hinzutreten. 

3. Grenzpunkt und Grenzkreis. 


2rn ist ad 1 ai (1 =n)? 
1+r? l+r 


Der Subtrahend rechts liegt zwischen (1 — 7,)? und 3(1 — r,)?. Das unend- 
liche Produkt 





= 2r, 
(56) | | = 
Salter, 


konvergiert also oder divergiert (gegen 0), je nachdem 2(1 — r,)* konvergiert 
oder divergiert. Daher ergeben sich folgende beiden Kriterien: 

a) Divergiert }°°_,(1 — rx)?, so liegt der Grenzpunktfall vor. 

b) Konvergiert hingegen 2(1 — rn), so liegt der Grenzpunkt- oder Geonerrete- 
Fall vor, je nachdem die Summe 


(57) ik > H(nj 22) D(n; 1) 


| za,, — b,, 








n=1 


divergiert oder konvergiert. 

Dass fiir alle Werte von z mit positivem Imaginarteil entweder simultan der 
Grenzkreis- oder der Grenzpunkt-Fall vorliegt, beruht darum auf den folgenden 
beiden Satzen: 

a) Konvergenz und Divergenz der Reihe 2(1 — rx)? ist unabhdngig von dem Werte 
von z. 
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b) Konvergiert 2(1 — rn)?, so ist die Konvergenz oder Divergenz der Summe 
x(«) unabhdngig von dem Werte von z. 

Wesentlich ist, dass die Behauptung b) nur aufgestellt wird unter der “pra- 
limindren Bedingung’’ der Konvergenz von 2(1 — r,)?; und dass die beiden 
Faktoren II(n) und 1/Z(n) in d,, welche auf die Entscheidung einwirken, in 
dieser Reihenfolge a), b) und nicht in umgekehrter Folge zur Geltung gebracht 
werden.—Ist die priliminére Bedingung erfiillt, so ist lim 7, = 1, d.h. die Punkte 


no 


a, verdichten sich nicht im Inneren der oberen Halbebene. Alsdann reduziert 
sich auch im Grenzkreisfall fiir die speziellen Werte z = a, der Kreis f,, auf einen 
Punkt—aber allein aus dem Grunde, weil bereits f, fiir diesen Wert ein Punkt 
ist oder weil der Faktor 2r,,/(1 + 72) in dem konvergenten Produkt II verschwin- 
det. Fiir die richtige Interpretation des Satzes, dass die Unterscheidung von 
Grenzpunkt und Grenzkreis unabhangig ist von dem Werte von z, muss dieser 
Umstand beachtet werden. 
Der Beweis der Behauptung a) ist nahezu trivial. Wir schreiben einen Augen- 

blick zo, z¢ statt z und z* und fihren die lineare Substitution aus 

=e = c ’ 

zZ— &o 
die die obere z-Halbebene in das Innere des Einheitskreises der ¢-Ebene ver- 
wandelt. Dadurch gehe insbesondere z = a, in ¢ = £, tiber; rn ist = | f, |}. 
Es handelt sich darum einzusehen, dass die Konvergenz von 2(1 — | ¢, |)? nicht 
zerstort wird, wenn man ¢ einer linearen, den Ejinheitskreis in sich iiberfiihrenden 
Transformation unterwirft: 


tos 
' Lm Af 


Zum Beweise geniigt die elementare Ungleichung 


a (OSA <1). 
144 
1— [s/s —44-Ir)- 


Der Beweis der Behauptung b) wird durch das Analogon der in §3 benutzten 
Integralgleichung erbracht. Man findet analog wie dort: 


 f*(n) = 


(58)  s $ (eat). SAD AAP) = foln) Dm) mie H(n3 22) 





(za, — b,) (z*a, — b,) “H(n; 224) 


v=1 





Lg; (n) analog. 


Das weitere Vorgehen ist durchaus entsprechend, nur muss man noch Folgendes 
beachten. 
1) Um mit Sicherheit zu vermeiden, dass in H(n; zz) verschwindende Nenner 


— 








a i oe ' 





ee 


$e: 
Ris ; 
| bi 
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auftreten, muss man (bei fest gegebenem z), statt mit n = 0, mit einem hin- ey 2 
reichend hohen Wert n = % beginnen. In (48) lauft das Produkt jetzt, ent- . ¥ . 
sprechend der Normierung H(m) = 1, erst von y = m + 1 ab, ebenso die h 
Summe in (58). » und # sollen die Randbedingungen fe) 
f,=1, 9 = 09; fo=0, go =1 ibe 

an der Stelle n = m erfiillen. Man vergesse aber nicht, dass wir auch jetzt f : | 


damit rechnen miissen, dass in H(n; zz*) verschwindende Nenner vorkommen. 
Wir haben deshalb dafiir gesorgt, dass diese Grésse nur in Quotienten 


H(v; 22*)/H(n; zz*) (nm Sv Sn) 


















auftritt. 

2) Aus den Ausdriicken (58) fiir f}(n) und g*(n) bildet man die definite ; 
Form D(n + 1; n*#*). Auf der rechten Seite macht man bei Anwendung der 
Schwarz’schen Ungleichung wiederum Gebrauch von: 


| 
| Dev; #n*) |? S Diy; 93)-D(>; a*9"). ts 
Da ferner i 
| Lim; 224) |? S L(n} 22) -L(n; 2*2*) #4 
gilt, darf gleichzeitig 
| H(v; 22*)/H(n; z2*) |? (nm Sv Sn) 


durch das gréssere 
H(v; 22)H(v; 2*2*)/H(n; 22)H(n; 2*2*) 
ersetzt werden (dies gilt selbstverstindlich auch fiir den Faktor 
H (no; 22*)/H(n; 22*), 
den das vor dem Summenzeichen stehende Glied f,(n), bezw. g,(n) trigt). 
3) Vor der Summation nach n ist D(n + 1; n*4*) zu multiplizieren mit 
H(n +1; 2*2*) HH (n; 2*2*) 
| 2*an+1 = baat ? Lin + 1; 2*2*) : 





Mit dem zusammen, was durch Quadrierung und die Ersetzung 2) aus dem 
Faktor hinter der eckigen Klammer in (58) geworden ist: : 
| H(n; zz) P i 
H(n; 22)-H(n; 2*2*)’ 4 





gibt das 


(59) | H(n; ze) | |H(n +1; 22)| | L(n +1; 22)| \ H(n + 1; 22) 
H(n;z2) H(n+1;28) L(n +1; 2*8*) ~~ leona, — bau? 
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Die ersten beiden Faktoren in (59) sind jeder 








2r, 
< 1/0, I = —; 
dt 1 ‘3 Ts 
der dritte ist 
< 2 — An+1 Z2=— Qn+1 
bt Qn+1 z* — Qn+1 











Hinter dem X steht derjenige Faktor, mit welchem man D(n + 1; #) und 
D (n + 1; 88) vor der Summation nach n multipliziert sehen méchte. Der 
“stérende Faktor,”’ der jetzt an die Stelle von (30) in §3 tritt, ist somit 

1 
I? 


(2 — any1) (2 — &n41) 


(2* — angi) (2* — &n41) 


IA 











Von ihm muss noch festgestellt werden, dass er als Funktion von n beschrankt 
bleibt. 


4) Zufolge der praliminiren Bedingung und der unter 1) getroffenen Vorkeh- 
rung hat das konvergente Produkt II einen positiven Wert, der sogar durch 
geeignete Wahl von m so nahe wie man will an 1 herangebracht werden kann. 
Fir 


(z — an) (2 — Gn) 
(z* — an) (2* — Gn) 


erhailt man aus dem Beweise des entsprechenden Hilfssatzes in §3 die obere 


Schranke 
2 
e/(e+o- ach fs 2a), 
2rn 


in der a, b, c die Entfernungen 2*z, 2*Z, 22 bezeichnen. 
So ergeben sich fiir das Differenzenproblem die gleichen Resultate wie fiir das 
Differentialproblem in §3. 
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Introduction. A suggestive method of solving a partial differential equation 
of the type 


k k 
(1) pr (> Oyg( 2) i) = u(z) 


MY 
p=1 P \a= 


(dpq = gp) 


in which ¢ varies from — © to + ©, and x = (m,--- , 2x) is the point of a 
k-dimensional domain G is to put the desired function g(t; xz) tentatively in the 
form 


(2) g(t; z) = D> enty, (zx) 


and to separate off the variable t. Denoting the operator on the left side of (1), 
if applied to a function y(x) by A y, this leads to proper value equation 


(3) Ay = —Su(z)y 


for the quantities 8 = B,, ¥Y = ¥,(x). The solutions of (3) depend very essen- 
tially on the nature of the boundary conditions, with respect to the variable z, 
which were originally imposed on the solution g(t; x), and which, if g(t; x) is 
assumed to be of the form (2), carry over to the functions y,(z). From an 
operational standpoint the réle of the boundary condition is to make the given 
operator Ay an Hermitian operator in the Hilbert space whose elements are 
the complex-valued functions f(x), g(x), --- in G, for which | f(z) |?, | g(x) |’, --- 
are Lebesgue-integrable over G, the inner product of any two elements f, g of 
being defined by fg f(z) g(x) dx.! Consequently the most general “boundary 
condition” has the following form. Assuming that the given coefficients ay,(z) 
have partial derivatives of the first order (in G@), consider a linear set F of §, 





‘For properties of Hilbert space and its operators we shall refer to the papers of J. von 
Neumann [11], [12], [13], [15], and to the treatise of M. H. Stone [22] listed in the bibli- 
ography at the end of the present paper. 
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consisting of functions f, g, --- which have partial derivatives of the first order 
such that for any two elements f, g of F, the integral 


[do - A-alax 


o [hae DSH) 
-[[BA@rt--d)]= 


exists in any general sense and has the value zero. (If G is bounded and has 
a sufficiently smooth boundary, the integral (4) transforms into an integral over 
the boundary of G and the vanishing of (4) practically amounts to a boundary 
condition in the traditional way; compare [11], p. 49-50.) And g(t; x) satisfies 
the boundary condition, if for each fixed value of t, it is an element of F; in other 
words, if the range of the “abstract” function g; = g(t; z) (- » <t< +.) 
lies entirely in F. 

The method of solving (1) by separating off the variable ¢ in the suggested 
way, presupposes the possibility of putting ¢(¢; x) in the form (2). Now, forget- 
ting about the variable z, the only functions g(t), — © <¢t< + ©, which can 
be reasonably represented by a series of the form 


(5) >» Wn gifnt 





are the almost periodic functions of H. Bohr (compare [6])._ Bohr’s definition and 
theory of almost periodicity can be easily adapted to functions y; whose values 
lie in § (assuming the strong topology of $),? and thus we are led to the question 
whether the solutions of (1) have the property of almost periodicity. . This 
question was raised and answered by Muckenhoupt [10] for the one-dimensional 
problem 


deg ay 
©) 2 (atz) 2) = nla) % 


a S x S B in the case of the simplest boundary condition f(a) = f(8) = 0. 
Assuming a(x) > 0, u(x) > 0 he could show that every solution of (6) is almost 
periodic (in ¢). Later Bochner [3] investigated the general equation (1) under 
general boundary conditions (somewhat different from the boundary conditions 
described before), also generalizing the assumption a(x) > 0, u(x) > 0; and he 
established the almost periodicity of the solutions ¢; in the general case, but only 
by adding a novel assumption which did not appear at all in Muckenhoupt’s 
case. The assumption being that the range of ¢; be a compact set in © (in the 





* See Bochner [2]; in the following, in the actual enunciations and proofs of our theorems, 
we shall not make use of the details of this paper. 
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strong topology),’ or, as we shall say, that ¢, be a compact solution. A few 
remarks will elucidate the réle of this assumption: (i) The assumption is not a 
restrictive one, in other words, every almost periodic function has eo ipso a com- 
pact range. This follows immediately from Bochner’s version of Bohr’s defi- 
nition of almost periodicity which, in our case, requires that every infinite 
sequence of real numbers {t,} contains a infinite subsequence { t}}, such that 
the sequence {1+} is uniformly convergent in — ~ < t < + o, compare 
(1], and [2], § 2. (ii) Our assumption is really necessary. For consider the 


2 ae. : 
equation - = on in the domain G: — © <z<+4o. If F(z) is any fune- 


tion in — © <x < + © which has a continuous second derivative and which 
vanishes outside a finite interval (—a, a), then gy; = F(x + 2) is a solution 
which satisfies all assumptions required in [3], except the assumption of com- 
pactness; namely, if t, = 2a, then 


Ile — ey 1? = 2 | | F(x) ? dz = constant > 0 (u # ») 


meaning that the sequence {¢,,} is not compact, and thus the function ¢, not 
almost periodic. (iii) In the special case considered by Muckenhoupt the 
compactness of the solutions must, of course, be a consequence of the equation 
and the boundary conditions under Muckenhoupt’s special assumptions, and 
this can also be verified directly. 

We now turn our attention to equations different from (1). An important 


problem is the equation 


re) 
(7) Ag= >, g = ot; 2,y,2) =e, 
with A being = — o(* + = + =) as in problems of heat conduction 
ax? ay? © az? . 
or = an H, where H is the energy-operator in Schrédinger’s (compare [19]) 


h 
quantum mechanical equation for non-stationary states. (In the simplest case 


H has the form 
i? (#? . # 3 
-*(% T ay? + #) + V(z, y, 2), 
so that the main difference of the two cases is the factor7in A). From what is 
known about the nature of the solutions of (7), it readily suggests itself (and it 
will follow from our general theorems) that also in the case of equation (7), for 


general classes of operators A, every compact solution ¢;, is, of necessity, almost 
periodic. 





r This is the topology which is based on the notion of distance \llf-—g ||. Compare, for 
this distance-notion, [22], p. 5, Theorem 1.2, [11], p. 65, footnote 27, and for the strong 
topology: [12], p. 378. We shall be concerned exclusively with the strong topology in $. 
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Equation (1) is a differential equation of the second degree in t, (7) is of the 
first degree. They are both special cases of the functional differential equation 


n 


on” 
(8) be at” A,¢ = 0. 


v=0 


Herein ¢, is a function of t, in — © < t< + ©, whose values are the elements 
of a given Hilbert space $, and Ao, --- , An, are general operators in §. Thus 
if S consists of functions f, g of variables z, y, z, --- , the operators A,g may be 
of an arbitrarily complicated character in these variables. With respect to the 
variable t, (8) is an ordinary differential equation, its degree being any integer n. 
We shall prove that under certain restrictions on the operators A,, every com- 
pact solution ¢g; is almost periodic. If ¢; is (continuous and) almost periodic it 
can be represented by a series of the form (5), in which the 8, are real numbers 
and y,is in §. Inversely if a series of this type in some grouping of its terms 
converges uniformly in — © < ¢ < + o then its sum is an almost periodic 
function; and in our case we shall prove directly that every compact solution of 
(8) admits of such an expansion, and, therefore, is almost periodic. 

We shall use two alternative restrictions on the given operators A,.‘ 

I. The operators A, and their adjoints A* commute all with each other (in 
particular, each operator A,, commuting with its adjoint, is a normal operator).5 

II. All operators A, are polynomials of one Hermitian operator A.® 





4 Equation (1) does not fall directly under any of the following restrictions. But it can 
be easily transformed into an equation to which our theorems apply. We shall deal with 
this point in §9, Part II. 

5 The notion of commutativity, in its literal meaning (compare, e.g. [12], p. 374) applies 
only to bounded operators. For general operators, the notion is more elaborate, and it 
was introduced and discussed in the second half of [12]. Accordingly, restriction I can be 
thus stated that the set (Ao, Ai, --- , An)”, whose elements are always bounded, see [12], 
p. 404, 405, shall be an Abelian set (i.e. that any two operators of this set shall commute). 
And it is this notion of commutativity which is meant in restriction I. 

A more analytic way of putting restriction I is to require that each operator A, be 
representable in the form ff z dE,(z), E,(z) being a two-dimensional resolution of the 
identity, such that all operators E,,(z;), E,.(z2) commute (in the literal sense), compare [12], 
p. 410-420. 

It should be noted, however, when comparing these two formulations of our restriction, 
that the first is entirely explicit, while in the second the E,(z), although uniquely deter- 
mined, are defined only by implicit properties. 

6 If the A, are polynomials of A, then (Ao, --- , An)’ D(A)’, (Ao, +++ , An)” & (A); 
hence (Ao, --- , An)’ is Abelian if (A)’’ is Abelian. Now if A happens to be normal, 
(A)’’ is Abelian, and hence, by footnote 5, the operators Ao, --- , An and their adjoints all 
commute with each other. 

If a Hermitian operator A is normal it is hypermaximal, and if it is hypermaximal it is 
normal and Hermitian. (For the notion of hypermaximality, or self-adjointness, see [22], 
p. 50, definition 2.11, and [11], p. 72, Def.9). Thus we have found: if the operator A of 
restriction II is hypermaximal, this restriction is a special case of restriction I—but we 
did not require A to be hypermaximal. 
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Besides Restriction I or II some other restrictions of minor importance will 
have to be incorporated in the actual theorems which we shall fully enunciate in 
Part II. On the other hand, our assertion that every compact solution is almost 
periodic will be amplified by pertaining details. 

The importance and the character of the restrictions I, II will be best appre- 
ciated if we consider some examples in which compact solutions actually fail to 
be almost periodic. 

Consider the following special case of (8): 


9) Fat(ztZ)en0. 


(n= 1, Ao = LAr=2+2;- <z<te). Here 
(10) a = ett tat—4t2 


is obviously a solution. On account of 


(11) lee ||? in f emezt+ezt—12 ye m- 2 e72a—-)® 42 dr — 4/5 en3? 


—20 


¢: belongs to , and is compact, since it is continuous in ¢ and tends (strongly) 
to0fort—>=+ ©. But just this convergence to 0 excludes almost periodicity.” 

In this example Ao = 1 is entirely harmless but A; is not normal.* If we 
multiply (9) by e**, we obtain 


a t) 


n=1,Ao = e”, A; = & . + ze”, Here Ao, A; are normal, but they do not 


commute,’ and (10) is again a compact solution. 
Thus restriction I is really needed. It is however not always simple to decide, 
if a set of operators satisfies it. For instance, if all A, are polynomials of one 





’ Relation (11) exhibits directly the fact that || ¢: ||?is not almost periodic, and therefore, 
gr either, 
* An exact discussion of this operator can be given along the lines of the discussions in 


0 
[22], p. 428-430 and 441. Its adjoint isz — ra 


* Ajand i A, are hypermaximal: this is obvious for Ao, and follows for i A; from z ¢** = 
4 


ld Ee 

ods (e**) by [22], p. 425, 428, Theorems (10.6), (10.7). (since / nis finite, the first 
—o 

subcase of Theorem (10.6) arises; some boundary conditions for’ — + © are necessary, 


but it is easily seen that the solution (10) fulfills them. 
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normal operator A, then I means, as was pointed out in footnote 5, that A must 
be hypermaximal—and the question, whether a given operator is hypermaximal 
or not, is in many practical instances a rather difficult one to answer (Compare 
[22], p. 397-614, Chapter X, which is mainly dealing with such questions). In 
this case, however, restriction II is effective: it states that A need only be 
Hermitian—for which property easily applicable formal criteria are available 
(see [11], 49-56, in particular footnote 2). 

It remains to settle in which sense the differentiation with respect to t¢ in the 
equation (8) is to be taken. From the outset there is a certain ambiguity 
involved. If g: = g(t; 2, y, ---) we might take the differentiation as it stands, 
namely as a partial differentiation of A,o(t;z, --- ) with respect to ¢; or we might 
take it as a (properly defined) differentiation of the “abstract” function ¢,; (this 
latter sense was adopted in [3]). But it so happens that in important equations, 
there occur solutions to which none of these processes of differentiation are 
directly applicable.” On the other hand, in the general theories which exist 
for the solution of the equation (8), it is natural to admit as solutions certain 
functions g(t; x, y, z) to which the operator A cannot be applied directly, but 
to which A applies if first integrated with respect to ¢." In order to meet 
these possibilities we shall replace equation (8) by an n-times integrated form, 
in the following manner. In Part I we shall introduce, for our “abstract” 
functions ¢; the notion of an integral. This will enable us to consider the 


expressions 
t ty to tm—1 
I? - | at, f at, f ff Atm Lim 
0 0 0 0 
(13) ; 
= i (¢ — gs)" ¢; ds 
0 
form =1,2,---. And adding the definition 
(14) Iva = % 
we shall replace (8) by the relation 
n n—1 
(15) x A,(Ii¢,) = do o,¢", 
v= n=0 


where the w, are perfectly arbitrary constant elements of ©. 





1¢ A particularly striking example of this type of behaviour is given by the solution of the 
wave equation in Dirac’s theory of light (see Dirac [8]; an exact solution was found by 
Weisskopf and Wigner [23]}. For this solution the inner product of g; and go is asymptot- 
ically 1 — c|¢|, in the neighborhood of ¢ = 0, (c being a positive constant), and thus not 
differentiable at ¢ = 0. 

1 In the equation of heat, if a > 0, the initial function go = ¢ (0; z, y, z) may not be differ- 
entiable in the variables z, y, z. And in the case of the Schrodinger equation even such 
variable points g; have to be admitted as solutions (in order to remain in agreement with 
the customary interpretation of the theory, cf. [16], p. 108), where for no value of ¢ the 
operator A, applies directly to ¢. 
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Part I. Preliminaries 


1. Let ¥: be a function, defined for a set of real numbers ¢, whose values are 
elements of a Hilbert space $. The integration theory of Lebesgue applies to 
such functions to a wide extent,’ and we are going to give a brief survey of the 


facts we shall need. 

A function y, is measurable, if for any f of , the numerical function (y,, f) is 
measurable; it is sufficient to know that this holds for the elements f = w;, ws, --- 
of a fixed complete normalized orthogonal system, because of 


WD =X Ws 0) Gop. 


In particular, y; is measurable if it is continuous (even in the weak topology), 
see [12], p. 378, 379. The product of y, with a numerical measurable function 
a(t), and the inner product with another measurable function x, 


(We ’ Xe) = > C7 ’ Wp) (xe ’ Wp) 


p=1 
are again measurable. In particular, 


Zl ” Vis ¥) 
is measurable. 
If, moreover, || yz || is integrable, we call y, itself integrable, and for any 
measurable ¢-set 7’ the integral f dt can be characterized in the following way. 
T 


We introduce, for f in §, the linear functional 


L(f) = [Wu dt. 
Putting C = f || ¥: || dt, we have, by Schwarz’s inequality, 
LOS L1GuA Lats Sllvell IIS a= C-SI; 


therefore, by a well-known theorem of F. Riesz (comp. [11], p. 94, footnote 52), 
there exists a unique element f*, such that (f*, f) = L(f). Defining f y. dt to 
be this f*,—thus 


(16) (f ve dt, f) = f i, f) dt, 
r T 
we obtain an integral with the customary properties of Lebesgue integral. 


2. Now let us consider these notions in the most important “realizations’’ 
of the “abstract” Hilbert space. 





* See [14], 572, and [4]. In the latter paper the values of the functions are elements of a 
space more general than §, and the notions of measurability, integrability and integral, 
are defined in another way than in the present paper; their equivalence could be easily 
established. 
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Realization 1. Let © be the space {p of all sequences (11, 22, --- ) of complex 
numbers with a finite >>,°, | z,|2, the inner product of f = (x, 22, --.), 
9g = (ys, ya, «++ ) being (f, g) = Do p=1 Zp Gp, see [22], p. 14, and [11], p. 108. Put 
¥, = (x(t), z(t), --- ). Using the complete normalized orthogonal system 
w, = (1,0, 0,---), w = (0, 1, 0,---),--- , we see: y is measurable if and 
only if all (¥1, wp) = 2p(t) are measurable, and putting 


Jydt = (ys, Yr; nr ), 
T 


we obtain from (16), substituting f = w,, 


(17) Ue = J x(t) dt, (p = 1,2,---). 


3. Realization 2. Let M be a measurable subset of a Euclidean space with a 
measure > 0, or a more general'® set in which a Lebesgue measure is defined, 
and let © be the space L¥ of all complex-valued functions f(P), which are 
defined in M, are measurable, and have a finite f | f(P) | ? dup, the inner prod- 

M 


uct being (f, g) = J f(P)g(P) dep, see [22], p. 23-28, and {11], p. 109-111. 
M 


Consider now a function y; of t. We have ¥; = ¥:(P) = v(t, P), but y (t, P) 
is not determined uniquely by ¥:: we may change it arbitrarily for any ¢ on a 
P-set of measure 0, that is on any (¢, P)-set S, for which each S;, has the 
P-measure 0, if we define S,, as the set of all P for which (to, P) belongs to S. 

If y(t, P) is measurable in (t, P)“ then for every f = f(P) of $, y(t, P) f(P)is 
(t, P)-measurable and thus (¥:,f) = J Y(t, P) f(P) dor is t-measurable.* Thus 

M 


y, is t-measurable. 
Applying Fubini’s theorem in the generality of footnote 14, we find, using the 
Schwarz-inequality, 





13 In the applications in the present paper, M will always be one-dimensional Euclidean. 

4 Note that we are using three notions of measure and measurability: in ¢ which is the 
normal Lebesgue measure for numbers; in P, which is the assumed Lebesgue measure in M; 
in (t, P), which is the Lebesgue measure for the product-space of the t- and P-spaces; the 
latter measure being, in case M is k-dimensional Euclidean with the usual measure, the 
usual (& + 1)-dimensional (Lebesgue) measure. (For the definition of Lebesgue measure 
in a product-space, compare, for instance [15], p. 588.) 

% This follows from Fubini’s theorem, [7], p. 632, Theorem 4, or by considering the four 
expressions maz (real part, 0), maz (— real part, 0), maz (imaginary part, 0), maz (— imagi- 
nary part, 0), separately, from p. 630, Theorem 1. However, in all these theorems loc. cit. 
the integrand is assumed to be summable over the entire (t, P)-spaces. But in the second 
theorem this assumption is unessential. For, every real, non-negative and measurable 
integrand is the limit of a non-decreasing sequence of non-negative summable functions 
and the limit theorems on measurability and Lebesgue integrals yield the desired result 
(compare [7], p. 382, theorem 11, and p. 422, theorem 1; the integrands being non-negative, 
we admit divergent integrals attributing them the improper value + ~). 
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f(f| wt, P) | dt)? due = f j i | v(t, P) | - | v(t’, P) | - dup dtde’ 
M T 


= SJ (f | v(t, P) | - | Wt’, P) | doe) - dede’ 








SSS VITOG PIP dee - VITO, PY? dor « dt’ av 
= Sf llvell «Ive Il - dtaer = (f || vel any 


Thus f (f |W (t, P) | dt)? dup is finite, and therefore f | y (t, P) | dt is finite for 
M T T 


all P, except perphaps for a P-set of measure 0. Thus y(t, P), | y(t, P) | 
are (absolutely) summable over 7' for every P, except perhaps for a P-set of 
measure 0. We can define 


x(P) = Sut, P)dt, x(P) = f | y(t, P) | dt, 


and have 
J x(P) |? dup S J | x(P) |? dup S (J Il ve || dt)?, 


and so x, xi belong to . Iff = f(P) also belongs to M we have 
Silvie P)|-|f(P) | - dup dt = Sxl?) -|f(P) {| + dee = (x, [Ff |), 


and thus ¥(t, P) - f(P) is (absolutely) summable over the product-space of M 
and T. Therefore [7], p. 632, Theorem 4 applies: 


(x, f) = [ x(P) f(P) dup = fiw P) f(P) dup dt = f (vi, f) dt. 
Comparing this with (16) we obtain x = f ¥, dt. In other terms 
(18) (fy. dt) (P) = f y(t, P) dt ; 


this relation,—a close analogue to (17)—means that the integration of the 
“abstract” function y; can be carried out simply by integrating the numerical 
function ¥(t, P) with respect to ¢ (for all P with the possible exception of a 
P-set of measure zero). 

Relation (18) is effective only if y(t, P) is (¢, P)-measurable, but if y; is 
t-measurable, y(t, P) need not be (¢, P)-measurable, because it is defined only 
up to a (t, P)-set S for which all S, have the P-measure 0, and such an S may 
be non-measurable.* However, if y; is measurable, there is at least one choice 
of Y(t, P), for which it is (t, P)-measurable. In order to prove this, we map M 
in a one-to-one and measure-preserving way on an interval 0 S$ zt <a 





e Sierpinski [20] has constructed a non-measurable set of the Euclidean (¢, z)-plane 
which intersects each line t = to in two points only ! 
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(0 <a < + ~) with its normal Lebesgue measure” and subsequently assume 
M to be the interval 0 S x < a, and put P = x. The function 


lforOSzx<y 
0,forySt<a 





f, =z) = | 


belongs to © for each y > 0, and is y-measurable. Thus, (1, w2, --- being any 
complete normalized orthogonal system), 


(vt, fy) = z (gr, Wp) (fu) @p) 


is (t, y)-measurable. But if we use any ¢(t, x) with g; = ¢.(z) = ¢(¢, z) (which is 
necessarily z-measurable for each fixed ¢, but need not by (¢, z)-measurable), 


(v1: fu) = S5 olt, x) f(x) dx = Jo olt, x) de. 


Hence 
Bt, y) = So g(t, x) dz 


is (t, y)-measurable. By the well-known theorems on differentiation of Lebesgue 
integrals (compare [7], p. 644-546), ¢(¢, x) equals 


gilt, ) = lim sup u(a(, 2+ ») — dt, 2)) 
N—+00 N 





” Tf M is any one-dimensional set and its Lebesgue measure is the normal one (as will be 
the case in our applications) this mapping is even unnecessary. The proof we are going to 
give applies literally, if the auxiliary function f,(z) is defined to be 


lforz <y,zinM 
f(z) = . 
O0forz2 y,zinM 





y 
andallintegrals i are replaced by integrals [ » where M(y) is the set of all z in M 
: 10 M(y) 
withz<y. This procedure also takes care of all the subsets M of an Euclidean space, if their 


Lebesgue measure is the normal one; it is only necessary to map the whole Euclidean space 
in a one-to-one and measure-preserving way on the one-dimensional space. This is done 
in a very simple way by a Peano-curve, as was shown by Steinhaus [21], pp. 24-28. Map- 
pings for any subset of an Euclidean space where given by F. Riesz ([18] p. 497) and J. 
Radon ([17], pp. 1342-1349). 

For a general M, finally, the possibility of a one-to-one measure preserving mapping on 
an interval was communicated to one of the authors M. H. Stone, and it can be proved 
by using certain considerations in [15]. The considerations on p. 601-605, Chapter II, §8, 
loc. cit. lead to this result, if they are simplified by omitting the sets A, and the vari- 
able x, restricting them to the sets K, and the variable ¢ (p. 602), and replacing the 
square 0 S z, ¢ < 1 by the interval 0 S = < ao where ao = total measure of M. (This con- 
struction is closely related to that one of Radon, loc. cit.) 





OPERATIONAL-DIFFERENTIAL EQUATIONS. I 265 


for every fixed ¢, except perhaps for an z-set of measure 0 depending ont. But 
gi(t, x) is also (¢, x)-measurable and we can obviously choose yg; = ¢,(t, z). 


4. So far we dealt with integration of “abstract” functions. The following 
preparatory lemmas are of a different nature. 


Lemma 1. Let Ai, Aa, --- , A be bounded linear operators in $ for which 
(19) ' jim A,f = Af 


for each f (strong topology!), and 


(20) ASI] SCs ll GM=1,2,--- fing) 


Then the limit relation (19) holds uniformly in any compact set & of . 
Proof. Otherwise there would exist an e > 0, two sequences ny — + ~, 
my — + ©, and a sequence fy from , such that 


(21) || Any u —Amyfu || 2 €, M =1,2,.-.-- 


Replacing fu by a convergent subsequence (® is compact), we may assume as 
well that fi, fo, --- hasa limit f. Now, the uniform boundedness of Ay, namely 
assumption (20), implies 


lim (Anyfu — Amyfu) = Af — Af = 0, 


M-o 


in contradiction to (21). 
LemMa 2. Let Dti, Mte, --- be a sequence of mutually orthogonal closed linear 


manifolds in $, ¢ any element of Mi + Mte + ---. If g% ts the projection of ¢ 
in My, then 


(22) g=D¢", 


and the convergence of this series is uniform if g runs over a given compact set ®. 
Proof. Denote the projection operators of Dt:, Mt: + Me, --- ,Mi+M2+ --- 

by Ei, He, --- , E respectively ([{22], p. 70, and [11], p. 74). Since lim Exf = Ef, 

g= Ey celine g= Jim Ey ¢, and this proves (22). Remembering || Eyxf || 


| f || (the By are seejiotind operators!), the uniform convergence of (22) follows 
now from lemma 1. 


5. If p(z) = }>%_, a, 2 is a (complex) polynomial of the variable - if a, #0, 
and if A is an arbitrary operator in $, we define p(A) to be > Fao a A’, its defini- 





‘8 Assumption (20) follows from the previous ones, see [12], p. 382, in particular footnote 


35. But this is of no consequence in the present context. 
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tion domain being the set of all points f of 5, for which the m successive ex- 
pressions Af, A(Af), --- ,A(--- A(Af)) are all defined. If A is linear, p(A) 
is obviously linear. Now, of importance is the following lemma. 

Lemma 3. If A is a closed and Hermitian operator, and dm ~ 0, the operator 
bm a, A* (as just defined) is also closed.” 


Proof. Multiplying the polynomial-operator by 7 we can obviously assume 
am = 1. Owing to our assumption on A, we have, for0 <A’ < m 
|| APs [PP = (ASAP) = (AS, Af) & || AMZ |||] 42“F II. 


Hence 





|| As || < || AF || - || AX“f ll 


From this it follows, as for convex functions of a continuous variable, (0 < 1 sm) 
l m — | 

(23) Ways faye 2s ye 

Replacing A by 6 A, @ > 0, (23) goes over into 


poe os m—l_ 
A's] Sor |] Ams] + Mo HGH. 
Thus corresponding to any « > 0, there isaC = C(e), for which 

|A'f|| Se l[A*f]| + C|lfll, 0O<l<m. 





1° For the definition of a closed operator see [22], p. 38, definition 2.5, and [11], p. 70, 
definition 5. 

The condition that A be Hermitian is necessary for the validity of ous Lemma. Con- 
sider in ‘‘realization 1’’ of our Hilbert space the operator A f which is defined as follows. 
Denoting f by (21, 22, ---) then A f is defined if 5 anal n? |ten—1|? is finite, and putting 
A f = (%, ys, +++), let yon-1 = 0, Yon = % Zant. It is easy to verify that A f is closed. 
Now, A? has the same domain as A, and, on its domain, A? is zero. But A? is not closed, 
its closure being the operator zero over the entire space. 

~*Ifp, Ss 82)! < Rs 
function of 4. Therefore 


then prz1 — pr= Px» — pr-1. Thus pa — py-1 is a non-decreasing 


~| 


1 ™ 
a > (m-— pu 


l 
z. (px — pra) 
A=/1+1 rA=1 


or 
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Choosing ¢ such that 


(FE laijess, 


A=0 


we infer the existence of a number C’ for which 






































4||A™S || -—C'llfll s 2, nArf Sal[Anf|ll+C' lls ll, 
Anfll <2] 3 as] + 20° II). 
Thus, if lim || fv || = 0, the relations 
N-+00 
lim || A™fw || = 0, lim || >> a, A*f|| = 0 
N— +00 N—+00 |] A=0 
are equivalent, and by (23) we also have 
lim || A*fy || = 0 for \ = 0,1, ---,m. 
N-> +00 
Assume now that a sequence {fy} has the following properties: 
(24) lim tw = J; 
N->+00 


all }>%- a, A*fw are defined (i.e., all A"fy are defined), and 


(25) lim >. a A* fy = £%, 

N—+0 4=0 
By the definition of closed operators ((22], p. 38, Definition 2.5, and [11], p. 70, 
Definition 5) what we have to prove is that >> %~» a, A” is defined also for f and 
has the value f*. From (24), (25) follows 














lim | fue — fv || = 0, lim > AM fu — fr) = 0, 
M,N—+00 M,N—+0 || A=0 
and therefore, by what we have shown, 
lim A(fu — fx) =0, OSA Sm. 


M,N—+0 
Thus, each sequence A* fy has a limit g, 0 <  < m, of course g® = f, and 
Limo a g™ = f*, As A! fy, A(A® fy) = A*fy have the limits g°-, g and 
A is closed, Ag®-” is defined, and = g®. Thus all A*f,0 S A S m, are de- 
fined and = g™, Therefore }>%-» a,A*f is defined and = f*. 


Part II. The Theorems 


In the present part we shall enunciate and discuss our theorems. The proofs 
will follow in Part III and IV. 
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1. Assumptions. 

a) We consider a Hilbert space $, and in this space closed linear operators 
Ao, A1, --- ,An (compare [22], p. 38, 39, and [11], p. 70), a variable point 
oy, — © <t< + ©, and narbitrary points wo, «1, --- , @»—1 (not depending 
on t). 

b) ¢: is integrable in any finite interval (§1, Part I), and, defining the ex- 
pressions I’, by (13) and (14), A, is defined for all Iiy,, except perhaps for a 


t-set of measure zero (v = 0, 1, --- , ), and the relation 
n n—1 
(26) dX A,Tie) = Lo," 
v= p= 
holds. 
c) The set # of ally, — © <t < + , is a compact set of § (in the strong 
topology). 
d) If y satisfies all relations 
(27) Aw =Ay=.--=Aw=0 
then y = 0. 


TuHeorEM I. If the assumptions a) — d) hold and tf the operators A, and their 
adjoints A* commute all with each other® then the following statements are true. 

There is a (finite or countably infinite) sequence of mutually orthogonal closed 
linear manifolds Iti, Me, --- with Mt + Me + --- = GH such that 

A. Every A, is reduced by every Dn! 

B. Every A, is, in every given Mtv, a bounded operator (and therefore defined 
throughout tw)! 

C. Except perhaps for a t-set of measure 0, ¢: can be expanded into a series 


(28) 2 => ¢%, g’ belongs to Mtv” 
N 


which (af infinite at all) converges uniformly for all t. 
D. Each ¢* can be written as a finite sum, ly S n, 


ly 
(29) ra = p efP nial Vy.¢ ’ 
q=1 
where Yw,q belongs to Mtn and is independent of t, and By,q is a real number. 
E. The following equations hold. 


(30) p> (iBw,q)"-’ Avwn,q => 0, N= 1, 2, eee 5 7= 1, eee ly. 





21 Compare [22], p. 150, 151, and [11], p. 78-80. 
22 Thus o4 is the projection of ¢, into My. 
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TuEorEM II. If the assumptions a)-d) hold, and the operators A are poly- 
nomials of one Hermitian operator A® 


(31) A, = >) aA (the a,, are complex numbers) , 


not all of which are constants, and if the equations 


> (iB)"-" a,» = 0, 


»y=0 


(32) A= 0,---,m 
have no real root 8 in common, then the following statements are true. 
There is a closed linear manifold IN such that: (i) A is reduced by M,?* (ii) 
A is in Mt hyper-maximal® and has there a pure point-spectrum,” (iii) except 
perhaps for a t-set of measure 0, ¢: belongs to M, and (iiii) there is a (finite or 
countably infinite) sequence of mutually orthogonal closed linear manifolds Dh, 
M.,--- with Di + Me + --- = Mt (not H), such that the assertions A. — E. 
hold in literally the same form as in theorem I. 


THeorEM III. Ifthe assumptionsa)-c) hold, and the operators A , are polynomials 
of one Hermitian operator A, see (31), not all of which are constants, and if the 
equations (32) have no real root 8 in common, than the following statements are true. 

There is a closed linear manifold M, such that 

A’. A is reduced by I. 

B’. A is in Mt hypermaximal’ and has there a pure point-spectrum.* 

C’. Except perhaps for a t-set of measure 0, ¢; belongs to M. 


2. Our theorems are the more true, if the underlying space is not the count- 
ably-dimensional Hilbert space, but a finite dimensional Euclidean space (with 
the other properties of Hilbert space). This will be clear from the details of the 
proofs. But the Euclidean case can also be directly reduced to the case of a 
proper Hilbert space by adding a countable infinity of components to the 
Euclidean space and extending the given operators Ao, Ai, --- , A, by the con- 
vention that they be zero on the space elements which are formed by the added 
components. 

Incidentally, if the space is finite-dimensional, the enunciations and proofs of 
our theorems may be simplified considerably—but we are not primarily in- 
terested in this case. 


3. As regards assumption (31) its precise meaning is the following. If 
p(z) = >-%-5 a,2* is a (complex) polynomial of the variable z, if m, is the great- 
est X with a, ¥ 0, and if A is anarbitrary operator in §; then we define p(A) to 
be }-%.» a, A its definition domain being the set of all points f of § for which 





* That is, there exists a normalized orthogonal system 41, &2, --- , which determines the 
closed linear manifold MM, and a sequence of real numbers w;, ws, --- such that Ad, = 
Wp @ for p =1,2,---. 
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the m, successive expressions Af, A(A f), --- , A(--- A(A f)) are all defined. 
Using this definition of the domain of p(A), we proved in Lemma 3 that for a 
closed Hermitian A, p(A) is also closed. As lemma 3 will be needed essentially, 
we observe that the introduction of the exact degree m, of the polynomial p(z) is 
essential for its validity. 


4. Assumption d) in Theorem I and II cannot be dispensed with. Namely if 
there is a common non-trivial solution ¥ of the equations (27), then, for every 
bounded measurable numerical function c(¢), the function y, = c(t)y is a compact 
solution of our equation, but y; is not almost periodic unless c(t) is almost 
periodic. 


5. The condition, in Theorem II and III, that the equations (32) have no 
real root 8 in common, is likewise necessary. If 8 were a common root, each 
¢. = e*® Y would satisfy the assumptions of the theorem, provided that y is 
so chosen that Ay, A’, --- , A™y are all defined and A would remain entirely 
unrestricted. (For instance, it could be hypermaximal, with a pure con- 
tinuous spectrum). On the other hand it is not difficult to formulate the changes 
which the abandoning of this condition would bring about in the theorems. 
They are not essential, and we do not propose to pursue the subject beyond our 
statements. 


6. As regards the réle of our theorems, we observe that the emphasis lies on 
Theorem I and Theorem II, not on Theorem III. Theorem III, which does 
not employ assumption d), does not assert the statements C — E, or any other 
statements implying the almost periodicity of y,, and therefore, has no interest 
of its own in the present context. We enunciated Theorem III for technical 
reasons only; namely, Theorem II results from a combination of Theorem I and 
Theorem III. In part II and III we shall give detailed proofs of the latter 
theorems, and we are going to show now that Theorem II is a simple consequence 
of them. If the hypotheses of Theorem ITI hold, then, by Theorem III, there 
exists a closed linear manifold 2 with respect to which the assertions (i)—(iii) of 
Theorem II hold true. On account of this, substituting the space Mt for H in 
Theorem I, all conditions of this theorem are satisfied, and the statements of 
this theorem are precisely the assertion (iiii) of Theorem II. 

Incidentally, in Theorem II, the relations (30) can be written 


pe (> GB)" dra) AM = 0, N= 1, 2, eeey 


X=0 \y=0 qg=1,--:,lv. 


Using the @, of footnote 23 we see that, expanding yw,, in an orthogonal series of 
the @, @2, --- only those 4, can occur for which 


(33) pD (s (itn)"*ax) w= 0. 


v=0 
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By one of our hypotheses this polynomial in w, does not vanish identically, hence eee 
there exists only a finite number of w,, the number being < m. Thus every eh we 
yw. is a linear aggregate of terms belonging to not more than m different 
proper values Wp. 


7. Thus, the method of finding the compact solutions by separating off the 
variable t, as described at the beginning of the introduction, is not precisely 
legitimate for general equations of the form (8), but it comes very near the actual Ate 
facts in case the operators A, are polynomials of one Hermitian operator. ee 





















8. Of special interest is the equation 


ve 
(34) ae = Ae 





which includes equation (7), n = 1, and equation (1) for u(x) = 1, = 2, (of 
course, (34) is to be understood in the integrated form corresponding (26)). 
In this case Ag = 1, A, = A, and A,=0,1S»sn—1. Sothat, according to 
Theorems I and II, if A is normal, or Hermitian, every compact solution ¢; is a 
uniformly convergent sum of expressions (29), whose “elementary” parts e* y 
are themselves solutions of the given equation. In particular, each (78)" is a ; ‘4 ’ 

, proper value of the operator A. In case n is odd, (i8)* is pure imaginary, and iad 
thus can only occur if A is not hypermaximal. This is in keeping with the 
known fact, that the solutions of the heat equation cannot “‘as a rule,’”’ be com- 
posed of discrete elementary oscillations. 


9. For a general u(x), equation (1) has the form 


iad Aogr 
ot? 


where Ao = u(x), and, unless »(zx) is of a very special form, our theorems, as they 
stand, will not apply. But usually u(x) > 0, and this implies that Ao is posi- 
tive-definite. Thus we can form A>’. If we even have 0 < a S u(x) S 
b< + o, then A}, Aj? are bounded, and thus we can form the operators 
A, = Aj! A, Az? for» = 0,1,2, --- , n(Ay = 1), and at the same time the trans- 
formation A} y = y leaves the compactness of ¢; unaffected, and its inverse 
¥ = Aj! ¢ the almost periodicity of the resulting ¥: Now multiplication 
by A>? carries (8) into 


(35) = Ay; ’ 





pope eas 


For instance, in the case of equation (35), if A is Hermitian, then so is A’, and 
Theorem II does apply. 
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Part III. Proof of Theorem I 


1. We shall assume throughout this part, without further mention, that the 
operators Ao, --- , An and the function ¢; satisfy the hypotheses of theorem I. 
We shall treat Theorem I by various steps, and we first dispose of a special case. 

Lemma 4. Theorem I holds if S stands for a 1-dimensional space (see §2, part II). 

Proof. Let Yo be an element of space, ~ 0; then g; = a(t)yWo; and the com- 
pactness of y; means that the numerical function a(t) is bounded. Every opera- 
tor is simply a multiplication by a constant, thus A,x = c,x. Hence (26) reads 


SD) oI; alt) = Soe. 


v=0 u=0 


(Here, as subsequently in similar statements, a t-set of measure zero may be 
excepted.) This is an inhomogeneous differential equation for Ia(t) with con- 
stant coefficients. Therefore J%a(t), and consequently also a(¢) itself, is a finite 
linear aggregate of terms of the form ¢? e+ (9 = 0,1, 2, --- 58,7 real). 
Since a(t) is bounded, all p and y are zero, hence 


l 
a(t) = pe b, etbat , 


q=1 


where 


> (iB,)"" c, = 0; 


v=0 


and the statements A — E (of theorem I) hold for Dt, = § (no other Mty’s), 
g: = enh =1, pig = bo; Big = Ba- 


2. Let 3 be any closed linear manifold of § which reduces all A,. Then the 
hypotheses of Theorem I are also true in Jt (that is for the part of Ao, --- ,An 
in MN and the projection of ¢; in NM). This is obvious for the assumptions a), 
b), d), and also for c) because the projection of $ into Jt is a continuous operation; 
and that the A, and their adjoints commute also in 9 is a consequence of the 
condition that Jt reduces all A,.** This enables us to formulate the following 
lemma. 


Lemma 5. Let Iti, Ne, --- be a (finite or infinite) sequence of mutually orthog- 
onal closed linear manifolds, with Ni + Ne + --- = G, each Nw reducing all Ay. 
If the statements A-E of Theorem I hold for each Nw, then they also hold in the 
entire 9. 





* The Abelian character of the set (Ao, --- , An)’’, see footnote 5, carries over from $ 
to any Jt which reduces the A). 
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Proof. Denoting, for each Rw, the Mi, Ms, --- of A-E by MI,,, Me, ---, 
call all Miz,w (in any order) Ni, Me, --- . They satisfy A-E in the entire ©. 
This is obvious for A, B, D, E; also for C if lemma 2 is taken into consideration. 


3. Lemmas 4 and 5 will be instrumental in reducing the proof of the general 
Theorem I to the proof of highly specialized cases. 

Let E,(z) be the resolution of identity belonging to A,,™ v = 0, 1, --- ,n; 
zcomplex. They all commute with each other. Put 


Then a simple direct computation, using the definitory properties of the operators 
E,(z),™ shows that FyFu = Fy for N S M. In particular FyFy = Fy and 
FyFvs: = Fy; this means that each Fy is a projection operator, and that 
Fi s F. S Fs; S ---. Therefore the operators G, = F;, Gz = F; — Fi, 
G; = F; — Fe, --- are again projections; let 9t1, Ite, --- be the closed linear 
manifolds belonging to G,, Gz, ---. The Gi, Ge, --- and E,(z) commute all 
with each other, thus 91, Ite, --- reduce all H,(z), and therefore all A,. Ob- 
viously F; S F, S ---, lim Fy = 1, therefore the G,, G2, --- are mutually 
orthogonal and G, + G, + --- = 1, that is It, Me, --- are mutually orthog- 
onal and 9; + Ne+ --- = G. 
If we write (symbolically) 


A, = Jf 2E,(z) 


we have (see [11], p. 115, 116, theorem 11*, and [12], p. 410-412, theorem 17) 


Fu A, Fu -| il 2dE,(z), 
MSR 2)SM J—MS3(2)EM 


thus FyA,Fx is bounded. But, owing to Gu S Fu (that is FuGu = GuF'u = Gu), 
GuA Gu = Gu (F uA PF u) Gu ; 


hence GyA,Gy is bounded too. Considering that A, is reduced by Vw, the 

latter means that A, is bounded in Ny. And applying lemma 5 we find that, in 

the proof of Theorem I, we may restrict ourselves to bounded A,’s, thus: 
Specialization 1. Wemay assume that each A, is bounded. 


4. Now if Ao, --- , A, are bounded and they and their adjoints commute with 
each other, there exists a bounded Hermitian operator A of which they are all 
functions: 





* See footnote 5, and [12], p. 410-412, theorem 17. 
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(compare [13], p. 192, 213, theorem 6). The F,(A) are bounded complex- 
valued Baire functions of the real variable X. 

We choose a maximal normalized orthogonal system consisting of proper 
functions ¥1, ¥2, --- of A; we denote by [y:] the (closed) linear manifold deter- 
mined by y, and put NR = [yi] + [yo] + ---. Each [y:] obviously reduces A; 
consequently, N and S — MN also reduce A; and, in further consequence, [y,], 
[vo], --- , R, H — MN reduce also all the operators A, = F, (A). No proper 
function of A can be orthogonal to all x1, Yo, --- , that is belong to  — ¥, 
Thus A in © — & has a pure continuous spectrum. Therefore, applying 
lemma 5 to the manifolds  — MN, [yil, [¥2], --- , and disposing of the manifolds 
[v1], [v2], --- with the aid of lemma 4, we are led to 

Specialization 2. Wemay assume 


(36) A, =F,(A), 


where the F,(d) are bounded complex-valued Baire functions of the real variable 
\, and A is a bounded Hermitian operator with a pure continuous spectrum. 


5. We now apply the Hellinger-Hahn analysis of continuous spectra, in the 
version of [22], Chapter VII. According to this theory, if a Hermitian operator 
A has a pure continuous spectrum, there exists a sequence of mutually orthogonal 
closed linear manifolds 9ti, Ne, --- , with Iti + Me + --- = H, each Mw reducing 
A, such that, in each 9tv, A is a simple operator. Thus, by lemma 5, 

Specialization 3. The operator A, in specialization 2, may be assumed tobe 
simple. 


6. Now, any simple Hermitian operator A in can be exhibited in the follow- 
ing “realization.’’’ There exists a monotone non-decreasing function p(A), 
— © << + ~; His the space L} of all complex-valued p-measurable func- 
tions f(A), (any two f(A) differing only on a )-set of p-measure zero are not 
different elements of Hilbert space), for which {7% | f(A) |? dp(A) is finite, the 
inner product being 


(f, 8) = f= fA) aA) deQ) ; 
and in this realization of §, the operator A assumes the form 


(37) Af(X) = Af). 





2 For the definition of a simple operator see [22], p. 275, and, for the proof of our state- 
ment, p. 295, theorem 7.17. In the statement (3) of this theorem a diagonal matrix would 
mean that A has proper-functions, which is excluded by its having a pure point-spectrum. 
Thus the matrices in (3) are all “Jacobi forms,” but these are simple by p. 286, 287, theorem 
7.14, 

7 See [22], p. 226, theorem 6.2; p. 268, Lemma 7.1; p. 277, Theorem 7.10; our A, ¢, L; 
are called there H, f, L2(f). 
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The ‘“distribution-function’’ p(A) stands in close relation to the resolution of 
identity E(A) pertaining to A; namely, there exists an element ¢ of $, such that 
o(d) = || Be ||?. This relation shows that p(A) is continuous, since, 4 having a 
pure continuous spectrum, H(,) is continuous (see [22], p. 189, 190, theorem 5.13). 
Moreover, in our case, A is also bounded; this implies the existence of finite 
numbers Ax, A2, (Ar < Az), such || B(A)g || = 0 for ¥ < Ai, || BAe || = |] ¢ || 
ford = As. In other words, p(A) = 0 for A < Ax, p(A) = const. for A = Ao. 

Let 4 = o(x), O S © < ay = || — ||? denote the inverse of the function 
z = p(A), is S A S Ag; its values in the intervals of constancy of p(d) will not 
matter, as they are sets of p-measure 0, and so we may define o(0) = x, 
o(ao) = As, and o(z) = d in an interval of constancy \ < \ < i. Putting 
f(z) = f(e(z)), (87) becomes 


(38) Af(z) = o(x)f(z), 
where § is realized as the space L¥ of §3, Part I, the set M being the interval 
0<2<ap. In this realization we have simply 

F(A)f(z) = F(o(zx))f(2). 


This is obvious for polynomials F(A) ; thus it holds for all Baire functions F(A), in 
particular for our functions F(A) (see [13], p. 205, statements a)—h), and p. 196, 
theorem 3). Putting F,(o(x)) = G,(x), (36) goes over into 


(39) A f(x) = G,(x)f(z) ; 


and G,(z) is again a Baire function, since (x) is monotonous. 
the following specialization. 

Specialization 4. We may—and we shall—restrict ourselves to the following 
case. The space © is realized as LY (Realization 2, §3, Part I), the set M 
being a measurable set of real numbers, with a finite positive measure;* and, 
in this realization, 


(39) 
where Go(z), - - 


This leads to 


A, f(x) = G,(@)f(@), 


- , a(x) are bounded complex-valued Baire functions in M. 


7. If our problem, namely the proof of Theorem I, appears in the form of 
Specialization 4, we may easily replace the set M by any set M* which differs 
from it only in a set of measure 0. This is a consequence of the fact that func- 
tions of L¥, and functions G,(z), differing only on an z-set of measure 0, are not 
considered to be essentially different. 


8. Lemma 6. Let Mi, Mz, --- be a (finite or infinite) sequence of mutually 
exclusive measurable subsets of M, with M: + Mz: +--- = M. If Theorem I 





_ * We do not insist that M be an interval 0 < z < ao as it automatically turned out to be 
in the argument leading to (39). 
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holds in each My (that is, considering the relation (39) and the function ¢; = ¢(t, z) 
on the x-set My only), it holds also in M. 

Proof. If P is a subset of M of positive measure, the functions f(x) of L¥ 
which vanish in M — P form a closed linear manifold in LY which may 
be identified with L3. Thus, putting M, |= L>*, our lemma follows from 
lemma 4. 


9. If Specialization 4 prevails, the abstract function ¢, may be realized by a 
function ¢(t, x) which is (t, z)-measurable (§3, Part I), and 
Ie, = Iielt, 2) 


where 
Ji elt, 2) = g(t, x) 


Jv o(t, x) = fp o(s, z(t — 8)" ds, m=1,2,..., 
and (26) reads: 
n n-—1 
(40) be G,(x) Ji elt, x) = > wy (x) v, 
»=0 p=0 


valid for any (t, x), except a t-set T of measure 0, and, for each ¢ not in 7, an z-set 
of measure 0 (depending on t). By Fubini’s theorem ((7], p. 627, theorem 1), 
the total excepted (¢, x)-set is of measure 0, and, consequently, it is composed 
of an z-set X of measure 0, and, corresponding to each z not in X, of a ¢-set of 
measure 0 (depending on x). By §7, the set X may be disregarded (that is, it 
may be assumed to be void). The set N of those points x for which all G,(z) 
vanish for vy = 0, --- , n has also the measure 0. Otherwise the function 


1 for rin N 
g(x) = it 
OforzinM —WN 


would violate the assumption d) underlying Theorem I. Omitting the set V 
too, relation (40) is for each fixed x an ordinary differential equation in ¢ (of a 
degree k lying between 0 and n), with constant coefficients, for the function 

7¢(t, z), whose right side is a polynomial in ¢ (valid with the possible exception 
of a t-set of measure 0, depending on 2). 

Applying to (40) one more integration fj, we obtain an equation which is 
valid without any t-exceptions. This integration does not at all alter the form of 
equation (40); it only raises the order from n to n + 1, replacing J? by Jt” 
(v = 0, 1,---,n), G(x) by Gyu(x), (v = 0, 1,--- ,n), and makes the new 
G(x) zero. Thus, in the new equation, since no J°¢(t, x)-term is present, 
all occurring terms are continuous with respect to ¢. Therefore, this differ- 
ential equation (with respect to ¢) can be solved in the customary manner, and 
J; 'o(t, z) is a linear aggregate of a finite number of terms of the form 


(41) t? e(rtisde p = 0,1,--- ; 7,6 real. 





OPERATIONAL-DIFFERENTIAL EQUATIONS. I 277 


Differentiating this expression for J "tto(t, 2) (n + 1)-times with respect to t, 
we find that ¢(t, x) is also a finite linear aggregate of terms (41); but, this time, a 
t-set of measure zero, depending on z, has to be excepted. The quantities 
pyv,8 will depend on x, each number z = y(z) + 78(zx) being a root of 


(42) > 2*~G,(z) = 0. 
p = p(x) is less than the multiplicity of this root z, therefore p = 0, ---,n — 1. 
Consider the number 0 and the different real parts of all roots of (42). (In 
what follows multiple roots of (42) will always be counted as one root.) Ar- 
range these numbers in an increasing sequence giving the number 0 the index 
zero. Thus the indices are some numbers between -n and n. Complete this 
sequence to one in which the indices run from -n to n, by inserting before its 
first term additional terms differing from it by 1, 2, --- , and after its last term 
additional terms differing from it by 1, 2, --- , in such a way that a monotone 
sequence 


y—n() < y—-n4i(t) <--> 
In a similar way form a sequence 


Bi(z) < B(x) < +++ < B,l(z), 


containing the different imaginary parts of the roots, 6:(x) being the smallest 
imaginary part, and 8,(x) being the greatest, or differing from the greatest by 
1, or 2, or -- All these functions +,(x), 6;(x) are easily seen to be Baire 
functions of the Go(x), --- , G,(x); therefore, they are measurable. 

For g(t, x) we now have the (redundant) expression 


> > > Ay,n,j(a) fe e( Val2)+é Biz) € 


< y-1(z) < yo(x) = 0 < yi(x) < - ++ < yn(z) 


results. 


(43) g(t ’ x) = 


We wish to prove that all a,,,;(z) are measurable. If this were not true, there 
would be a non-measurable a,,,,;(z) with a maximal h, say h = h, and among 
those with h = h one with a maximal p, say p = 6. Letitsjbe =j. Then we 
have 

n—1 n n n—1 n 
~ 2) Beebe hy 2 


p=0 h=At+1 j=1 p=pt1 (Ash) j=1 


g(t, 2) 


n + B(x b—1 n = — 
= > aji,(z) peters seteny® +> + y A > oe 
j=1 p=0 (h=h) f=1 0 p= 0 A=—n fH 


and a simple computation gives 


(44) an. l? [3 (+t x) — >> > > _ yz >] en (VH@)+8 B28 ge 


p=0 h=ht+1 j=1 p=pt+l1 (heh) 7 =1 


= 03,45 (x). 


ees ey 
=e 
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As the left side contains only a,,,,;(z)’s with h > h orh = h, p > &, it is meas- 
urable, and thus a;,i,;(z) must be measurable too, contradicting our assumption. 
Thus all a,,»,;(2) are measurable. 

We now see that both sides of (43) are (t, x)-measurable, and therefore the 
exceptional (t, x)-set in which (43) fails to hold is likewise (¢, z)-measurable. 
But the exceptional set is for each x a t-set of measure 0, and hence, by Fubini’s 
theorem (see [7], p. 627, theorem 1), it has a (t, z)-measure 0. Consequently, 
the exceptional points consist of a t-set 7’ of measure 0, and for each ¢ not in T 
of an z-set of measure zero (depending on ¢). As g(t, x) is defined only up to 
such z-sets we may assume that all exceptions to (43) are contained in a t-set T 
of measure 0. 

Denote by ¢«(x), for each z, the smallest of all differences of any two ,(z) 
and of any two 8,(x). Let ’i(x) = 1, 2, --- be the smallest integer with i(z) > 
Gy and 7,(z) and B;(x) the uniquely determined rational numbers with the 
denominator (x) for which 


ai(2) < 7H(2) < (x) + rim 


Bila) S B(x) < A(z) + 2, 
n(x) 
Obviously «(x), (x), 7,(x), B(x) are measurable, ¥o(x) = 0, and 
1 rae ite 
f(z) : | B;(z) B;(x) | s ila) 
ee Bizs(a) > Bix) + te . 


n(x)’ n(x) 


lv(z) — H(z) | S 
(45) 
Yn4s(a) > ¥,(z) + 


We now consider all possible combinations of an 7 = 1, 2, --- and 3n + 1 
rational numbers 7,, 8; (kh = —%#,---,%#;j7 =1,--- , #) satisfying 


? a 4 > 
(46) Yat > Ta +, Bin > Br + =, %=0. 


They are countably many, and thus we may denote them by (C,, C2, ---. De- 
note by My,p the set of all x for which 7(zx), 7,(x), B(x) coincide with the 
Ni, ¥,, B; Of Cw, and, besides, 


P—1S1uwb. | a,.,(x2)| <P (P =1,2,---). 
Pyhy7 
The sets My,p are measurable, mutually exclusive, and their sum is M. In 
each My,p all n(x), B.(x), 7;(x) are constant, and | a,,,,;(x) | < P. 
Omitting those My,r which have measure zero (§7), lemma 6 leads to the 
following 
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Specialization 5. We may assume in Specialization 4 that (except perhaps 
for a t-set 7 of measure 0) 
n—1 n 


(43) g(t, 2) = > 2 } >» ie Ap,r,j(x) t” ef Az) +48 j(2))t 


p=0 h=—n j=1 


where a,,x,;(2), yn(x), B(x) are measurable functions, +(x), 8;(z) are real, and a 
set of real constants P > 0, 5 > 0, 7a, B; exists, such that 


(47) lapni(x)| <P, 
(45’) lya(z) — Ya] <6, | B(x) — B;| <6, 
(46’) Tn > Wn + 46, Biss > B; + 46. 


Besides yo(x) = Vo = 0. 


10. With Specialization 5 the form of g(t, x) is sufficiently restricted to enable 
us to discuss directly the consequences of the compactness of ¢; (which has 
scarcely been used so far). 

A consequence of the compactness is the boundedness of ¢,, and first we will 
use only this. We prove successively the following lemmas: 

Lemma 7. Let a;(x), B(x) be measurable functions, | a;(x)| < P, B(x) as in 
Specialization 5. Then 


(48) de = vel) = v(t, 2) = Dalz) efi 


j=1 
belongs to $, and if not all a;(x) = 0 (except perhaps for an x-set of measure 0), 
then lim sup || ¥: || 2s finite and > 0. 


t+ 


Proof. As lye (x)| < < nP, and M has a finite measure, y, belongs to § and 
¥; is bounded. So we have only to prove that lim || ¥; || = 0 would imply 
t—>+00 


n t’ 
¥ [ioe ? dx = 0. Tim II vel = 0 implies tim } [ | ve ||? dt = 0 but 


7 [ivellza =} [" [ive arirade 
iz i [ a;(x) a; a; (2) ei(Bj(x)—8;" (=))t dt dx 


i,j'=1 


. . 1 ei(Bil2)—Bj(2));’ _ 1 
i 2 f,ta0e £m bee 7 [ow or(®) Fea) — Ba) 


i,3'=1,74i' 
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Denoting the measure of M by C, each term of the second 2 is majorized by 
1 1 


: ie 7 C.fP?. >? and hence tends to zero for t’ > + ©. Therefore 
is eee 1 [* . [ 
oe 4 Poe id li = : dt = a;(x) 2 dz ; 
ha eae te | ee 21 ' ong 

& q 4 and this proves our statement. 
aN ue Lemma 8. Let a,,;(x), Bj(x) be measurable functions, | a,,(x) | < P, B(x) as 
He hae in Specialization 5. Then 
ELE: 4) n—-1l on 
aah: aug (49) x: = xe(z) = x(t,z) = DO DO a, j(x) & eiBit@rs 

4) 4 i p=0 j=1 

4 : mid belongs to , and if the greatest p for which not all a,,;(x) = 0 (except perhaps for 

an x-set of measure 0) is p = j, then lim sup Hal is finite and > 0. 

t—+-+00 
Proof. We have 
E 
a 5 Xt = } i? Vo.t 
} : p=0 
where 
Wot = ¥p,t(2) = p(t, x) = zy Ay, ;(X) efit , 
i=1 
Thus : 
2 as tay SE yp «ge, 
te t t? 








By Lemma 7, lim sup | Vamos 
t—>-+00 tv? 
is finite and > 0. Hence the assertion of lemma 8. 
Lemma 9. Let a,,n,;(2), va(x), B(x) be measurable functions, all as in Speciali- 
zation 5. Define w(t, x) by 


= 0 for p = 1, --- ,f, and lim sup || ¥,|| 
t—-+00 


n—1 n n 
(50) w = w(x) = w(t, 2) = pox > pw Gp n,j( 2) bP eCrm@)+iBj(2))t | 

p=0 h=—n j=1 
It belongs to $, and if the greatést h for which not all a,,,;(x) = 0 (except 
perhaps for an x-set of measure 0) ish = h and h = 1, --- ,n, then lim sup 


toto 
|| we || = + ©. 
Proof. Write 





h 
o= w,(2) = (t, x) = > ern(a)t xalt, x) ’ 
h=—n 


pCR OE n—1 7 
tee Xne = xve(t) = xalt,z) = DY DY aya g(x) elt. 


ah p=0 j= 1 
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Now by yi(z) > Ya — 6 > Fi-a + 38, val) <M +6 S Fin ti 


ha 
I] coe |] S eat |] xh |] — DO eat |] xe |, 
h=—n 
. % " _ hal 
(51) e~CFh-t28)# |] wo |] Se || xk |] — mae > I] xa.e || - 
eee | 


As not all a,,i,;(z) = 0 (except perhaps for an z-set of measure 0), Lemma 8 
applies to the first term on the right of (51) and thus its lim sup is = 4+ @, 


t-—>-+00 


As obviously every || xa,¢ || is O(¢”-") for t > + o, the other terms on the right 
of (51) tend to 0 fort > + «©. Thus lim sup ¢ 1)‘ || w, || = + ©, anda 
treo 


fortiori lim sup || w¢ || = + ©. 
t—+0 
If w:, as defined by (50), has lim sup || w, || = ©, then, owing to its 
t+ © 


continuity in ¢, || w: || would become arbitrarily large, for t > + ©, in whole 
intervals. But the solution ¢,;, see (43), equals w,, except for a ¢-set of measure. 
|| g: || being bounded, we conclude from lemma 9 that, for h = 1, a,,,;(x) 
vanishes except for an x-set of measure 0. By §7, we may assume that the sum 
(43) does not actually contain any term with h = 1. Replacing ¢ by —? trans- 
forms all y;,(x) into — ya(zx), and using the boundedness of || ¢, || for t +~ — © we 
conclude that (43) does not actually contain any term also forh S$ —1. Thus 
¢: is, up to a t-set of measure 0, a function x;, as defined by (49). Applying 
lemma 8, we conclude in the same way, that x; is, up to a t-set of measure 0, an 
expression of the form y,, see (48). Thus we have 


(52) awwhn aaa p» a,(z) ein, 


except for a t-set 7 of measure 0; (compare the discussion concerning the rela- 
tion (43) in §9). In (52), the B(x) and a;(x) are the 6,(x) and ao0,;(x) of 
specialization 5). 


11. From now on we are going to use the full strength of the decisive assump- 
tion that ¢; is compact. 
First, remark that if we define 


(53) w, = w(x) = w(t, 2) = Dy a(x) ei 

j=1 
without t-exceptions, ; = w, except on ¢-set of measure 0. Thus ¢; = w, on 
a dense t-set, and as the ¢;, of this t-set also are compact, w; is compact on a 
dense t-set. But as w, is continuous in ¢, all w, are limits of these w;—and thus 
the set of all w, is compact, too. 
A simple computation shows that w; is even uniformly continuous in ¢. 
Next we prove: 
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Lemma 10. Let v; be a variable point of $, uniformly continuous in t, the set of 
+00 
ally, compact. Let w(t) be a complex-valued function of t, with a finite | w(t) | dt. 


Then the set of all 
+00 
koa i ult wee 


‘00 


is also compact. 
Proof. As the set v, is compact, each sequence 25), Us, -- - has a convergent 


j . subsequence. 

2% If a sequence ¢,, tz, --- is given, the well-known diagonal-process allows us to 
: select from any sequence 8, Se, --- a subsequence oj, o2, --- , such that the 
sequence 
i 
+ (54) Vito1, Vt+on, *** 

converges for every t = & (k = 1,2,---). If the t), tz, --- are chosen dense, 
oa the uniform continuity of v, implies that (54) converges for every t, even uni- 
1; formly. Hence, applying the hypotheses of the lemma, the sequence 1,,, 
(eo Bak at Nez, --* isconvergent. Thus the set of all , is compact. 

+00 
There exists a numerical function w(t), for which | wa(t) | dt is finite, 


and the Fourier-transform of which, 


Wile) = / walt) ot dt 


has these values: 


we) {= 2-18 tor 5 < |B] <2 





[= 0 for | B | = 2679 


Putting in Lemma 10, v¢ = w;, w(t) = wj7(t) e~4i*, we obtain (comp. §3, Part I) 


+00 +00 
n(x) = / w(t) w(t, 2) dt = p> aj-(x) ei8i"ae , w(t) ei6i"@ A" dt 


j'=1 





Therefore Lemma 10 states: 





29 Cf. [5], p. 89,90. This function is 


cos (St) — cos (25t) 


w;(t) = on 
Ti 
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For each j = 1,2, --- , n the set 
= n(x) => nit, x) = a;(x) ei8j(x)t 
is compact. 


12. Lemma 11. Let a(x), B(x) be bounded and measurable functions, B(x) real, 
and let the set 


(55) ne = n(x) = nit, x) = a(x) eB 
be compact. 

There exists a (finite or infinite) sequence of mutually exclusive measurable sets 
M*, Mi, Mz, eee , M* + M, + M; + a M, such that B(x) is constant in 


each M, and a(x) = 0 in M* except for a set of measure 0. 

Proof. Denote, for each 8, the set of all x with B(x) = B by M(B). As the 
M(8) are mutually exclusive, only a finite or countable number of them can 
have a positive measure. Call these 6 : (i, B2, --- , their M(B) : Mi, M;---, 


and put M*= M—M,—M2-.:--. Allwehave to prove,is [ | a(x) |?dz = 0, 
ue 


that | | ne(x) |? dx = 0. 
Me 
Define 


I | n(x) pay ns(X) |? dz = [ | a(z) |? | eB(z)t _ giBlz)s |? dz 
M* M* 

(56) 
= 4 [| a(2) (sin $0(2)(t — 3))* de = Ft). 





The well-known “triangle relation” gives »/ F(t — r) S$ V F(t—s) + V F(s—r)- 
Putting r = 0, and considering both pairs t, s and s, ¢ leads to | F(t) — F(s)| S 
| F(t — s) |, and this implies (viewing F(0) = 0) 


(57) lu.b.| F(r +2) — F(r) |= FQ@. 

By (56) we have 

(58) F(t — 8s) S || m — 2 || 

and combining (57), (58): 

(59) Lub. | F(r + t) — F(r + 8) | S || 1 — ml. 


Thus the compactness of the set of the 7: implies the compactness of the set of 
the r-functions F(r + t) (the distance of G(r) and H(r) being defined by least 
upper bound | G(r) — H(r) |). This means that F(r) is almost periodic” and 
thus F(r) too. 





” For Bohr’s notion of almost periodicity and its properties, see (6). The form of 
definition which appears above is due to Bochner, see [1], p. 143. 
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The function 


p(B) = ‘ | a(x) |? dz, Ss = set of all z’s with B(x) S 8, zin M*, 
8 
is non-decreasing. If | B(x) | S P everywhere, we have 
aoe = 0, for B<-—P 
p(B) = 


|econstant = [. a(x) |? dx = wo, for B = +P. 
Using p(8), (56) goes over into 
(60) F(r) =4 o (sin 36r)? dp(8) 


(Stieltjes-integral!), and the “distribution function” p(8) has no discontinuities, 
The latter follows by our construction of M*: any set of M* on which A(z) has a 
fixed value Bo has the measure 0. Putting G(r) = 2uo — Fir), o(8) = 
p(B) — p(—B), (60) reads 


P 
G(r) = | er do(B) 
—P 
and, hence, owing to the continuity of «(8), 
(61) ims | | G(r) |? dr = 0. 
- ae ot —t 
As G(r) is almost periodic, this implies G(r) = 0, thus F(r) = 2uo. But F(0) =0; 


thus po = 0, or [ | a(x) |?}dz = 0. 


13. Now we apply lemma 11 to each pair a;(x), 6;(x) appearing in (53), thus 
introducing sets Mj, M;,, M;2,---. In M,,, 6,(x) is constant; in Mj we may 
also give it any ocmmtnat ‘waht, since a;(x) is zero in Mj except for an 2-set of 
measure zero (which may be ignored, §7); and we denote M; by M,». Then 


8;(x) is a constant in each M;,~,N = 0,1, 2,---. Taking the intersection of 
any combination of n sets Mj; (j = 1, --- , n), we obtain a sequence of 
mutually exclusive measurable sets M;, Mo, --- , with M; + M,+--- =M, 


such that every 6;(x) is constant in every My. Omitting the Mw of measure 
0, and applying lemma 6, we obtain 
Specialization 6. We may assume in Specialization 4 that 


(62) ve = g(x) = g(t, x) = > a2) efit (1 Sn) 





31 See, e.g., [9], p. 257, 258, formula (2), or [5], p. 80, formula (13), 
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(except for a ¢-set of measure zero), where 8; is a constant, and a,(x) is measur- 
able and bounded. 

If some a;(x) are 0 except for z-sets of measure 0, we may omit them from 
the sum in (62), thus we may assume f | a;(z) |? dz > 0,j = 1,2,---,l. De 
fining an element y; of (= L?”) by ¥; = y;(z) = a;(zx) we thus have 


1 
(63) ge = Deity; 


hog 


all y; + 0; 


and, by Specialization 5, all 6; are different. 
We substitute (63) in (26) and differentiate n times (compare the discussion 
concerning relation (40) in §9). This gives 


(64) y (18,;)""A,y; = 0. 
Now it is clear that with Dt, = (no other Mtw!), oi = gs lh = 1, Biz = Bi, 
vi; = ¥; all statements A — E of theorem I are fulfilled. 


Part IV. Proof of Theorem III 


1. We shall assume, throughout this part, without further mention, that the 
operators Ao, --- , An, A and the function ¢; satisfy the hypothesis of theorem 
III. We shall treat Theorem III in various steps, each imposing an additional 
restriction on the operator A appearing in the hypothesis of the theorem. This 
restriction will become weaker as we proceed, and in the end will disappear 
completely. 


2. Let It be any closed linear manifold of , which reduces A. Obviously the 
hypotheses of Theorem III are also true in MN, that is for the part of A in 2, the 
same polynomials (31), and the projection of yg, in Jt. This enables us to 
formulate the following lemmas. 

Lemma 12. Let 2 be aclosed linear manifold which reduces A. If Theorem III 
holds in it also holds in N. 

Proof. We form the common part I of N with the manifold M for which 
Theorem III holds true in §. Then the assertions A’ — C’ hold true for $M in MN. 

Lemma 13. Let I, Ne, --- be a (finite or infinite) sequence of mutually orthog- 
onal closed linear manifolds, with 0: + Ns + --- = H, each Nw reducing A. 
If the statements A’ — C’ of Theorem III hold for each Ntw, then they also hold in 
the entire §. 

Proof. Denoting by Mw the M for which Theorem III holds in Yy, it is 
clear that M = M, + M. + --- fulfills A’ — C’ in §. 


3. We now make the additional restriction that A be hypermaximal. If, 
moreover, assumption d), see §1, part II, were fulfilled, our theorem would be a 
straightforward consequence of theorem I‘—but assumption d) was explicitly 
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exempted in Theorem III. Thus we have to concern ourselves with those 
elements y which violate assumption d), that is with those elements y = 0, for 
which, simultaneously, 


(65) > a, Ay =0, v=0,1,---,n. 
A=0 
We shall prove two lemmas. 
Lemma 14. Let A be a (closed) Hermitian operator, and © a set of real numbers, 
Let w be any element of $, ¥ 0, such that for some c in © 


(66) Ay = ¢y, 


and let §¢ denote the set of all these elements yp (that is of all proper functions of A 
corresponding to any point-proper-value belonging to ©). 

Then §¢ determines a closed linear manifold %g which reduces A; and A in %& 
has a pure point spectrum, all its proper values belonging to ©. 

Proof. If y satisfies (66) for some c in @, then [y] obviously reduces A. If € 
consists of c alone, € = {c}, then the solutions y of (66) form a closed linear 
manifold, that is §{.} = &{.}; and if yx, Y2, --- isa maximal normalized orthog- 
onal system of these solutions, then &{.} = [yi] + [ve] + --- , and therefore 
2; .} also reduces A.” 

For c ¥ d, %.} and &{4} are orthogonal (because A y = cy, Ag = dy,c ¥d 
imply (Ay, ¢) oa (¢, Ay), c(y, ¢) = dy, ¢); (y, ¢) — 0); hence Qe} ~ Ois pos- 
sible only for a countable number of c’s. Thus &gis the sum of a countable 
number of mutually orthogonal sets %;.}._ Since each of these sets reduces A, 
their sum also does, and it is obvious that A in &g¢ has a pure point spectrum 
consisting of those numbers c which appeared in the argument. 

LremMA 15. Given a (close) Hermitian operator A, and a system of polynomials 


(67) > are, y=0,1,---,n, 
A=0 
not all of which are identically zero, the set of elements W satisfying 
(65) > a, A*y =0, y=0,1,---,n, 
A=0 


zs contained in the closed linear manifold determined by all point-proper-functions p 
of A satisfying (65), that is in the manifold &g of lemma 14, where € is the set of all 
2 satisfying 


(68) > a,2=0, y=0,1,---,n. 


A=0 





2 Tf Mi, Ms, --- are mutually orthogonal, and each reduces A, then Mt = Mi + M+ °°: 
also reduces A ; the reason being that Pm: = Pm, + P m, + -+- and that M reduces A if and 


only if Pg; commutes with A (compare, for instance, [11], p. 79, theorem 20). 
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Proof. If all polynomials (67) are constants, since at least one is # 0, we 
have anay = 0,a ~ 0. Hence only y = 0 satisfies (65) and the lemma 
holds. If not all polynomials (67) are constants we can find one of the form 


k 
a by 2 


A=0 


lsksm, bh. #0. 


We may assume bk = —1 (otherwise we multiply by — 2) Therefore we have 
k 


k-—1 
(69) Ay = >> bh AY 


x=0 
or all y’s in question. 

Given y, let Mt be the closed linear manifold determined by y, Ay, --- , A*~y. 
(M depends on y!.) By (69) M contains A*y, that is, it contains 
Ay, AW, ---,A*p. Hence, if Dt contains f it also contains Af, which means 
that Mreduces f (comp. [11], p. 78-80, and [22], p. 150-151). As M is finite 
dimensional, A has a pure point spectrum in Yt, which implies that there 
exists a complete normalized orthogonal system yi, --- , ¥, in Mt consisting of 
point-proper-functions of A.—Since (65) is satisfied for y, it is also satisfied for 
Ay, --- , A*y, and, in consequence, for all elements of 2t—in particular for 
vi, ---,%e. Thus y really belongs to the closed linear manifold determined by 
all point-proper-functions of A satisfying (65), and this proves the first state- 
ment of our lemma. 

As to the second statement of our lemma, if a point-proper-function y of A, 
vy ¥ 0, pertaining to the proper-value z (that is a solution of Ay = zy) satisfies 
(65), then z must obviously satisfy (68). 


4. Now we are in a position to prove Theorem III for a hypermaximal 
operator A. 

Let © be the set of all z satisfying (68). By lemma 14, &g, reduces A, and 
contains all solutions y of (65).—Consider now the situation in § — %&,. It 
also reduces A, and being orthogonal to &g, it contains by lemma 15 no element 
Y ¥ 0 which satisfies (65). Hence assumption d), see §1, part II, is fulfilled 
and (as we remarked at the beginning of the preceding §3) Theorem I applies to 
Ain § — &g, (remember Lemma 12 !). 

By (30), (31) we have 


(70) > (= a,r (ibn4)"*) Ang = 9, 
A=0 \v=0 


and thus the situation of lemma 15 arises, the family of polynomials (67) being 
replaced by the one polynomial 


\> a2, 


A=0 


(71) 
le = ps ay» (iBw,q)"”” . 


v=0 
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Since 
> ay 2=0 


A=0 
was excluded in Theorem III, lemma 15 actually applies: if Dy,, is the set of all 
solutions of 
(72) bs ay 2=0 
A4=0 
then yw,q belongs to Xo, ,. 

Now let R be the set of all real numbers, and &z the closed linear manifold 
determined by all point-proper-functions of A in §. %g, is a subset of &s, thus 
the projection of ¥; into &g, belongs to %e. py, is also a subset of &e, thus all 
Ww.q belong to fe. Therefore by (28), (29), all e{, and except perhaps for a t-set 
of measure 0, the projection of gy into § — &g, belong to fe. (Remember that 
Theorem I had been applied in § — &g,, not in $!.) Therefore, with the 
above t-exception, all y, belong to fz. Furthermore, by lemma 14, &z reduces A, 
and A has a pure point spectrum in zg. Of course, it is there also hypermaxi- 
mal. Thus 2 = Le satisfies the condition A’. — C’.in Theorem III. This 
completes the proof. 


5. Next, let A be maximal only (compare [22], p. 50, and [11], p. 72). In this 
case there exists a (finite or infinite) sequence of mutually orthogonal closed 
linear manifolds Mt, Dt, Me, --- , with MN + Mt + Mee + --- = G, each reduc- 
ing A, such that A in Jt is hypermaximal and A in any ty is isomorphic to the 
“exceptional operator” R or to —R (compare [22], p. 351, theorem 9.10, and 
[11], p. 98-99, theorem 38). By lemma 13, it is sufficient to establish Theorem 
III in MN, Mt, Me, --- separately. A in Jt is hypermaximal, and this case has 
just been settled. As to A in Nty we shall prove that the projection of ¢, in Dw 
is 0; and this readily implies Theorem ITI, as we can choose Jt = 0. 

We consider, as in [11], p. 130, theorem 2**, the Hilbert-space LS°’») (denoted 
loc. cit. by $*) of all complex-valued functions f(z) in 0 S x S 1 with a finite 

1 1 


| f(z) |? dx the inner product being (f, g) = i f(x)9(x)dx; and in it the 
0 0 


closed linear manifold $j determined by the elements f, = e"*, n = 0, 1, 
2,--+. Since 39 is infinite dimensional it may, and will, be considered as 
a Hilbert space to itself. We furthermore consider in L{°"!) the operator 


(73) Rf(z) = —ctg(wa) - f(x). 


If f belongs to 3p and Rf has a sense, then Rf also belongs to 3}, and thus we 
can speak of the part of R in 37, see loc. cit.** Now the “exceptional operator” 





#3 Nevertheless, 3t does not reduce R, because Rf may be defined, without Rf, being 
defined, where f; is the projection of f into ¥?. 


sp 
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Rin Mw is isomorphic to the part of R in 35, if $f is considered as a Hilbert 
space. Thus we have to prove g; = Oin the realization = 93,A =+R. A 
can be replaced by —A, hence we may assume A = R. But now we shall investi- 
gate our proposition not in S$ but in LY” itself. 

As the operator (73) is hypermaximal in L{°'’ (compare loc. cit.), Theorem 
III applies here. We conclude that (except for a t-set of measure 0) ¢; belongs 
to the closed linear manifold 2% which is determined by the proper-functions 
of R in LS’. Now Rw = cw means —ctg(rx)w(xz) = cw(x), hence w(x) = 0. 
Therefore w = 0,¢; = 0. This completes the proof. 


6. For the sake of a subsequent application we observe that, for maximal A, 
we have proved Theorem III, and this has the following consequences. Let 
U be the Cayley-transform of A (compare [22], p. 335, and [11], p. 80). M 
reduces also U; and U is unitary in 2, because A in Mt is hypermaximal (com- 
pare [22], p. 88, and [11], p.351). Therefore all powers U*,g = 0, +1,+2,--- 
are defined throughout 2, and, in particular all U* y, are defined (except for a 
t-set of measure 0). 


7. Finally let A be an entirely arbitrary Hermitian operator. We may 
assume that its deficiency-indices m, n (compare [22], p. 81, 338, and [11], p. 87) 
are both infinite, which will be justified by the following construction. 

Take a Hilbert space © and in it two infinite-dimensional closed linear mani- 
folds, $1, H2, with S; + G2 = G, and identify S with G:. Choose any closed 
Hermitian operator Az in $2 which has the deficiency indices ~, ~ ; and con- 
sider in § the (closed Hermitian) operator A which in $; = § coincides with 
A, = A, and in $2 with As. The deficiency indices of A are the sums of those 
of A;and A», that is ©, «0. And, since ; reduces A, on the strength of lemma 
12, it is sufficient to prove that Theorem III holds for A in §. We shall write A 
and § for A and §. 

Denote by U the Cayley-transform of A (compare loc. cit. §6), its definition 
domain by &, its range by §. The dimensionalities.of § — €, § — F are the 
deficiency-indices, hence both = ~. 

We will prove that (except for a t-set of measure 0) all U" g.,q = 0,+1,+2,--- 
have a sense. As we can replace A by —A, and thus U by U~, we may 
restrict ourselves tog 2 0. We shall proceed by induction. g = 0 is obvious; 
let us assume, therefore, that our statement holds for g but not for g + 1. 

Let © be the range of U*, and «1, ws, --- a (certainly infinite !) normalized 
orthogonal system which determines the closed linear manifold § — €; and let 
a, be the G-projection of w,,k = 1,2,---. By definition, Ue! y = U(U%Y). 
Therefore Ut+y has a sense if U%y lies simultaneously in © and in €. The 
first means that y belongs to the U-*-image of G, the second means that U*y is 
orthogonal to w,, ws, --- ; or (in conjunction with the first) that U%y is orthog- 
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onal to @:, #2, --- ; or, that y is orthogonal to all U~‘a,.% Hence Urry, 
exists if and only if ¢; is orthogonal to the U-*-image of § — G, as well as to all 
U-%,. The t-set 7 in which ¢; fails to have these properties is measurable, 
and we have to refute the assumption that the measure of T is > 0. If this 
measure is > 0, then, for some k = k, even the ¢-set Ti, in which 9, is not 
orthogonal to the U~?-image of  — G or to U~%a; is of measure > 0. Now 7; 
consists of the points ¢, where either ¢, is not in the U~*-image of G, or (y, 
Uj) = (U%p1, at) = (U%1, wi) ¥ 0. ¢: fails to be in the U~*-image of & 
only if U%y, is not defined, but these points have measure 0. Hence: in a t-set 
of measure > 0, the element U%y, is defined and (U%g, wi) = 0. By a permv- 


tation of the , w2, --- we can obtain k = 1. 
The closed linear manifold [w2, ws, --- ] = § — € — [w:], (which is determined 
by we, ws, --- ), is infinite-dimensional, and therefore we can map it on § — § 


by a length-preserving transformation V. Hence we can map € + (§ - 
€ — [w]) = S — [w:] on § + (OS — B = G by a length-preserving trans- 
formation U’, which is a continuation of both U and V. (See [22], p. 81, 82, 
337, and [11], p. 83, 84.) Thus U’ is the Cayley-transform of a Hermitian oper- 
ator A’, which is a continuation of A (loc. cit.), and maximal, since the range of 
its U’ is S. In the ¢-set considered above U%p, has a sense, and, hence, also 
Up, = U%g:, but it is not orthogonal to w, thus not in the definition domain of 

‘—that is, U’"+4y, has no sense. 

But A’ is maximal, and thus we have a contradiction to the result formulated 
in §6. 

Denote by 7, the set of t-values for which not all Uy,, q = 0, +1, +2,--- 
have a sense. We have proved that 7) has measure 0. Denote by 9M the 
closed linear manifold determined by all U%g,, ¢q = 0, +1, +2, --- ,¢ notin Ty. 
U, U-‘ are defined everywhere in 9) and map it on itself. Hence 9 reduces U, 
and therefore also A (comp. loc. cit. above). For the same reasons U is unitary 
in ), and thus A hypermaximal in 9. All y:, except for the t-set 7’) of measure 
0, belong to M. Thus we can apply the considerations of §4 to A and to the ¢, 
in M: a closed linear manifold M (contained in M) exists, which has all proper- 
ties required in Theorem ITI. 

And this completes the proof of Theorem III in its generality. 


PRINCETON, N. J. 
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